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PREFACE. 


In issuing a Third Edition of the First Volunfie of the Roorkee 
Treatise on Civil Engineering in Tndia/^ it was decided to eliminate 
from the Sections on Carpentry, Masonry, &c., all the mathematical 
investigations in relation to Strength of Materials, Stresses in 
Structures, &c., and to collect them into a separate Section, which 
should deal with the strictly scientitic and mathematical, (as op- 
posed to the purely experimental and practical,) aspect of the 
engineering questions relating to the subjects treated of in the 
First Volume of the Treatise. 

As moreover these investigations, as existing in former editions, 
had been independently written by the Authors of the several Man- 
uals and Sections, of which the Treatise was originally a compila- 
tion ; — so that a different notation and mode of treatment occurred 
in different parts of the work for very similar engineering prob- 
lems ; — it was further decided that these mathematical investiga- 
tions should bo entirely re-written by one Authorj and with one 
uniform notation. 

This work was entrusted to the Professor of Mathematics in this 
College, — Captain Allan Cunningham, ll.E., — who undertook also to 
carry out a similar work in regard to the mntliematical investiga- 
tions scattered through the Second Volume of the Treatise in the 
Sections on Buildings, Timber and Iron Bridges, &e. This work 
has now been completed to the full extent of the proposed pro- 
gramme, as above indicated, and within these limits forms a very 
complete Manual of Applied Mechanies,^^ in conueciion with the 

Roorkee Treatise of Civil Engineering: ” and as it is printed and 
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bound in a style exactly similar to that work, it forms a ^ Third 
Volume^ of the Treatise, in which are brought together and treated 
in a methodical and comprehensive form, all theoretical and mathe- 
matical questions connected with the Stresses in Timber and Iron 
Structures, and the Designing and Stability of Roofs, Bridges, 
Girders, &c., and their component parts. 

The Work is divided into two very distinct Parts : whereof 
Part I. treats solely of Direct Strain and Stress, viz., of the 
general principles of Tension, Compression, and Elasticity, and 
the investigation of Stresses in Trusses : whilst Part II. treats 
of Transverse Strain and Strength in general, and of Deflexion, 
with their application to Beams or Girders of all sorts, whether 
Supported, Fixed, or Continuous, with special reference to Iron- 
work, which is now acquiring great importance in India. From 
this brief description of the contents of the volume, it will be 
observed that Earthwork, Revetment Walls, and Masonry Arching 
are not treated of in this Manual, as these w 'iild open up too 
large a field, and extend unduly the scopi and size of this 
work : they belong moreover to a disthict branch of Engineer- 
ing Mechanics, and will probably hereafter form the subject of 
another Manual by the Author of this present volume, which in 
its present form is complete in itself, treating very thoroughly 
of the general principles of Applied Mechanics and their 
application to roofing and bridging details, such as ordinarily 
engage the attention of the Engineer in this country. 

This Manual has been written with the object primarily of 
supplying a complete text book of Applied Mechanics for the En- 
gineer Students of this College, but much additional matter has 
been introduced into it, so as to render it a useful work, both of 
study and of reference for more advanced students of the subject, 
and for Engineers in the practice of their profession ; who will,— 
it is believed, — find that it not only presents in a convenient, suc- 
cint, form all the most useful results, formul®, &c., of the latest 
and ablest writers on this important subject, but contains 
also much that is novel, or which has not hitherto received 
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the full and careful treatment which has been herein bestowed 
upon it. 

It will be observed that every effort has been made to employ, 
wherever practicable, methods of research or of calculation suit- 
able for those who may not be familiar with the use of the 
Calculus or with higher Mathematics : with this object graphic 
methods — especially Clerk Maxwells — have been freely used, 
and numerous examples of their application to Stresses in 
Trusses and to representation of Shearing Force and Bending 
Moment are given. The Theory of Transverse Strength has 
been treated throughout by the '^Method of Sections and 
that of Continuous Uniform Beams has been made to depend en- 
tirely on the Theorem of Three Moments, thus bringing this 
otherwise difficult subject — for the first time, it is believed, in an 
English treatise — within the powers of elementary Algebra. 

As examples of rules and investigations of a novel character, 
which will not be found in the publications of previous writers, 
it may suffice to particularize the rule for distinguishing the 
character of Stress in the Braces of Girders, and the Chapter 
on Rafters and Furlins. 

In conclusion, it may be affirmed that the well known ma- 
thematical acquirements and abilities of the Author, will be suffi- 
cient warrant that his original investigations and the results 
deduced therefrom, can be confidently accepted by the Engi- 
neering profession. 


I 


Roorkee, 
February, 1876. 


A. M. L. 
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APPLIED MECHANICS. 


INTRODUCTION. 

Applied Mechanics iu its widest sense is the Scientific Treatment of the 
effect of External Forces applied in any manner to “ Matter’’ of any sort. 
The use of the term is commonly limited to the Investigation of the effect 
of such Forces as Weight and Momentum, (thus excluding Heat, Elec- 
tricity, &c.,) and further to the effect of these only on such Materials as 
commonly used in Engineering— including Structures of all sorts, e, 
Buildings and Machines. 

In this Manual the term is almost wholly limited to the Investigation 
of the effect of these External Forces (Weight and Momentum) on 
Building Materials. 

The great x^ractical use of this subject is in the Design of Structures. 
Its complete Treatment requires the aid of the most refined Mathematical 
Analysis ; such however is not necessary for a practical Work. 

As this Manual is intended as a “ Work of reference” for the Engineer 
in India — as well as for a Text-book for Students, methods involving use 
of Infinitesimals have not been used, except in the solution of such Prob- 
lems as cannot be successfully solved without, and in these cases the 
Results have always been added for the most useful practical cases in a 
form requiring a knowledge only of Elementary Geometry. Portions 
invohing use of Infinitesimals have been generally put in small type, and 
are intended for advanced Students. 

R^erences . — Articles are numbered throughout the Manual in black-letter, thus 
( 59 ) ; Equations are numbered separately for each Cliai)ter in Arabic Numerals 
enclosed in brackets, thus, (25) : separate cases of one general proposition are distin- 
guished cither in Homan or Arabic numerals, thus, 1®, 2°, &c., or thus, (I), (2) \ or by 
italics, thus, (a), (6). 
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COURSE FOR STUDENTS. 


This Work being intended as a Manual for reference, necessarily contains much 
more than can be attempted by Students. The following is an ample Course for 
a first reading. 

Part L — Direct Stress. 

Read the Introduction. 

Chapter I. Omit Art. 20—11. 

Chapter IJ. Hoad Art. 2 ^ to 37, 39, 42. 

Chapter III. Omit Art. 79. 

Read the Addendum to Chapters II., III. 

Chapter IV. Read Art. 80 to 95 , 102 to 104. 

Chapter V. Head the whole. 

Part II. — Tranryerse Straih. 

Chapter VI., VII., VIII. Head the whole. 

Chapter IX. Omit Art. 220, 224. 

Chapter X. Omit Art. 244. 

Chapter XT 1. Read the whole. 

Chapter XIII. Omit Art. 204 (Ex. 2), 265 (Ex. 2). 

Chapter XIV. Omit Art. 272—274. 

Chapter XV. Omit Art. 284, 286 to 288, 291 to 296. 

Chapter XVt. Read Art. 298, 299. 

Chapter XVII. Read Art. 307, 309, 327. 

Chapter XVIII. Read Art. 328, 353. 

Chapter XIX., XX. Read the whole. 

Chapter XXL Omit Art. 401. 

Omit Chapter XI., XXII. 


CHAPTER I. 

PRELIMINARY. 

Careful attention should be paid to the following definitions 
X 1. Load.-“The external forces applied to any Structure are styled 
briefly “Loads” : among these must coidently be classed the Weight of 
the Structure itself. 

The combination of the external forces applied to any Structure or to 
any single Piece of a Structure, (including therefore the Weight of the 
Structure 01 Piece) is called the “ Load ” on the Structure or Piece. 

[It might appear at first sight that the Re-actions at the Supports fall 
under the above definitions : their essential nature, however is, that of 
passive forces developed by the Load only to the extent necessary for 
equilibrium]. 

Dead and Live Load . — The steady part of the Load is called “ Dead Load ” 
(this evidently includes the weight of the Structure itself) : the rapidly 
moving part of the Load^ (e. g.j the weight of a train in motion), or a 
suddenly applied Load, (such as a Shock or Impact) is termed the “ Live 
Load.” This distinction has a very great practical importance as it will 
be shown (Art. 26, 102, 298) that the straining effect of a Live Load is 
much more violent than that of a Dead Load. 
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2. Strain. — The first bbserved effect of the Load applied to a Struc- 
ture or Piece is the production of soraec hange in the original Size or Shape 
of the parts of the Structure or of the Piece, e. g., elongation, contraction, 
distortion, &o. 

Tliis change of size or shape of whatever kind is termed ** Strain ” : 
hence Strain is evidently a quantity that can be seen and measured^ 
Load applied in different ways produces different kinds of change of size 
and shape, u e,, Strain of different kinds, (see Art. 9). 

The whole Strains produced by a given Load are not produced quite 
suddenly, but time is required to allow the wliole straining effect to take 
2 )laco. 

N,B . — Many authors use the term ‘‘Strain” both in the sense used here, (and 
which alone will bo used in this Manual,) and also to signify what is termed “ Stress 
in this Manual. The distinction here drawn between the two is .'idopted now in many 
Scientific Works, and will be found very convenient 

3. Resistance and Strength. — The support offered by any Stnic- 
ture or Piece to the Load applied is termed “ liesistance.” The power of 
resisting the fracture which Load tends toproduceis termed Strength.’’ 
Tlie “Strength” of a Piece is measured by the “ llesistauce” it offers 
to tlic “ Load.” 

Thus Strength and Resistance are not synonymous ; Strength is merely 
a quality of materials which is measured quantitatively by Resistance. 

Before the straining action of a Load is complete, there is motion^ (viz., 
change of Strain) p.mong the particles of the material, so that the Total 
Load is evidently greater than the Total Resistance called into play at 
that instant. The determination of the “ Resistance” at any instant 
before the straining action is complete is a very comjilex problem in 
Dynamics, but this determination is never required in ordinary Eiigi. 
neering. 

When the straining action of the Load L complete, there is no further 
motion, so that there is then equilibrium between the Load and Resistance, 

In ’ordinary Engineering this case only is considered, and thus 

Measure of Strength = Resistance zz Load (1). 

4. Stress. — This term is applied to the combination of forces on 
either side of any arbitrary section through a structure or piece. 

Thus it partakes of the nature of both Load and Resistance, and may 
be divided into External Stress and Internal Stress. External Stress on 


o 
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any Piece of a Sfcrnctnre may be defined as the Resultant of the Loads 
applied dirccthf to other Pieces of the Structure and transmitted through 
them to tlie Piece in question. Thus External Stress on any Piece is the 
“ Virtual ” Load on that Piece duo to Load indirectly applied. 

Example. — The resolved parts of the Loads parallel to the bars of a 
Frameti Structure are called the Stresses on or along those Bars, These 
are External Stresses. 

Internal Stress at any section is the combination of forces at either side 
of any section , those on one side being due to the action of the Load 
transferred through the material of the piece to that section, those on the 
other side being due to the Resistances of the material at the Section. 
Hence referring to equation (1) since there is equilibrium when the 
straining action is complete. 

Load or External Stress = Resistance (or Strength) = Stress.... (1 A.) 
y 5. Load, Strain, Resistance, Strength, and Stress, — It will be 
observed that Load produces as its first effect Strainy which is opposed 
by Uesistancey and that the combination of forces produced by the Load on 
either side of any section is termed Stress (viz., Internal Stress) ; thus 
Strain, Resistance, end Stress are all produced by the Load. 

Also Loady Resistancey and Stress are of the same hindy and measur- 
able in the same units (generally in pounds or tons). Strength is merely 
^ quality, measured by Resistance, but nevertheless inherent in ma- 
terial. 

Strain is a visible quantity, measurable in inches, in ci^pular measure, d;c. 

The following is an illustration of the meaning of these terms 

Example, — A man lifts a weight W. Then W is the Load : the elonga- 
tidn in any sinew of his arm produced by the Load is the Strain of that 
Sinew : the support given to the Load at any section of the sinew is the 
Resistance at that section : either of tlie set of forces on either side 
of the section is the Stress at that section ; when motion, t. e., change of 
strain, has ceased, tiiese Stresses are equal and opposite ; the sinew is in 
a state of strain, viz., elongation : the feeling of exertion or fatigue is 
an evidence and a measure of the Stress. 

6. Intensity Classification. — The five quantities, Load, Strain, 
Resistance, Strength, and nxe simultaneously classified into four 

Classes, according to llicir intensities, viz. (1), Breaking or Ultimate; 
{jl)y Proof; (d), Working or Safe; (4), Actual. 
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As all five vary simuHancmtsly, they all five receive these qualifying 
attributes simiiltiiiicoiisly : their mutual relations arc as already defined 
and Equation (1 A) is apidicable. 

(1) . The Breaking Weight or Load is that “ Dead Load ” v^hich is 
just sufficient to produce fracture. It will be denoted by P (measured 
in ft)S.). Itjji’oduces the Ultimate Strain^ Ultimate Resistance and Vlti- 
mate Stress, 

The Ultimate Strength is measured by the Breaking Weight, 

(2) . The Proof Load is that “ Dead Load ” which will prove or test a 
Piece (by straining it) to the utmost extent possible without permanent injury. 
It produces the Proof Strain^ Proof Resistance and Proof Stress; the Proof 
Strength is measured by the Proof Load, 

It has been ascertained (by experiment) to be a certain fraction (depen- 
ding on the material) of the Breaking Weiglit, varying from to 

(3) . The Working or Safe Load is the maximum “ Dead ” Load which 
a Piece can hear safely for a lengih of time. It will be denoted by Vf 
(measured in pounds). It must obviously be less than the Proof Load to 
provide against defects in material or workmansliip. It is usually taken as 
some fraction (ascertained by experience) of the Breaking Weight or of 
the Proof Load, It produces the Working or Safe Strain^ the Working 
or Safe Resistance^ and the Working or Safe Stress. 

The Working or Safe Strength is measured by the Working or Safe 

Ljoadm 

The Working Safe Load, Strain, Besistance, Stuengtk, and 
Stress are by far the most important in Engineering of the four classes 
in this Classification. It is an invariable rule in Engineering tliat all 
Structures must be designed to carry this Load (being the maximum in- 
tended load) safely as a peimianency, 

(4) . The Actual Load is any Load that may be actually on a Struc- 
ture or Piece. It sholild of course be, if temporary, less than the Proof 
Load^ and if of any duration less than the Working or S(ffe Load (bein^ 
that for which the Structure was designed). It is sometimes but not 
often necessary in ordinary Engineering to consider the effects of this 
Load, viz., Actual Strain, Actual Resistance, Actual Stress, 

7. Factor of Safety. — This has been variously applied by different 
writers to each of the three following ratios, viz. : — 

Breaking Weight : Proof Load ; Working or Safe Load. 
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In this Treatise it will generally be applied to the ratio of Breaking 
Weight to Working or Safe Load, and denoted by s. 

Hence il^Witor of safety = Breaking Weight Working Load, 

f, s = P W, and P = ^ W, (2), 

In consequence of Live Load, i, e., Load suddenly applied, producing at 
first in general twice the effect (see Arts. 26 and 27 on Resilience) of 
Dead Load, i. e,j Load gradually applied, it is usual to make the Factor of 
Safety for Live Load of all kinds, (e. g,^ rapidly moving Loads) twice that 
for Dead Loads, the “ Breaking Weight’* being hj definition determined 
by experiment on Dead Loads. 

Hence if W' be the Dead Load, W" the Live Load on a Structure, 
also 8\ s" the Factors of Safety applicable, then 

P = 5 ' W' + s" W" or P = s' W' + 2 / W^ (3). 

Factors of safety are fixed by experience, they vary for different mate- 
rials, and for different applications of Load ; the values given by different 
authorities also vary. 

The Proof Load of Cast-Iron and Wrought-Tron is generally given as 
^ of Breaking Load. 

Timber, Stone, and Brick arc not generally e^q/used to proof, so that no 
well established ratio exists for them. 

The following values of Factors of Safety are given on authority of Prof. 
W. J, M. Rankine* as a general summary of experience of the profession. 


Conditions. 

% 1 

1 

tlkaluo of « 

•I* 

II 

Dead load. 

Live load. 

For perfect materials and workmanship, 

• • 

2 

4 

For good materials and workmanship In metals, 


8 

6 

» >» n n timber, 

• • 

4 to5 

8 to 10 

>» » >9 masonry, 

• • 

1 

4 

8 


Other values will be given in detail in the appropriate places : it may 
here be noted that many authors consider the proper value of s for timber 
to be 10 for Dead Load. 

8. Modulus of Fracture or Rupture.— The intensity of ireak- 

• Civil Snginoering, «tb S(!ltlon, Art. 148. 
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ing Weight in poiiTuis per Rqnare inch of area is called (lie Moasnro or 
Modulus of Hucturr : it will be denoted by/ with a letter subscript to 
indicate the kind of fracture intended, (see Art. 11). Tlius — 

Modulus of Hupture or / = 

= Intensity of Breaking Weight (in pounds per square inch) = 

=: Breaking Load of a Piece of one square inch area of cross-sec- 
tion (4). 

9. Applications of Load. — 'fhere are two principal modes of ap- 

plication of Load^ viz., I. Longitudinal, II. Transverse. ^ 

I. Longitudinal or Direct Load is direct in^its application ; it is sub- 
divided into two principal opposite varieties, viz., (1), Tensile; (2), 
Compressive. 

II. Transverse Load is indirect in its application ; it is subdivided 
into (1), Shearing; (2), Twisting; (3), Bending. Each of these five 
modes of applicationoi Load produces its peculiar kind of Fracture, Strain, 
Resistance and Stress, some of which have distinctive names. The form 
of Strength and the Modulus of Eupture peculiar to each kind of Load- 
application receive a similar name. These are exhibited in one view in 
the following Table, to which the additional terms, viz., State of Strain 
and Pliability (see Art. 86) have lleen added. 

Load applied in one manner will, however, frequently produce Strain and 
Stress, &c., of several kinds at once besides tliat enumerated as peculiar 
to it. This will appear in the sequel. * 

The most important of these applications of I^oad to Engineering Struc- 
tures are — (1), Tensile; (2), Compressive; and (3), Bending. It will 
be shown that Bending may be resolved into — (1), Tensile ; (2), Compres- 
sive ; (3), Shearing, Stresses. Structures in Engineering are seldom exposed 
to twisting, so that the Twisting application of Load seldom requires to 
be considered. 

It follows that the kinds of Strain and Stress of primary importance are 
: — (1), Tensile \ (2), Compressive; (3), -and of tlicso the fir&t 

two are tiy far the most Important in Engineering. 

10 . It may seem that an unnecessary number of terms have been in- 
troduced into the above enumeration. It is in fact not necessary to make 
use of them ,all in one book : nevertheless they are all in common use 
in the profeosion, and require to be understood iu order that Works of 
different authors may be read intelligently. 
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11, General Notation. — The following general notation has been 
adopted in this Treatise, and is collected in this place for ready re- 
ference. 

Great as the advantage of a uniform notation is in wding the progress 
of the Student, it is impossible to comprise in a few letters the whole of 
*the notation required in such a wide subject as Applied Mechanics. Such 
modifications as are necessary for particular purposes will be noticed as 
they occur. 

Many terms are necessarily included in this general scheme of notation 
whose explanation has not yet been given. 

N.B . — In using formulae from different books^ great care is required to ascertain 
the units of weight and measure intended. 

Tlie units used throughout this Treatise are m general^ 

1°, The avoirdupois pound os the weight-unit. 

2°, The inch as the linear unit. 

In a few cases other units (e. the ton and foot) are used when prac- 
tical convenience demands it, but the mtaiion itself will indicate this. 


It will be noticed that a single and double accent are used to modify 
the same symbol for use with Dead and Live Loads respectively, and 
that a subscript c, s, h are used to modify the same symbol for use with 
Tensile, Compressive, Shearing, and Bending meanings. 

P = Dead Breaking Load or Weight (in pounds), 
p = Intensity of P (in pounds per square inch), 

W = Working or Safe Load (in pounds), 

W' = Dead „ „ 

W"= Live 

w, tv', w" = Intensities of W, W', W" (in pounds per square inch), 

/ = Intensity of direct longitudinal Breaking Load (in pounds per 
square inch), 

/i = Intensity of direct Tensile Ultimate Stress, or Tenacity (in 
pounds per square inch), 

/o = Intensity of direct Compressive Ultimate Stress or Crushing 
Modulus (in pounds per square inch), 

Ph = Co-efficient of Rupture =/b -r 18 (in pounds per square inch), 
/b = Modulus of rupture z= 18 pb (in pounds per square iitch), 

8 = Factor of Safety generally (applicable to W) = P-f- W, 

s' „ (applicable to Dead Load W') = P-f-W', 
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= Factor of Safety inapplicable to Live Load W'^) = P-rW", 

Si = Safe intensity of direct Tensile Stress (in tons per square inch) 
= /t-r- 2240 5. 

Sc s= Safe intensity of direct Compressive Stress (in tons per square 
inch) —fc^ 2240 5 . 

A = Area (in square inches) of a cross section of any material. 

At = Net area (in square inches) of tension flange. 

A* = Area (in square inches) of web. 

Ao =: Gross area (in square inches) of compression flange, 

/• A == At + As + Ac (in Girders). 
b — breadth (in inefts) of the area A. 
d •== depth (in inches) of the area A. 
t = thickness (in inches), 

I = length (in inches) ^ ^ 12 L 

L = length (in feet) J 
A = Strain (in inches) of 1. 

At 5= Elongation (in inches) of I 
Ac ^ Contraction (in inches) of I, 

E = Modulus of Elasticity in pounds per square inch. 

Et = Modulus of Tensile elasticity in do. 

Ec = Modulus of Compressive elasticity in do, 

Ed = Co-efficient of Deflection-elasticity in do. 

b =z Maximum deflection in inches. 

Xj y, z = Co-ordinates of length, breadth and depth (in general). 

12. Principles of Design.— “Design” is the art of arranging ma- 
terial to the best advantage to carry given Loads. In theoretical Applied 
Mechanics this is to be understood to mean in the manner most favorable 
to utilizing the full powers of Resistance of the material, and therefore 
most favorable to economy of material^ (after giving due regard to other 
considerations, such as apsthetic, convenient, pecuniary, &c). 

The Principles of Design maybe thus summed up ;— After the straining 
“ action of the Load on a Structure is complete, there is statical equilibrium 
“ amongst all the forces at each point of the Structure, so that the principles 
“ of equilibrium of rigid bodies (as given in Elementary Statics) are then 
“ applicable, both to the whole structure, and to eury part of it, Pur- 
“ ther, a structure must possess Stability^ Strength^ aud Stiffness both as a 
“ whole^ a»d iu mty partft 
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Tlie following relations must therefore obtain among the Loads and Re- 
sistances (see Arts. 13, 14, 15). 

13. Stability. — The conditions are — 

(1) . The algebraic sums of all the external forces (including 

Weight of the structure, and Re-actions at supports) resolved parallel to 
afiy three straight lines at right angles (or otherwise) must separately 
vanish (5) 

(2) , The algebraic sum of the moments of all the external forces round 
any three axes at right angles (or otherwise) must separately vanish... (6). 

These six conditions are necessary and svfficient for the Stability of the 
Structure as a whole, 

The same six conditions applied separately to each piece of the Struc- 
ture are necessary and sufficient to the Stability of the several pieces. 

The above may be called the Conditions of Stability. 

14. Strength. The conditions of suiiicient Strength are quite 
similar. 

(1) . The algebraic sum of all the forces fwhether external Loads or 

internal Stresses) at every section through the Structure resolved parallel 
to any three directions at right angles (or otherwise) must separately 
vanish (^A). 

(2) . The algebraic sum of the moments of all tlie forces (whether 

external Loads or internal Stresses) at every section through the Struc- 
ture about any three axes at right angles (or otherwise) must separately 
vanish (^A). 

These six conditions are necessary and sufficient to the Strength of the 
Structure as a whole at every section right through it. 

The same six conditions applied separately at every section through each 
piece of the Structure are necessary and sufficient to the Strength of each 
piece. 

16. Stiflhess. — Besides Stability and Strength, a Structure must 
possess sufiScient stiffness, both as a whole, and in every pa ^t, to prevent 
such strains as would unduly disfigure it, as such disfigurement alone 
might render it useless for the purpose intended, although both stable 
enough, and strong enough for the purpose. 

The amount of disfigurement (Strain) permissible in a Struettire de- 
pends chiefly on various practiced considerations according to the use for 
which the structure is intended. 

n 
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The mathematical treatment of Stiffness will be oonsidered hereafter in 
the Chapter on Deflexion. 

16. The principles just given (Arts. 13, 14, 15,) should be carefully 
considered, as it will be found that the Mathematical Treatment of Engi^ 
neering consists simply of their repeated application. 

It might be thought that their repeated application as indicated would 
involve enormous labor. In practical Engineering, however, it fortun- 
ately generally happens, the forces are so distributed as to lie nearly all 
in one plane, and tiiat the actual calculation of those out of the principal 
planes is unnecessary, {e. g,, in Trusses, Girders and Arches it is seldom 
necessary to calculate any Stresses except those in planes parallel to the 
faces of the truss, girder Or arch). 

This materially simplifies the calculations, as though the whole set of 
six conditions is of course necessary to equilibrium, three only will have 
to be used in general in calculation. 

These three conditions are those of equilibrium of Forces in a plane, 
viz.— 

(1) i The algebraic sums of all the forces resolved parallel to any two 

directions at right angles (or otherwise) in their plane must be separately 
zero.* (5B). 

(2) . The algebraic sum of the moments of all the forces about any 

point in their plane must be zero..*..... 

This set of three conditions must of course hold both for the Structure 
as a whole, and for every piece of it, and further must hold separately 
among the external forces or Loads for Stability, and among the External 
Loads and Internal Stresses for Strength. 

It is, moreover, fortunately generally possible by suitably choosing the 
points at which these conditions are to bo applied to reduce the number of 
applications of these conditions to about one or two for each piece of a 
structure, so that the amount of calculation practically required is by 
no means so great as might appear from the mere statement of the 
conditions. This will be better understood after reading the Chapters on 
Transverse Strain. 

It should nevertheless be distinctly understood that the whole set of 
conditions inust obtain at every section of every piece of a Structure. 

17 * Sttass axui Straizii-^The treatment of combination of Stress 
ses and of Strains in a general fanner is far too difficult for a Work of 
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tliis kind. Tlie Student is referred to Higb^Oass Works for their syste- 
matic treatment, e, g., Thomson and Tait’s Natural Philosophy, and Ban- 
kine^s Manual of Applied Mechanics. 

In practical Engineering, such general treatment is seldom necessary. 
What follows will be sufficient for most cases. 

18. Total or Whole, and Intensity. — Careful attention should 
be paid to the distinction between these terms as applied to Loady Resist- 
ance^ Stress and Str'ain* 

Def.— or Whole Load, Resistance, or Stress on a piece of mate- 
rial, is the sum of all the Loads, Resistauces or Stresses of a given kind on 
that piece. 

Dkf. — Total or Whole Strain is the whole visible change of size or shape. 

Def. — Unifonn Intensity of Load, Resistance or Stress at a point in 
a section, is measured by the number of units of weight pej* unit of area 
round that point. 

In this Manual it is denoted by f p, or tOy with letters subscript (Arts. 
0 and 11) to indicate the character of Stress, and is usually measured ia 
pounds (or tons) per square inch. 

Def. — Uniform Intensity of Strain at a point in a section is measured 
by the quantity of Strain per unstrained unit, e. y., 

Linear Strain-intensity is measured by the Strain or Change (in inches) 
per linear unit, (viz., per inch,) i. c., is denoted by \ -f- /. 

Cubic Stmin-intensity is measured by the change of volume (in cubic 
inches) per cubic unit (viz., per cubic inch). 

Shearing Strain-intensity is measured by the co- tangent of the angle 
of a distorted prism, square when unstrained : it will bo denoted by v. 

Def. — Variable Intensity of Load, Resistance or Stress, also Strain 
at a point in a section are measured (by the principles of Infinitesimals) 
by the number of units of weight per unit of area, or by the quantity of 
strain per unstrained unit, respectively, round that point estimated as if of 
the same uniform intensity as the actual intensity at that poinU • 


These definitions will be noticed to be analaj^ous to those of the measures oi uni* 
form and variable velocities and accelerations in elementary Dynamics and of fluid 
pressures in elementary Hydrostatics, so should present no difficulty to the Student 
who has mastered those branches. They will be recogni/eci by the Student of Dif- 
ferential Calculus as equivalent to the following equations (compare £q. 4), 

* (7)- 

From the preceding definitions it follows that, if intensities of Load, 
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BeBistanoei or Stress be represented by linesj then Total Loads, Besis- 
tances, or Stresses are conveniently represented by volumes of solids. 
This graphic method has the advantage of conveying clear ideas (even to 
those not acquainted with Integral Calculus) of both the magnitude and 
position of the Resultant Load, Resistance or Stress. 

19. Parallel Stresses on a plane area. — Thus for a Load, Resis- 
tance or Stress (whose components are parallel) in the case of a plane 
area A, {see Fig, 1 ). 

Let* P = Total Load, Resistance or Stress distributed in any manner 
over the area A. 

Let p — Intensity of the same, at any point P in that area whose co- 
ordinates (referred to rectangular axes Oa:, Oy in the plane of A) are 
OL = a?, OM = y. 

Then if the intensities (p) be represented by lines as PN drawn per- 
pendicular to each point as P of the area A, the Total Load, Resistance, 
or Stress (P) will be represented by the volume of the prismatic or cyliudric 
solid whose base is the area A, and whose upper surface is formed by the 
upper ends of the ordinates such as PN (which represent the intensities 
from point to point of the area A). 

Thus if y be the volume of the solid, w the weight of a caoic unit of it, 
BO ihai p wz. Then 

P = u; V 8). 

Also the Centre of Stress is the point in the area A immediately 



bdow the min of gravity G of the representative solid V ($ j, 

* S«4 fcMt note cm p«ge f\, * 




PREtlMlNARY. 


15 


These tm results, which give the magnitude and position of the jResult- 
anf of Parallel Loads, Resistances, or Stresses on a plane area are perfectly 
general* They cannot, however, m general be expressed in algebraic for- 
mulee without the aid of the Integral Calculus. 

20* Case 1.-— Load, Resistance, or Stress of uniform intensity (p). 

This is the only very simple case, and fortunately the most useful in En- 
gineering. The ordinates as PN representing the intensities will evident- 
ly be of equal length, and tl\e upper surface of the representative solid will 
be a plane area, equal in all respects to and pai;allel to A, so that V = a; . A, 
where z p w, n constant quantity. 

Hence P = w V = p . A, also p = P -4- A^ f8A). 

Also the Centre of Stress ” is the centre of gravity of A (9 A). 

In this ease, the only difficulty in finding either P or p, when one is 
given, will be in calculating the area A. But in Engineering practice, 
the area A is usually some simple figure wl^ose area can be immediately 
found by Elementary Geometry. 

iV.J?. — Of coarse result 18 A) could be obtained at onco by integration from £q. (7) 
thus dP s= prfA, P =s^ pdA = p » pA. 

Case 11(a).— Load, Resistance or Stress of variable intensity (p), but 
of the same sign, t. e«, entirely tensile, entirely crashing ,or entirely shear- 
ing of one direction. In consequence of the ordinates as PN (represent- 
ing the intensities) varying from point to point of the area A, the repre- 
sentative volume y cannob be expressed algebraically without the aid of 
the Integral Calculus. 

Here P = wV =s “// z dx dy —ffpdxdy (8B). 

the integral being extended over the whole area A. 

Result (9) cannot be more simply expressed : if x, y be the distances 
of the ** centre of Stress from the axes, then it is shown in Works on 
Analytical Mechanics that 

« = ^J*f p*dxdy ^ -T* P} y — \ffpy <*» dy [ P m(9B). 

tlie integral being extended orer the whole area A. 

AIbo if ,7. == mean intensity of P, (i. e., as if uniformly distributed), 

Then— , 

Cm IKll)^—I<oad, BteUte(a% or Stress of tmUM but 
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This should bo treated as Case 11(a) by the method of Case 111(5), 
following. 

Neither Case 11(a) nor 11(5) are of much importance in Engineering. 

Case III. — Load, Hebistanco, or Stress oj uniformly-~varying intensity. 

This is the most simple case of rarying Stress, and fortunately one of 
the viost useful in Engineering. 

By “ uniformly-varying ” is meant varying as the distance from some 
fixed line in the area A : this line may be called the ^'dine of no Stress.” 

In this case also the Results (8), (0) cannot bo expressed algebraically 
in a general forniy (e. e., applicable to any figure) without the aid of the 
Integral Calculus. 

But in Engineering the areas are of such simple figure^ and the 

** line of no stress ” so situate loith respect to them that the Results (8) and 
(9) can geneially be evaluated in an algebraic formula by Elementary Geo- 
metry in each particular case. Many examples of this will occur in the 
sequel, in which the Student will find that the use of Integral Calculus is 
not essential in the simple ca43es which occur in ]f*ractical Engineering, 
although of considerable help in shortening the woik. 

This case may be divided into two, both of great impoi fatice in jyracti^ 
cal Engineering. 

(a). Stress of one sign, e. g , entirely tensile, entirely crushing, or 
entirely shearing in one direction. 

Example. — Fluid Pressure, Earth Pressure, also Punching, Slotting. 

(5). Stress of contrary signs, c. g , tensile over part, and crushing 
over part of the area, or shearing of opposite directions over different parts 
of the area. 

Example. — In Cantilevers, Beams or Girders. 

Case Ill(a). — Uniformly-varying stress of one sign. Take the axis Oy 
as the lino of no stress, then the condition that the stress is unifoimly- 
v^rying is thus expressed, p or PN oc MP {Fig. 1 ), 
i. e ^ p — ^ jp, (where txt = stress-intensity at unit-distance) (H). 

The upper surface of the representative solid is evidently an inclined 
plane passing through the line of no stress ” Oy. 


^ expressed in it fothi similar to that given for 
im piemdiitiU’jr Hydrbstaties, thds: Qg^ is the 


of solid, and therefore the acthp 

ffw 

3 if J>. a* i 
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Thoti if be the mean pressure, 

^ = ^ (IOC). 

Hence P = t(7V = m; x A x xcr x A x (8C). 

Result (9) cannot be more simply ex[»re88ed. 

These results cannot, howerer, bo expressed in an algebraic general /om, 
(<. 6., applicable to any case) Trithout tlie aid of the Integral Calculus. 
The general exprebsions are 


P = ^pg dx^TT J*xy dxy 


(8C). 

X ■= ^vrfx'ydx\-^ P, 


(9C). 

P = A 

• 



In practical Engineering, however, the figures of area A are usually so 
simple, and the “ line of no stress,” Oy so situate that the results (8C\ 
(9C), (IOC) can often be evaluated by Elementary Geometry in each parti^ 
cular case (although these results cannot bo expressed in a general form 
except as shown). Many instances of this will occur in the sequel. 

Case lll(f;.) — Unifonnly-varying btress of two contrary signs. The 
Total or Resultant of Load, Resistance or Stress, and also the ** Centre 
of Stress ” are to be found for the Stress of each sign separately as in 
Case Ill(a). These two resultants form a system of two parallel oppo- 
site forces applied at their ** Centres of Stress.” Their Resultant, and its 
point of apidication (or Centre of Stress”) are to bo found by the 
rules for a pair of parallel forces (for which see any elementary work on 
Statics). 

If the two partial resultants be equal, there is no single Resultant, and 
no single centre of Stress.” The pair of equal unlike parallel Stresses 
form a “ Couple” whose arm is the distance between the centres of Stress. 
This is the case which obtains in Cantilevers, Beams, and Girders, and 
will be constantly referred to in the Chapter on Bending. 

21. Work, — The technical term Work ” is defined in Elementary 
Dynamics* as the ** production of motion against resistance ” and as mea- 
sured by the number of units of weight raised one linear unit in height. 
The work-unit is therefore a compound unit comprehending both weight 
and length-units. The usual work-units are 

The British work-unit, of one foot-pound^ (i. e , One pouiidt^,|Niwed one 
foot high). 

* << Uwkmics for Boftinnera,” OiAptor XTH., 2nd M. 
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The French Worlc-nnit of one kilogrammitre^ (i. c., one kilogramme 
raised one m^tre high). 

Other Work-units are occasionally used in different problems, s. in 
problems relating to Structures, it is often conrenient to take the inch as 
the length- unit (as will generally be done in this Manual), in which case 
the Work-unit* would be one inch-pound^ i. one pound raised, one in(;h 
high). 

22. Accumulated Work, Actual Energy, Kinetic Energy.— 
It is shown in works on Elementary Dynamiesf that the amount of 

Work ” accumulated in a moving body of Weight W, or Mass 
M and velocity v is 

QxW. — — Weight X height due to the velocity, (11). 

This is also styled the Actual Energy^ or Kvietic Energy (t, Energy 
of Motion) of the moving mass. 

23. Potential Energy. — The amount of Work which a body is 
capable of performing in consequence of its position, and which it would 
perform if free to move, and is prevented from performing solely by re- 
straint on its motion is called “ Potential Energy.” 

Example (1). — A weight W supported at a height h possesses Po- 
tential Energy measured by W4 foot-pounds, i. e., if released it would 
fall, and accumulate W/i foot-pounds of Work in itself which would then 
be its Kinetic Energy (or Energy of Motion) or Accumulated Work which 
it would expend on the earth when brought to rest. 

Example (2). — A spring or a beam bent and retained bent by an 
External weight W through a distance 2 (in inches) possesses W2 inch- 
pounds of Potential Energy y which on the removal of the weight becomes 
Actual Energy or Kinetic Energy ^ which is expended in restoring the 
spring or beam, (?. e., in motion) to its original condition, \ 

These examples may seem hardly worth notice, nevertheless they should 
receive careful attentiim as important problems, viz., designing Structures 
to resist impact^ can only be solved through these considerations. These 
problems will appear in the sequel. 

• iV.B.— statical Momenta are often measured in compound units bearlntr Oie mma (e. p., 
foot-pounds, inch-pounds, Ac.) as the Dynamical Wcfrk-unlts. The two units are of course quite 
dtferent in Jtindp and not tberefote comparable, A homely Instance of this kind is that of pounds 
aterltnf , an4 l^oands avoirdupois, which differ from each other in Hnd though of the same name. 

t Todhunter's " MeehanlCs tor Eeginneri. ** Chapter ZVII.. Snd Bd. 
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24. Total Energy. — The Total Energy of a system is the snm of 
its Potential and Kinetic Energies. 

25. Conservation of Energy. — This i« a principle which has only 
recently been thoroughly established, and is considered One of the great- 
est discoveries of late years. The principle is that 

The Total Energy of a system though alterable in kind is- indes- 

tructible in amount by any mutual action of the parts of the system 
“itself, ” 2 . e., “ the Total Energy is a constant quantity”. 

In strictness this is only true when euery form of Energy is included 
in the term “ Total Energy,” including therefore Heat, Electricity, &c. 
among the components of the “ Total Energy,” 

In practical P]nginGering of Structures, the only form of Energy that 
requires to be considered is that of such motion as is visible, viz,, such 
as is treated of in Elementary Dynamics, and the quantity of such visible 
motion as is tmnsfonned into other forms of motion, such as Heat, Elec- 
tricity, &o., is so small that the principle of the “ Conservation of 
Energy ” is approximately true for these visible motions. This is a very 
important simplification of Engineering problems which would otherwise 
be extremely complex, and not completely reducible in the present state 
of science. 

This principle is of great use in designing Structures to resist impact. 

26. Suddenly Apj^lied Load. — The following theorem is of such 
great importance that a rigorous demonstration will be given. 

“The Work done by a Load gradually increasing from zero 
“ to the amount W whilst moving through tlie whole space s is equal 
“ to /mZ/the Work done by the same Load W suddenly moved through 
“ the same space s. 

It is for this reason that the “Factor of Safety for Live Loads which 
change rapidly, see Art. 7, (and are therefora akin to sadden Loads) is made 
twice that for Dead Loads. This reason will be better understood after reading the 
Chapters on JElaaticity, and Transverse Strain. 

Proof Divide the whole Load W and also the whole space s into a 
very great number n of very small equal parts (each of which will, therefore, 
bo W ri- w and s -f- n). Suppose for an instant that W increases from 

zero to W by sudden additions of these eqnal parts ~ asthepartijd Load 
dMoribes each division s~n. 

Then the Work aetmlly dohe by the lioad when it hat dttateed any 
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magftitiide as w whilst passing with gradual in<jrement of ^ through 
the next space ^ will be inteimediate to the Work done in the two following 
cases viz.,^-^ moved through and W moved through ^, 2 . e., 

(by definition of Work) intermediate to ,2^ •£ and • W, .£• 

' • ' n % n hi 


Similarly the Work actually done by the gradually increasing Load 
W moving through the equal spaces ^ from starting is intermediate for 
each space to the quantities written below the number of that space. 


Space No. 

B 

2 

8 

4 

... 

... 


A— 1 

Work done by Load at 
beginning ol each 
Apace. 

8 

0 , — 
n 

W a 
n * A 

m 8 

n * ii 

m 8 

ih ' n 

... 

... 

... 

n n 

Work done by Load 
at end of each space. 

W t 
n •; 

2W 8 
n ‘ A 

aw ^ 

A ’ A 

A 'a 

»»* 

... 

... 

V.i 

A A 


A 



wW. s 
n 91 


Whole Work actually done by the gradually increasing Load is in- 
termediate to the sum of these two, i. e., intermediate^ to 


/ , W , 2W ^ 

("+ T + — + 



.W)i, and 


/W , 2W , 8W , 

(t+ — +ir + 


, nWx 8 


i. e., intermediate to ( o + 2:^ • W ) ^ and^ — + 2 . i 

I. a., intermediate to ( 1 — and ( 1 + which approach 


to equality as n is indefinitely increased, viz., lo *, e., ultimately, 

^ W« 

Whole work done by the gradually applied Load is -j , (12). 

Wj W 

But — is by definition the “ Work done ” by the Load — moved 

through the space s. Thus the theorem is proved. 

This Theorem may be also thus expressed. 

Theorem. “ The Work done by a Load W moved suddenly through 
<< the space s is twice that done by the same Load increasing gradually 
** bota zero to the whole W mgved through the same space 9 *\ 
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The Student of Integral Calculus will see that the above proof is really equivalent 
to the following, 

** Work done ** by the Load dW moved through the space dt is (by definition) 
dWds. 


/, Whole “Work done” by the gradually applied Load W through space » is 


ds.dWsz r'w.ds. 

OV 0 O 


But since the Load is supposed to be uniformly- varying with the s^ace ,% W = wj 
where 91? is a constant. 


Whole work =s w$ da = ^ as — ^ as before. 

27. Besilience or Spring is the “ Work ” absorbed by or ** Ener- 
gy ” stored in a Piece of Material during the act of producing a given 
Strain or Stress in it by a certain Load. On the removal of the Load, (if 
within the proof Load,) this “Work” or Energy will bo expended, or 
“ restored,” i. e,, visibly reproduced in effecting the recovery of figure of 
the Piece in oonsec[uonce of the Elasticity of the material, so that the 
Work originally expended by the Load is really absorbed, or its Energy 
stored in the strained Material in the form of “ Potential Energy ” u €., 
Energy not producing visible motion, but possessing the power of so doing 
under certain conditions, (in this case the removal of the Load, see defini- 
tion of Potential Energy, Art. 23. 

Besilience is of as many different hnds as there are different Load- 
applications (Art. 9), Strains, Besistances or Stresses ; thus there are 
Direct (Tensile and Compressive) Besilience, and Transverse (Tangential 
or Shearing, Twisting, and Bending) Besilience. 

Corresponding also to the intensity-classification (Art. 6) of Load, 
Strain, Besistance, or Stress as Ultimate^ Proof, WorTcing, or Actual, 
Besilience of any kind may be characterized as Ultimate, Proof, Working, 
or Actual Besilience, respectively. 


Note to Art 11. — Besides the particular values (of intensity) assigned to P, p, 
W, w, (as referring to Breaking, or Working Loads), these symbols will be occasion- 
ally used as symbols for Porces, and Loads in general (e. y., in Arts. 19, 26). With 
a little attention to the context, this should cause no confusion. 
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28. Tensile Strain, i. c., ELONaAHON or Extension, is produced by 
external forces, e., by a Load inlhe direction of the strain, which tends 
to stretch or tear apart particles of the material in mutual contact, and 
produces Tensile Resistance and Stress between those particles. 

All three, viz., the Load^ the Strain^ and the Stress are in the same 
direction, viz., perpendicular to the surfaces of particles of the material 
strained that are in mutual contact, so that their essential character is 
normal to those surfaces. 

29. Tjiieory indicates that in homogeneous material under a Load of 
uniform intensity per unit of area, (in which case the Resultant of the 
Load coincides with the axis of figure of the material strained,) the 
Resistance to Tensile Strain^ i» e., the Tensile Stress produced is directly 
proportional to the area of cross-section (perpendicular to the strain or 
stress) of the material strained, and constant for any One area of the same 
matcnaL Experiment and practical experience abondantly confirm this 
theoretical consideration, when the materials used are nearly homogeneous. 

30. It is very important to notice that the state of Tensile Strain is 
one of stable equilibrium^ u e., the tendency of the external applied forces 
or Load is to correct any trifling devrations, by whatever cause produced, 
after the removal of that disturbing iiiause : this is sufficiently evident 



from the annexed figure. 

AB is a bar hanging vertically from B-, stretched longi- 
tudinally by a weight W. If it be slightly pushed 
out of its verticil posHiop temporarily by any cause, it 
clearly tends to to that position on the remoVSl of 

the disturbing cause. 

This is important, becattfi^e it follows that the 
tendency of the Load (ot . external applied forces) 
is to preserve the position of the bar in that 
originally assigned to it, which should .be that 


most favorable to resistance. 
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31. Tho AI^6braic expression of the law of resistance, just stated, 
is as follows (s€& Art. 11,) : — Let 

A = Net Area (in square inches) of least cross section of material 
stretched (taken perpendicular to the stress), i. e., deducting 
all holes, (e. rivet and bolt holes) and flaws (e. knots in 
timber). 

P = Breaking Weight (in pounds), L c., Total Weight uniformly dis- 
tributed over the area A which will just break *the piece of 
material (by stretching). 

2 = Ultimate Strength, u s«, Ultimate Besistance to tearing (from 
the equilibrium). 

= Ultimate Tensile Stress by (definition). 

P -r 2240 =r the same in tons. 

W = Working Load (in pounds), i. e., Total weight uniformly distri- 
tributed over the area A that the material can bear safely. 

=: Working Strength, i. e., Working Besistance to stretching (from 
the equilibrium). 

= Working or Safe Tensile Stress (by definition). 

/• W -r 2240 -= the same in tons. 
ft = Modulus of tearing of the material (by definition). 

asB Weight in pounds that will just break (by stretching) a piece of 
the material of one square inch in section (by definition). 

= Ultimate resistance to stretching in pounds per square inch (from 
the equilibrium). 

N,B, — fi is a constant for each inatefial to be determined by experiments on 
direct stretching, and calculated by inversion of formnla (1), thus f =x P -i- A, 
A table of its values for coiwnon Building Materials is given in the Appendix. 
s — factor of safety applicable to the material, an empirical quantity 
fixed by experience (see Art. 7, and Table on next page). 

/. /t -r* 5 = safe intensity of tensile stress in pounds per square inch 
(by definition). 

St =s safe intensity of tensile stress in tons per square inch = - 7 - a. 

A^J&.-^These are two nse|nl modifications of the co^efficient 

/t -r a averages 1000 for timber for dead loads. 

St averages 1) for cast-iron for dead loads. 

St » 7 for wronght-iron* for dead loads. 

• This value ia higher than that usually given ; it la given on authority ot Unwin’s “Wrought* 
Iron Bridges and Eoofs,*’ 1S6^, irt S2. 
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Proof. 


t 


WOBKINa, 


Breaking I<oad _ P 
Working Load ** W 


Pactorfl of Safety •for Tensile Strain. 


u 


Timber, 

Cast-iron, . . 
Wrouffht'iroD, 

Steel (toiigh), 
Cordage, 

Chain, stud, . . 
Chain, close link, . 
Wire-rope, . . 



Hence P = sW, and P 2240 = s (W ~ 2240) by def. (1). 

And by the laws of resistance just given, for 
Load P or W of uniform intensity, 

Equations (I) and (2) contain all that is necessary for finding either the Breaking 
Load (P), or Working Load (W) of a piece of given cross-seetionej area (A), or the 
converse, viz., to find the least net cmss-sectumal area (A)ltequ*reA|o bear a Work- 
ing Load (W) or Breaking Weight (P), in each case when the Load is uniformly 
distributed over the area (A). 

Actual Load, Rbsistanob or Stress, see Art 6 -Let 
W =: Actual Uniform Load, 
to = Actual Uniform resistance — or stress-intensity. 

Then it may be inferred from Att, 29 and Eq. (1), Art, 3. 

Actual Total Resistance or Stress = to A = W (the Load) (2A), 

32. Eq. (2) and (2 A) are approximately true when the Load is nearly 
uniformly distributed over the area (A). In most cases in which Resist- 
ance to direct Tension has to be considered in practice^ the Load is approxi^ 
mately uniformly distributed^ and the formul© are sufficiently accurate for 
practical purposes. This is important, as these formula are extretH$ly sim- 
ple, whereas the accurate formula for uneven distribution of Load 4s com- 
plex, Moreover the full powers of resistance of material to tension can only 
be utilised when the material is so arranged that the Stress is uniformly 
distributed over the area A (in which case the Resultant Stress, of course 

* From Stotii^*ji ** Theory of Btralos,** Chapter XIV. 
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passes through the centre of figure of that area). Economy of material 
is therefore secured by this arrangement, which should be adopted when- 
ever possible. This can generally be effected hy properly proportioning the 
joints and attachments by which the Stress is communicated to the material 
to be subjected to tension. 

Example (1). In a tie-rod, the centres of the joints at the ends 
should be on the axis of the tie : and one of the tie heads should be forked 
and one single (see Fig, 3) : this generally secures the co-incidence of the 
Resultant of the Stress with the axis of figure of the tie, and if the tie be 
3 ^ not very large, secures an ap- 

proximately uniform distribu- 
tion of the tensile stress over 
the area of each cross section. 
The proper form of joint will 
be investigated later. 

Example (2). Angle-irons, and T -irons cannot advantaqeomly be used 
as ties, i. e» on account of the practical difficulty of attaching an angle- 
iron tie otherwise than by riveting only one of its arms, or a T -iron tie 
otherwise than by riveting only its head, a tensile stress is not easily dis- 
tributed uniformly over their cross sectional areas, in which case their full 
strength cannot be utilized. 

33. Weight of piece itself — The weight of the piece itself when it forms 
a part of the whole stretching Load to which the piece is subject, (which will 
always be the case, when the piece is not horizontal ), should in strictness be 
included in the gross Load, whether Breaking, Proof, or Working. It 
is, however, important to notice that, unless the piece be of great length, 
its own weight will often in practice in Engineering be so small a fraction 
of the whole Load that it may be neglected. 

34. Structural Classification. — In consequence of differences in 
structure in different directions, materials generally vary in power of 
resistaneS to tensile strain in different directions, and consequently have 
different values of /t, in different directions, each of which requires to be 
specially determined. 

For the present purpose, materials may bo roughly classed into (1), 
Fibrous; (2), Crystalline; (3, Quasi-homogeneous, *. e., such as being 
neither fibrous nor cxystalline possess a sort of homogeneity, or unifor- 
mity of structure. 
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Their general properties are as follows 

(1) . Sihrous materials are in general much stronger in resistance to 
tensile strain in the direction of the fibres than in any other direction, 
and also in general stronger than materials of the other classes. They 
generally yield considerably before fracture, thereby giving pome sort of 
warning long before the point of fracture, a valuable property in materials 
for use in building and manufactures. 

In consequence of the greater strength being in the direction of the 
fibres, the most numerous experiments for determining ft are for that 
direction, and when not otherwise stated recorded values of f must be 
understood to refer sohljf to that direction. 

For all these reasons materials should always be used if possible 

to resist tensile strain, and with their fibres in the direction of the strain. 

Examples. — Woods, Wrought-iron, Rolled Metals, Wires, Ropes, 
Leather. 

(2) . Crystalline and (S) Quasi- Homogeneoits Materials are in general 
comparatively weak in resistance to tensile strain ; they are roughly speak- 
ing equally strong in all directions, yield little and irregularly under 
tensile strain before fracture, and consequently give HHle warning before 
fracture. For these reasons they should if possible not be subjected to 
tensile strain. 

Examples of (2). Cast metals, some sorts of stones. 

Examples of (3). Mortars, some sorts of stones, bricks. 

36. Materials. — The materials usually subjected to tensile strain 
are— 

(1) . In Building — Iron, Wood. 

(2) . In Manufactures — Cord, Rope, Leather, Metals. 

The following is an epitome of their principal properties in reference 
to tensde strain, (Arts. 36 to 42). 

36. Cast-ihon.' — C ast-iron is liable to air holes, and flaws, and to 
unequal contraction in cooling, so that it is permanently irregularly strain- 
ed, and is quite unsuited to resist tensile strain, 

(1 ) . Cold-blast iron is stronger than hot-blast. 

(2) . Re-melting, and also prolonged fusion (especially in soft-irons) 
somewhat increase the strength. 

(8). Annealing diminishefl Uie Strength. 

f 4). Thick castings ate proportionately stronger than thin ones. 
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1 5). The interior of a casting is weaker than the exterior. 

(6). Unequally distributed stress greatly reduces the available strength 
e.g,, Mr. Hodgkinson states^ that “the strength of a rectangular piece of 
“ cast-iron, drawn along the side is about or a little more, of its strength 
“ to resist a central strain.” 

37. Wrought-Iron is well suited to resist tensile strain: its ten- 
acity (/t) is about thrice that of cast-iron. 

Steel is of very variable quality : soft steel is well suited to resist tensile 
strain. 

(1) . Rolled iron is stronger than forged: large forgings are stronger 

than small forgings, bar than plate, and common plate than boiler plate. 

(2) . Plate iron is about one-tenth stronger lengthways than crossways. 

(3) . Re-heating, hammering, and working improve wrought-iron to a 
certain point ; good plate iron is worked to about the maximum degree 
of efficiency. 

(4) . Annealing reduces the strength (especially of wire). 

(5) . Removing the outer skin does not (as was formerly supposed) 
decrease the strength. 

(6) . Square rods are slightly stronger than round. 

38. Kirkaldy's Conolusions.— Mr. Kirkaldy conducted a very 
extensive Series of Experiments on the tensile strength of wrought-iron 
and steel, and deduced many practical conclusions which are recorded in 
the works belowf quoted, and deserve the careful consideration of the 
Student. These are too numerous to be reproduced in extenso in this 
Treatise, but a few of the most practical may be here quoted. 

1. The breaking strain docs not indicate the quality, as hitherto assumed. 

2. The contraction of area at fracture, previously overlooked, forms an essential 
element in estimating the quality of specimens (of both Iron and Steel). 

8. Iron is injured by being brought to a white or welding heat, if not at the same 
time hammered or rolled. 

4. Iron is less liable to snap the more it is worked and rolled. 

5. Iron highly heated arid suddenly cooled in water is hardened, and the breaking 
strain, when gradually applied, increased, but at the same time it is rendered more 
liable to snap. 

6. Iron, as also steel, is softened, and the breaking strain reduced, by being heated 
and allowed to cool slowly. 

7. Steel is reduced in strength by being hardened in water, while the strength is 
vastly increased by being hardened in oil. The higher steel is heated (without, of 

* Experimental Researcbes, page 312. 

t Experiments on Wronght-Iron and Steel, D. Kirkaldy, 18S8. and Stoney's Theory of Strains. 

F 
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course^ running the risk of being i)uruc(l) the greater is the increase of strength, by 
being plunged into oil. 

8. Heated steel, by being plunged into oil instead of water, is not only consider- 
ably Itardonedy but toughened by the treatment. 

9. Steel plates hardened in oil, and joined together with rivets, are fully equal in 
strength to an unjointed soft plate ; or the loss of strength by riveting is more than 
counterbalanced by the increase in strength by hardening in oil. 

10. In cast-steel the density is much greater than in puddled -steel, which is even 
less than in some of the superior descriptions of wrought-iron. 


39. Timkeii. — The tenacity (and therefore /t) along the grain is 
generally greatest in woods whose fibres are straight and well marked. 
It is diminished hy long continued nioistme, by steaming, and by boiling, 
but not by temporary wetting. The tenacity (and therefore /I) across the 
grain is far less in pine vjood than in leaf wood : its ratio to the tenacity 
along the grain varying for pine wood from g^^th to i\,th, and for leaf wood 
from ^th to ^th : it is diminished by moisture. 

40. Cohdage. — Rope formed by the warm register is stronger than 
rope made with the yarns cold, l)ut is less jdiahle, so tliat cold registered 
rope is most suitable when the rope is to be wound on drums or passed 
through pullies. Cordage rapidly detrriorate» l)y use and exposure; 
when passed round drums the outer strands are most severely strained, and 
more so on small drums, so that the diameter of drums uad puUies should be 
made as large as possible. 

Tarred Ropes have only ^ of the strength of the same untarred. 
in^oS pcTfaEi. } = (semi-circumfeiei.ee in inches)* (3). 

Ultimate Strength incwte.= ( ^ i ... (4). 

^ I (English rule). f ’ 

2^ tons per square inch of sec- 
tion (English rule), ..., 

! 2| tons per square inch of sec- | 
tion (French rule), 

41. Iron Chains. — Are made of three principal kinds, viz. : — 


Ultimate Strength in tons = 


( 5 ). 


(1). Stud-link, or Cable Chain ; (2), Close-link, or Crane Chain; (3). 
Open-long-link, or Buoy Chain. 

(3). Stud^link, or Cable Chain ^ is that chiefly used for Ship’s Cables: 
each link is oval and has a stud or stay across the short diameter to keep 
the link from closing under great stress; the stud also prevents the chain 
“ kinking.” The stud diminishes the Ultimate Tensile Strength of the 
chain, as it prevents the links closing and thereby taking the position 
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most favorable to resistance to great stress, (viz., nearly along the line of 
stress,) but increases the practically available Working Strength, as the 
closing of the sides of the links renders the chain rigid and therefore use- 
less. Fracture usually occurs at the stay pin. 

(2), Close-linJc, or Crane Chaiu^ is that ordinarily used in machinery: 
it is, though liable to kinking, more flexible than stud chain. Fracture 
generally occurs after the sides of the links have closed, (so that the chain 
becomes rigid and useless), at the crown of a link. 

Open- Lon g~Hn1c^ or Buoy Chain, is that chiefly used for mooring 
])urposcs where great flexibility is unnecessary. Each link has parallel 
sides : this chain is lighter than stud chain by the omission of the stay pins. 

Chains of each sort are made in 15-fathom lengths : Stud-chain, and 
Close-link Chain have one open-long-link at each end, so as to admit of 
the 15-fathom lengths being joined by a shackle. In open-long link 
Chain, if one link break, that link alone can be replaced with the aid of 
shackles; whereas if Stud-chain or Short-link Chain break, a whole 15- 
fathom length must be removed, as there is not room to pass a shackle 
through their links. 

The Proof and Working Stress-Intensities {in tons per square inch of 
both sides of tlie links) are given below,* with other data : it is believed 
that the Government Proof is insufficient, as much chain is believed to be 
pa‘^sc^l which is not much stronger than th(* Proof , applied. The Trinity 
test is more severe, and requires extremely good iron. It is considered 
that the Working Stress should not exceed one-half the Proof Stress. 
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24 

12 

G 
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Stud-chain, 
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10 
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Close-link chain, 
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16 
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• From Stono7*0 Theory.of Starwns, Obaptor XIV, 
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42. Masonry. — The effective tensile strength of a mass of Mason- 
ry set in Mortar or Cement is clearly only the least of the three follow- 
ing. 

(1) . Tensile Strength of the Stone or Brick. 

(2) . Adhesion of the Stone or Brick to the Mortar or Cement. 

(3) . Tensile Strength of the Mortar or Cement. 

With good cement these three are nearly equal, but with common Mor- 
tar, the Tensile Strength of the Mortar, which is very small compared to 
the other two, determines the Tensile Strength of the Mass as very small, 
60 small indeed, that in English practice it is a rule that “ Structures set in 
** ordinary mortar are not to be exposed to any Tensile Strain. ” 

43. Hoop-Tension. — Hoop-Tension is the tension produced in a 
hoop, ring, or cylinder hy pressure from within^ e, g.^ in a boiler, in boiler 
flues, and in water and gas pipes. The only hoop-tension occurring in 
Engineering is that produced by fluid pressure, which is of course normal 
to the surface pressed, {See Arts. 44 to 47). 

44. Thin uniform Cylinders, — Notation — 

p z=z radius of curvature at weakest part, i. e., where curvature is 
flattest (in inches); in a circle p = radius. 

t = uniform thickness (in inches) : ( ^ is a small quantity). 

q = bursting intensity of normal pressure at the weakest point 
(in pounds per square inch). 

Then (from laws of hydrostatics) 

qp = Total Tension in pounds per inch (z. e., unit) of length of 
cylinder. 

Also on the approximate assumption that this tension is uniformly dis~ 
ributed through the thickness t. 

fit = Ultimate Kesistance in pounds per inch (i. c., unit) of length 
of cylinder. 

QP — /t^ whence - = (6). 

These equations gives the intensity of ‘‘ bursting pressure” q in pounds 
per square inch, and the ratio of thickness to radius of curvature at 
weakest point. 

Introducing the factors of safety, g and ft are modified to the proof 
or working intensities of normal pressure and of tension, respectively. 

It must be remembered that by and ^ are meant the intensity of 
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effective pressure, i. e., excess of pressure from within above that from 
without, which latter is in boilers and steam pipes usually the atmospheric 
pressure, or about 14*7 pounds per square inch. 

The following are the values of ft for the quality of material usually 
employed in resisting hoop tension (on authority of* Mr. Fairbairn), and 
of the factors of safety of both Proof and Working Loads. 


Value of 
/. 


Factoks of Safety. 


Ultimate 

Ultimate 

Proof 

Working ""** 


W rought-imn boilers, single rivetted, 

Cast-iron steam pipes, 

Cast-iron water pipes 


34,000 

16,500 

16,500 


2 

3 

3 


8 

8 

6 


45, Thin Spherical Shells {e, g,^ the ends of boilers, tops of steam 
domes). 

It may be shownf that the tension in a thin spherical shell is only half 
that in a thin cylindric shell under etjval pressures. 

It is often convenient however, to make the ends of steam boilers, and 
tops of steam domes of same thickness as the cylindric portion, in which 
case they are unnecessarily strong : they evidently produce a longitudinal 
tension in the cylindric portion of same amount as that in their own 
surfaces, i, e., equal to one-half the “hoop-tension” in the cylinder. 

As the cylinders must be designed strong enough to bear the hoop- 
tension, it is unnecessary to consider the longitudinal tension (being the 
smaller) produced by their ends. 

46- Thick hollow cylinders. — The assumption of Art. 44 that the 
Hoop Tension is uniformly distributed in the case of a thin hollow cylin- 
der is not even approximately true in the case of a thick hollow cylinder. 
Equation (6) of Art. 44 gives the mean hoop-tension in this case as well 
as in that of a thin hollow cylinder, but it is not the mean, but the greatest 
hoop-tension that is limited by the tensile strength of the material. This 
greatest tension occurs at the inner ring : its accurate investigationf is 
complex ; the result is sufficient for this Manual. 

Let B, r be the external and internal radii (in inches), 

* Falrbairn’s ** Useful Information for Engineers ", 1864, page 41. 

S44 Baakiae'i Manual of Applied Meebanioe, " Arts. 373-878. 
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q the bursting intensity of normal pressure in pounds per square inch, 
H 1^ + »■' 


Then f: 

./t 


Also 


R 

r 



Ji + f/ 
Ji - (/ 


/ ft -T- V + ^7 4 - 
y /t -f- ^ ~ 


( 8 ). 


These equations arc useful in the case of Hydraulic Presses exposed to 
severe fluid pressure from witliin. 

47. As the hooji-tension in a thick hollow cylinder is greatest round 
the inner ring, it will obviously tend to economy of material to coustiuct 
cylinders of several rings, the outer lings being shrunk on to tlie inner 
ill Midi a niannt'r as to ro?)/pre^s them. 

Any fluid pressure within, producing hoop-tension in all the rings will 
then produce a hoop-ttn^ion approximating more to uniform-distribution 
than in the ordinary consti action. 

Interesting applications of this principle are seen in modern lilledguns, 
which arc made of seveial coiK of wrought-iron bar, coilovl hot, so that on 
pooling, each outer coil compresses the inner one^-. 

48. Suspension Kod or Chain of uniform strength.~In tie- 

rod& and chains oj moderate length (such as hitherto consider < d), the weight 
of the tie-rod or cliaiu is quite an inapprecialrlo portior d the Working 
Load, and in the approximate results required in Eugiueermg may be omitted 
in calculation, {nee Art. 33). 

This omission greatly sim[)lifies the formula' and the calculation. In 
some cases, however, c, g., the pump rods, and the lifting chains and wire 
ropes of deep mines^ the length of the tie rod or chain is so gi*eat as to 
form a very important part of the gross working load. It is obvious that 
the upper portions of the chain in such a case, having to support the lower, 
are more severely strained than the lower. 

Hence to secure two objects, (1) the utmost reduction of the gross load, 
and (2) economy of material ; the chain should have its cross section every- 
where suited to the stress. 

Such a chain is called a Chain of uniform Strength.” 

Ilcnce if A = area of cross section of the chain (in inches), evidently a variable, 
at a distance x from the bottom (in inches). 
w = heaviness of chain, i. e,, weight in pounds of a cubic inch. 


Then w 



A dx =2 Total W eight of chain from bottom to height x. 


.■.W + n>f*A dx zx Total Working Load at height x. 
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f 

But . A = Working Resistance at tins section. 

w + w /’* A dx = ll. A (9). 

By the solution’*^ of this tlifforential equation, tliere results 
ft 

7V>x ^ 

A = - . e ^ the required value of the area at any point (10). 

/ w,r -i- - - 'N 

also W. \c * — 1/ = the weight of chain of length x (llh 

It is interesting to notice that if the cross sectional area be similar, simi- 
larly situate figures thioughout, the equation to the curved longitudinal 
sections will l)e of form (since A cx y^), //^= whicli evidently 

represents tlie logarithinio curve, one of the well known curves. 

Jn actual practice, in cases g'., in (hep mines^ when the necessities of 
diminishing weight, and economizing material render it advisable to con- 
struct a “ Chain of uniform Strength,” the cross section is not made to 
vary coutiaaoasly in the manner indicated, but in a series of divisions 
each of uniform section. In tliis case, however, the formula* given indicate 
approximately the law which the Scantlings of each division should follow. 


Logarithmic Curve. 


Fig 3 (a). 


AM = X, MP = 7/, APo = h. 

The cm\e P' Po P the ratio of wlio^e abscissa x 

(= AM) to a fixed length a is the logarithm to any 

base m (?« being a positive iiiiinbcr) of tlie ratio of 

its ordinate y to a fixed length b, i. e , whose equa- 

. . a? , / U \ so — a 

tion IS - =logni i^hoTy=zhm ’ is called the 

‘‘Logarithmic Curve. 

It evidently cuts the axis of y (Ay) so that APo 
= &, and-f- ?/(= MP) with +x very rapidly, until y =: -p oo when x 

= + 00 ; also + y (= M'P') decreases slorvly as — a: (= AM') increases until y = 
o, when x = — qo , so that the axis of x (AM') is an asymptote. 



\_N.B . — Tensile Stress of uniform intensity over the cross-scctional areas (A) of 
material stretched has been alone considered in this Chapter, (except in Art. 46,) bc- 
eanse Tensile Stress of varying intensity seldom requires consideration iu Engineer- 
ing, except such as is uniformly-varying, which occurs only under Transverse Load. 
This is best treated under the head of Transverse Strain]. 


♦ It is easily solr^ by differentiation. 



CHAPTER III. 

COMPRESSION. 

49- Compressive or Crushing Strain, i. c., Contraction, is 
produced by external forces, viz., by a Load in the direction of the Strain 
which tends to compress lir crush together particles of the material in 
mutual contact, and produces Compressive or Crushing Resistance and 
Sh'ess between those particles. 

All three, viz,, the Load, the Strain, and the Stress arc in the same di- 
rection, viz., perpendicular to the surfaces of particles of the material 
strained that are in mutual contact, so that thdr essential character is 
normal to those surfaces. 

60- Theory indicates that, in hojnogeneous mater'id^ under a Load 
of uniform intensity per unit of area, (in which case the Resultant of the 
Load coincides with the axis of figure of the material strained,) the laws 
of resistance to “ direct compression ” would be exactly the same as those 
of resistance to direct tension, q. v , and expressible by the same simple 
algebraical formula, viz., P = yj. . A, (Art. 31, Eq. (2)). 

51. It is, however, very important to notice that the state of Com- 
pressive Strain is one of unstable equilibrium, i, e., the tendency of the 
external applied forces (or Load) is to increase any 
tiifling deviations produced by any cause whatever 
after the removal of that disturbing cause : this is 
sufficiently evident from the annexed figure. 

[AB is a vertical pillar fixed at the foot more or less per- 
fectly, and strained longitudinally by the weight W. If it be 
sKghtly pushed out of its vertical position even temporarily by 
any cause, the Load tends to make it deviate yet further ; partly 
by increasing the inclination of the pillar as a whole to the ver- 
tical if not originally immovably fixed at B, and partly by 
bending of the pillar throughout its leogth, even after the ces- 
sation of the disturbing cause. ] 

In practice it is impossible to secare the exact co- incidence of the Re- 


Fig. 4. 

|W 
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suUant of the Load with the axis of figure of the strained material, indicated 
as desirable ; it is nevertheless very desirable to adjust the material, especi- 
ally in the neighbourhood of the joints or points of application of the exter- 
nal forces, so as to secure the approximate co-incidence of these two lines, 
as otherwise the full jmwers of resistance of the whole material cannot be 
utilized ; as will be explained below (Art. 57 (6)). But even when this is 
secured, it follows, in consequence of the state of strain being one of unsta- 
ble equilibrium, that any temporary deviation has a tendency to increase, 
thus causing additional strain due to flexure of the material, (i. c., of a 
different character, viz.. Transverse Strain,) which will moreover increase 
tvifh the length of the material, 

62. It follows that resistance to pressure is a comjdicated phenome- 
non compared to resistance to stretching, and that its laws probably can- 
not be expressed* by any very simple formula. 

Experiment and practical experience abundantly confirm this. 

53. The results of experiment may be thus summarized. 

Def. a piece of material under compressive strain will be called 
for brevity a Pillar.” 

It a})pear8 (from experiment) that “ Pillars ” may for the present pur- 
pose be classified as follows, according to tMir manner of failure under 
compression, or according to the values of the ratio I d (for explana- 
tion of symbols, see Notation, Art 54), which seems to determine their 
mode of failure. 

I. “ Very short” Pillars, {I d < 1^) : these give way irregularly. 

II. “ Hhort” Pillars, (Z -f- cf > but < from 5 to 10): these alone 
give way apparently actually by “ direct criishing^' of the material. 

III. “ Long” Pillars, (Z -=- d > from 5 to 10 but < than in Class 

IV.) : these give way partly by “ direct crushing ” as Class II., partly 
by bending as Class IV, 

IV. Very long” Pillars, {I ^ d > from 15 to SO when the ends 
are free, and > from 30 to 60 when the ends are fixed) : these give way 
by bending, 

[y. B . — The tenn ** direct crushing ” is applied only to Glass II. ; the term “ crush- 
ing by flexure ” is applied only to Classes III. and IV. 

Pillars will bo distinguished for brevity in this Treatise simply as “ Very Short/' 
** Short,” ** Long,” “ Very Long.”] 

The formulae applicable to each case are different, and must be separately 
discussed. 


o 
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64. Notation. — The following notation will be used unifonnij, 
(compare Art. 11). 

I == length of pillar (in inches) 1 both measured parallel to the stress, 

L =. „ (in feet) j L = Z 12. 

A = gross area (in square inches) of the least cross section of the pillar 
taken perpendicular to the stress, u e., J_r to Z or L. 

— By “gross area” is meant area of solid material only, without deduction 
for any holes, such as key, rivet, or bolt-holes, provided these holes have been com- 
pletely and solidly filled up by solid keys, rivets, or bolts of the same quality of ma- 
terial as the material of the pillar. 

This condition is usually satisfied lu practice, so that deduction for such holes is 
seldom necessary in calculation]. 

d zz least external depth or width (in inches) of that cross section, viz., of A. 

\N.B» — In a complex cross section, such as is common in iron-work, d is to be 
taken as the least width of the least simple figure, C^iz., triangle, square, or rectangle) 
that can be drawn round that cross section. This is Rankine’s* rule, see Art. 70]. 

t = thickness (in inches) of a holloio pillar. 

P = Breaking Weight (in pounds), i. e., Total Weight, distributed as 
afterwards described, that will just break the pillar by crushing. 

= Ultimate Strength, i. e.. Ultimate Resistance to crushing (from the 
equilibrium). 

=. Ultimate Stress (by definition), 

/. P 2240 = the same in tons. 

W = Working Load (in pounds), i. e., Total weight, distributed similarly 
to P, that the Pillar can bear safely, 

= Working Strength, i. e.. Working Resistance to crushing (from the 
equilibrium). 

= Working or Safe Stress (by definition). 

/. W -f- 2240 = the same in tons. 
f = Modulus of crushing of the material. 

== Weight (in pounds) that will just break by “ direct crushing,” (see 
Class IL,) a short pillar” of the same material of one square 
inch in section (by definition). 

= Ultimate Resistance to direct crushing ” in pounds per square 
inch (from the equilibrium). 

is a constant for each material to be determined by experiment 

A table of its values for common building materials is given in ^e Appendix. 


Manual of Civil Engineering, ” by W. J. M. Banklne, Art. 156, Stb Ed. 
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Its value is calculated from the equation (2) below for Short Pillars/* (bj 
inversion) thus/c = P ~ A. 

8 = factor of safety applicable to the material, an empirical quantity 
fixed by experience, (see Art, 7 and Table below.) 

/. /c -T- 5 = safe intensity of crushing stress in pounds per square 
inch (by definition). 

Sc = intensity of crushing stress in tons per square inch = -4- s. 

— These are two very useful inodiAcations of the co-efficient fc j {See Art 83) 
/r -r « averages 1000 for timber for dead loads. 

Sc „ 10 for cast-iron „ 

Sc n oi for wrought-iron* „ 


Proof. I 


Working. 


_ Breaking Load __ P 


Factors of Safetyt under Crushing Strain. 

•si 

s' 

bo 

1 

Pioof Load 

s = 

Working Load 

w 

1 Character of Load. 

i' 

o 

If 

la 

Slight 
shocks or 
vibrations as 
in Cranes. 

Heavy 
shocks or 
vibrations as 
in Machine- 
ry. 

Rock (in foundation), 


• • 1 


i ® I 

... 

aa a 

Cnt-stone, e. y., Arch Voussoirs and Pillars, 


aa 

• • • 


• •• 

• •• 

Brickwork, Concrete, Rubble, 

. 

a# 

... 

6 

1 •“ 1 

a a a 

Timber (dry), 



4 

10 1 

1 

• at 

1 

Cast-iron, 


3 

’... 

® 1 

6 

1 10 

Wrought-iron, 


3 

... 

4 1 

6 

10 


56. The formulas about to be given all give the Breaking Weight of 
the Pillars in question. By combining them with the equation which 
connects the Breaking Weight and Working Load, viz., 

P = sW (by definition), also P -4- 2240 = s (W -4- 2240), ... (1), 
the Working Load W can be found when A is given, or conversely A the 
area of Pillar required to carry safely a given Working Load W can be 
found. 

As their convenient application requires some care, examples will be 
given at the end (Art. 82, et seq,). 

66. Class 1. — Very Short Pillars,” (i-4- rf < 1^); these give way 

* This value Is higher than usually given : it is quoted thus on authority of Una’in's ** Wrought- 
Iron Bridges and Roofs, ” 1869, Art. 82. 

I From Stoney's Theory of Strains, Chap. XIII., and Ranhine’i Civil Eugiueering. 
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irregularly, and offer enormous resistance to crushing, the law of which 
has not yet been formulated. The probable reason for the enormous 
amount of resistance of such pillars is* tliat the external portions con- 
fine the inner portions, and so prevent the interior at any rate from giving 
way in the same manner as in Class II. 




See Notation, Art 54. 


\N.B . — No formula being extant for the strength of “Very Short Pillars” the 
strength may be approximated to veiy roughly ns somewhat greater than that calcula- 
ted from' the formula (2) for Class XL, ( q, v )] 

67, Class II. — “Short Pillars” which give way apparently by 
“ direct crushing ” of the material, (Z -f- J > 1^, but < 5 for cast-iron, 
and < 10 for wrought-iron, steel, and timber). 

Two cases should be distinguished — 

(а) . Load uniformly distributed over the area A. ' 

(б) . Load unequally ,, 

Case (a). Load unijoi'inhj distributed over the area A. Theory indi- 
cates that, in homogeneous material under an external load of uniform 
intensity per unit of aica of any cross section, (in which case of course the 
Eesultant of the Load co-incides witli the axis of the pillar), the Total Resis- 
fiance to crushing at that section, u Total Cmshing Stress at that section, 
should 1)0 (1) directly proportional to the area of thai; section, and (2) 
constant for any one section of the same material. 

Experiment and practical experience confirm this theoretical conclusion, 
when the Pillars are so short that tlieir full powers of resistance to “ direct 
crushing ” can be utilized, viz., when not long enough to be liable to bend^ 
i. e,, in the case of “ Short Pillars” only. 

As it is impossible in other cases to utilize tlie full powers of resistance 
to direct crushing of the whole of the material, the term “ direct crushing” 
is now applied to this case only. 

The algebraic expression of the law of resistance just set forth is 

P =/c . A, (see Notation, Art. 54) (2). 

Case (J). Load unequally distributed over the area A. If the Load be 
unequally distributed over the area A of least cross section (perpendicular 
to the Stress), the Resultant of the Load deviates from the axis of the 
pillar, and the centre of pressure on the area A deviates from its centre of 
figure, and the Stress over the area is of varying intensity. Now as the 
Strength of materials depends on the greatest (not on the mean) intensity 


• ** Theory of Strains In Girders/* by B. B. Btoney, Art. 379, 2nd Bd. 



COMPBESSION. 


39 


of stress, it follows that the Strength of a Pillar is reduced by unequal 
distribution of the Load in the ratio of the mean intensity to the greatest 
intensity of stress. This ratio may be found with sufficient accuracy by 
considering the Stress as* uniformly varying (i. c., of intensity at any point 
in the cross-section A proportional to the distance of that point from 
the ‘‘ neutral ” axis of the cross-section). 

Thus let = greatest deviation in inches of the centre of pressure o 
5. from the centre of figure G of any cross-section A, 

Y the greatest deviation of the Kesiiltant of the 

I Load from the axis of figure of the pillar. 

= oG in the figure. 

a:, = distance in inches of the point of greatest stress, viz., 
6, from the axis of the pillar ; the point e is found 
as the point in which Go cuts the boundary of the 
cross-section : thus Xi = Ge, 

I -= “Moment of inertia” of the cross-section A relative to its 
neutral axis ah which is “ conjugate ” to the line oG. 

[The method of finding the position of this neutral axis in general^ 
and of finding the value of I relative to it is beyond the scope of this 
Treatise. It is fully explained in Uankine’s Manual of Applied Me- 
chanics, Arts. 285 and 95.] 

Then it may be shownj that the ratio in which the pillar is weakened 
by unequal distribution of the Load is 

Mean intensity of stress i • A 

Maximum intensity of stress - y -r ^ { 

The Breaking and Working Loads P and W are of course both reduced 
in the same proportion, f. e., (see Notation, Art. 54.) 

P=/..A-h + (4). 

In order that this formula may be available without the difficulty of 
finding the value of I, and without further reference, the values of the 
X A 

quantity for some sj^mmetrical forms of cross section of common 
occurrence are here given. 

In each case the deviation (oto) is supposed to take place along an axis of 

* The groatids of this assamptlon will be understood after reading the Chapters on Transverse 
Strain In Part II. of this Manual. 

t Set Ranhine's Manual of Applied Mechanics, Art. 385. 
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symmetry of the cross-section, from which it follows that the neutral axis 
is, in each case, tliat axis of symmetry which is at right angles to the de-* 
viation Go : e. in rectangles the neutral axis joins the middle points of 
two parallel sides, in an ellipse it is one axis, &c. 

For cases not included in the Table, reference must of course be made to 
some larger work, (e. g.^ Rankine’s,) to determine the value of I. 


Cross section. 

DimenBions. 

Position of neutral axis 
XT to deviation 
passes through U. 

Value of ^ 

Rectangle, 

Square, 

Sides dy 

Sides dy 

Parallel to hy 

Parallel to dy 

0 

J* 

Ellipse, 

Circle, 

Axes dy hy ^ 

Diainctei dy 

The axis 

A diameter, 

8 

d' 

IIollow rectangle, 

External sides hy dy 
Internal sides d\ 

Parallel to hy 

.. ibd-h'd') 

Hollow square, 

External sides dy 
Internal sides dy 

Parallel to dy j 

ad 

d‘ + d!‘ 

Circular ring, 

External diameter 
Internal diameter d. 

A diameter, 

8d 

+ d* 


It will be evident from comparing this table with the formula (4), that 
the reduction of Strength in consequence of unequal distribution of Load 
mag be very considerable^ and the importance of adjusting the Load, so as 
to be nearly uniforndy distributed over the cross-section of Pillar (in which 
case the Resultant of the Load and axis of the Pillar will nearly co-incide) 
will now be evident {see also Ex. 2, Art. 83). 

It may not always be possible co effect this, but it is very advisable in 
large Masonry Structures to limit the deviation (a?o)of the centre of pressure 
from the axis of the Pillar so that there shall be no tension in any part of 
the cross section {see Art. 52). This condition is attained when the 
least intensity of pressure is positive or zero, in which case the greatest 
intensity of stress will be not more than twice the mean intensity, so that 
P not > /c . A -f. 2, from which it follows (from equation 4), that a?* is 
not > I a7j A, the reciprocal of which is tabulated above. 
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68, Application of formulBB (2) and (4). Formulse (2) or (4), 
each combined with equation (1), give the Breaking Weight (P) and 
Working Load (W) of a Short Pillar” of least cross-sectional area 
A, or conversely the least cross-sectional area A of a “ Short Pillar” 
which will just break under a Load P, and carry safely a Working 
Load W. 

[iV.P. — In the latter (which is the most useful aj^plication), care must he 
taken to ascertain after finding A that the Pillar in question really is a “ Short 
Pillar,” i. c., that falls within the prescribed limitSy as the formulae are otherwise 
quite inapplicable^ 

Formula (2) is strictly applicable only when the Load P or W is uni^ 
formly distributed over the least cross-section A taken perpendicular to 
the Stress (in which case of course the Resultant of the Load and axis of 
the Pillar co-incide at that section). In practice, however, if the Load is 
nearly uniformly distributed, the approximate co-incidence (already pointed 
out as BO desirable) of these two lines is secured, and the formula (2) is 
sufficiently accurate for practical purposes. 

— This is important, as this formula (2) is extremely simple, whereas the 
accurate formula (4) for a load unequally distributed is complex.] 

69. Mode of Failure of “Short Pillars.”— Different kinds of 
material give way by direct emshing in different ways according to their 
molecular structure, thus — 

(a). Clashing by splitting^ Fig. 6 (a), into a number of prismatic bits, 
Fig. 6. separated by tolerably 

regular surfaces, whose 
general directions are 
roughly parallel to the 
Stress, characterises hard 
homogeneous substances 
of a glassy texture, e. g.^ 
vitrified bricks. 

(J), Crushing by shearing or sliding of portions of the blocks along 
oblique surfaces of separation, characterises substances of a granular tex- 
ture, e. g.f cast metals, stone, brick. 

Sometimes the sliding takes place at a single plane surface, Fig. 6 (b) ; 
sometimes two rude cones are formed, which in their approach drive out- 
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wards a number of wedge-shaped portions Fig. 6 (h^). The surfaces of 
shearing make an angle with the direction of the Stress which varies with 
the material, (e. from 3'i® to 42° for cast-iron), showing that the resist- 
ance to shearing is not a purely cohesive force, but consists partly of 
a force similar to friction, (which increases with the intensity of normal 
pressure) ; for a purely cohesive force would depend solely on the intensity 
of shearing stress which is known to be greatest* in planes inclined 45® 
to the direct crushing stress. 

(c). Clashing hy bulging or lateral spreading f-haracterises tough and 
ductile materials, c, wrought-iron and rolled metals. The bulging of 
such materials is so gradual, that it is difficult to measure resistance to 
this form of crushing. 

(cZ). di'ushing hy budding or crippling characterises fibrous materials 
under direct crushing stress along tfie fibres ; it consists in lateral bending 
and wrinkling, and sometimes splitting of the fibres. 

Example. — Timber, wrouglit-irou plates, wrought-iron bars. 

General Remarks^ on the various modes of failing by direct crushing, 

(o) and (6), Materials which arc crushed directly , (a) by splitting^ and (i) 
by shearing, resist crushing far better than stretching, (see the tables of 
ultimate resistance to each,) e. g., in cast-iron the Besistance to direct 
crushing, viz., /c = C x ft the Resistance to stretching. Materials of these 
two classes are therefore best fitted to sustain “ direct crushing ” stress ; 
it follows that Cast-Iron is the best of all common Building Materials for 
use as a ** Short Pillar.” 

(c). Materials which fail under ‘‘ direct crushing” by bulging resist 
stretching better than crushing, i. e.,/t > f. 

Example.--la wrought-iron /c = ^./t to |/t. 

{d). Fibrous materials which fail under direct crushing ” by buckling 
resist stretching much better than crushing, i, e., f > f especially 
when the lateral adhesion of the fibres is weak compared with their 
tenacity. 

Example . — In most dry timber /c = | of to § of ft. 

60. Class III. Long Pillars” which fail partly by direct crush- 
ing'^ partly by bending f and 

Class IV. “ Very Long Pillars” which fail by simple lending. 

Three classes of formulas known as Hodgkinson's, Rondelet’s, and 

* Rankine'g Manual of Civil Engineering," Art 108. 
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Gordon’s are in common use for expressing the strength of such 
pillars. 

They are all modifications of the simple formula (2), (applicable only to 
direct crushing,) viz., P rr /c A, by a factor depending on the ratio I dj 
expressing the physical law that the Strength decreases (in conseqxience of 
the increased liability to flexure) as the ratio I ^ d increases. 

They are as follows (For general Notation, see Art. 54 ; special sym- 
bols are explained below) in general form. 

^ or I'M 

IlodgkinsofCs^ P -f- 2240 = C . 6®)* 

RmdeMSj P r= A: . /e A, (see Art. 69). 

OordorCs^ P=: /c.A-^ |l + c. (^y} , (see Art, 70). 

With these should be combined in each case equation (1), P = sW 
which connects the Breaking and Working Loads. 

[AT.B. — P and W are in all these formula supposed uniformly distributed over the 
leaet cross-sectional area A, taken perpendicular to the stress. 

If the distribntion Of load is nearly uniform^ the formniss are sufficiently accurate 
for practical purposes. If not nearly uniform, P must bo reduced in the ratio indi- 
cated in equation (4). This of course considerably complicates calculations, especi. 
ally when the quantity to be found is A]. 

61. The following remarkable results of the experiments of Mr. 
Eaton Hodgkinson, (experimentally verified for Cpst-iron, Wrought-iron, 
Steel, and Timber,) require particular attention before cpnsidering the 
formulae in detail ; viz., that 

The manner of fixing the ends of a Pillar materially affects its power 
of Resistance to crushing, if so long as to be liable to bend’*. 

The ordinary modes of fixing the ends of a Pillar are three, viz., 

(1) . Free at both ends. 

(2) . Free at one end, and firmly fixed at one end. 

(3) . Firmly fixed at both ends. 

A Pillar is considered fixed or free at its extremity according as the axia 
of the Pillar is, or is not, immoeably fixed in direction at that end. 

A Pillar rounded at one end is free at that end. 

(2). A Bar pivoted with one ronnd bolt or pivot, (r, the compression- bars 
of a Warren Girder) is free at that end. 

49). A Pillar with a fiat end firmly bedde^d is fixed at fiiat end. 

(4), A Bar firmly riveted with eeoeral rivets dri\en so as to fully fill th 
rivet holes isfisetd at that end (s. the compression-bars of a Lat- 
Mee Girder). 
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The relative Ultimete Strengths ct the^ 9txm mittr Jhed as 

(1), (2), (S) vid, supra hare a simple mutual relation^ different hoire?ev 
in Olitsses III. and IV., n.:--<The8e Oltimate Strengths may be denoted 
1^ P„ P,, P,. The results are expressed in equations (6;> (6)> (8)^ 

02. Class III. Long Pillars which fail paitiy by ^ direct oruah- 
ing,” partly by ** bending.” 


MaterioU 


Both ends free. 

Both ends fixed. 

Timber and Cast-iron, 


5<U 1 

5<30 

Wrought-iron. ... 

••• ••• 

l-rd>10<S0 

io<eo 


The result of Mr. Hodgkinsoa*s experiments on ti^e relative UltuuaU 
Otrengths of Long PijiUrs” differently fixed are as follows 
Ultimate Strength (one mi fixed, one end free) is approximately the 
aritlmietie mean of the Ultimate Strength (both ends free), and Ultimate 
Strength (both ends fixed). 

Ultimate Strength (both ends free) ss ^ to f of Ultimata Stmngtb 
(bpth ends fixed)^ the ratio increasing from to } as the ratio f -r 4 de- 
crease^ 


i. P, = i (Pj + P,) approximately (5). 

P. = iP,t0§P. (6). 


Ko exact formula lias been given for thia last ratio. The above reanlts 
are applicable of course to all three principal formulas of Art. 60. 

Hodgklnaon’s Fomnla for “ Long PUlani ” with both ends 
fixed. 

P« = Breaking Weight (in pounds^ calculated by forffinI««(2}, u if the 
Pillar were a “ Short Pillar ” giving way by “ direct drushing.” 
Pb s Breaking Weight (in ponndf) celc^hiM hf foma^a) (]|(| ta 18) 
aa if thn PjUiK VMe> •> “ Pevy LemgiKUnr*' givingfi*^ by 
^'botding.* 

Then P, t. e., P, at v^nebgin* ttM-nnli i» ponhdf, (7). 

*ao' '• *•» ^ wwj*.i8 to", •••• (7 A). 








C^PMUIOIK. 4^ 

63. AppUeaUon of fonnttlo (7) md (7A>--liiifl formula has 
the gi!«at idisadvantagt of being strictly applicable onZy to the case qf 
a Pillar fixed at Mh ends, in consequence of the relation between the 
Ul!tiiiiiate Btrengths of the same Pillars differently fixed not haying been 
foittmiated. 

It has the further disadvantage of involving b6th Fb and Pe, thus 
necessitating two calculations, (viz., Pb and Po), when P is the quantity 
sought, and rendering the inverse problem of finding A or d (which is 
tile usual one) nearly impossible (except by troublesome approximations) 
owing to the complexity of the equation in d which would involve or 
and also or d'*”. 

Its utility is further limited by the limitations to the formula for Pb 
(q, u.) see Class IV. 

64. Class IV. " Very Long Pillars ” which fail hy “ lending. ” 


Ifateriali. | 

Both endi free. 

Both ends fixed. 

limber and Cast-Iron, 

• •• 

l4-d> 15 


Wrought-lron and Steel, 

ee 


/•$-<{> 60 


33ie tesnlt of Mr. fiodgkinson’s experiments on the relative Ultimate 
Btrengths of Very Long Pillars ” differently fixed are as follows 
Ultiniats Strength (free at both ends) : Ultimate Strength (free at ona 
end, fixed at one end) : Ultimate Strength (fixed at both ends) 1 : 3 : g 
approximately, far the $ame Pillar.^ 

Also Ultimate Stdwngth (free at both ends, length Z) x= Ultimate 
Stsiillltii (fixed ai berth ends, length 2Z) approximately, 

t. e., P| : P| : P, s 1 : 2 : 8 : (for the same Pillar),. (•8). 
Pi (kAgth a {) =: P| (l^Bgili ss Si)i (». 

Then xesulte are of course appHeriiM -fo aJl ibrn pdneipil fermtiiiii eV 
Aft. 80. 

Hodgkiasem and Mr. tJordon hare enh given separate {omnia tot 
ddMredttUigPiatilttT.tibeTWinateOtreng^ tit the pillar wift the ends hdtt fret dr 
bodi flxed. hakdlwaihifeida^te rslatoss rendor it nnneceasai, to craanitinors (ian 
n.)lt<Mli(pwfsrtihb Iht^ilt^hsdhnds fixed, eis. Pi) to Jneino)7..iiUi!ii,u these 
fioaula (to id fimt preeantl,) ar. not vei, simple, is of impeetanee]. 
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The diagram Fig. (7) is considered to afford some exf^tanation of the 
relative Ultimate Strengths of the mme Pillar differently fixed being as 
in equations (5), (6), (8) and (9), 

The curve assumed by the axis of each Pillar is drawn to its left, high^ 

ly exaggerated: the Pillars 
are found to break at their 
points of greatest deflection 
0 in the figure ; thus a Pillar 
breaks in one, two or three 
places according as its ends 
are fixed as in (1), (2), or 
(3). 

This affords some expla-' 
nation of equations (5), (6), 
and (8). 

Further the effective 
lengths of the Pillars as far 
as Besistance to bending » 
concerned are AB, Ae, ee 
in Pillars (1), (2), (8), re- 
spectively: thus it appears 
that fixing either or both 
ends of a Pillar diminishes 
its effective length, t. e. decreases the ratio f -f* d, and therefore increasee 
its Strength. 

Also, in Pillar (8) the effective length ee is found to be ^ A^ (by ex- 
periment). This affords some explanation of equation (9). 

66. The following results of experiment on Very Long Pillars 

may be added. 

(1 ) . Discs added to the flat ends of Pillars (so as to increase their bear- 
ing) increase the Strength vet^ sightly, 

(2) . Enlarging the cross-sectional area of Pillars near the middle 
adds about -^th to the Ultimate Strength" iu sdid pillars free at both 
ends (but does not affect pillars that are mtiier or fixed at ioth ends). 

(8). Square Pillars jMd in the direction oj iheit diggomde^ 

(4). Pillars vregtdarlp fixed at the ends are only as etrong hi PUlars 
free at the ends. 


Fig. 7. 
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(5) . The Ultimate Strength of similar Pillars is as their least cross- 
sectional area* 

(6) . The relative Strengths of Pillars of different materials are approxi- 
mately as follows 

Gast steel (not hardened), 25; Wrougbt-iron, 17; Cast-iron, 10; 
Dantzic Oak, 1 ; Red Deal, 

JV, P,— This shows that Wrooght-iron is by far the most suitable common Building 
Material for use in the form of a ** Very Long ** Pillar. 

It has been already remarked that Cast-iron is the most suitable for 
use in the form of a ** Short Pillar. ” Cast-iron being a crystalline material, 
is ill suited to resist deflexion, and therefore ill suited for use as a Very 
Long Pillar” (see Art. 75). 

(7) . A square is the strongest form of rectangular cross-sections of 
equal area : this is also evident from the fact that the Strength increases 
as the ratio I -r d decreases ; among such rectangles, d (being the least 
width) is greatest for a square. 

66. Bodgkinaon’s formulae for Very Long Pillars ".--(For 
Notation, see Art. 64). 


Material of. and Form 
of, PiUar. 

Both endi free. 

Both ends fixed. 

Fonnnla. 

€iist4ron Solid Pillars. 
—Uniform Circular Sec- 
tion. 

^ =14 9 

IP 

-£.=4416. 

2240 L'-» 

(10). 

Cast4ron Eollow PU- 
Uniform Circu- 
lar Section. (<f in- 
ternal diameter). 


JP ^4494 

i 

2240 L'» 

2240 ■ 

(11). 

Wrmt^ht’iron Solid Pih 
liara— Uniform Cir- 
cular Section. 

2240 L’ 


(12). 

Jlmher Solid Pillars.-^ 
Uniform Rectangular 
Section. 


C depends on the nmterial.j 

(18). 


C M 10^95 for Dantele Oak, 7*9 for Red Deal, 6*9 for French Oak, (all dry). 

As llkiso forSduIie are mpiricalf special attention should be paid to the 
Imiu (A thok applicability as regards the value of the ratio / -r d, the 
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form pf cr6s«H»«eiion, ftiii m&noet ^ fixing* 3%« rftlitdi tX ito coxMtant 
0 (jste Art. 60) in all these formulsB, as given by Mr. Hodgkinsott, giv» 
the Breaking Weight ta tans : to preserve uniformity of notation in this 
Manual, P which is in pounds is therefore divided by 2240 (eee Notaiti0ai| 
Art. 54 k 

The formulae are given in the form given by Mr. Hodgkinson; he, 
however, records his opinion* that tlie quantities and may both 
be replaced by with sufficient acciirucy ; this is important, AS a table 
of d*6th powers can thus be used for all the formulas for iron. Tables 
of 8-6th and l’7tli powers are given in the Appendix. 

Mr. Hodgkinson has aUo recorded his opinion that in incompressible 
material the quantities and would both be (P, and would bo 
L®, BO that the modification of the exponents of d and L appears to de<* 
pend on the compressibility of the material. 

67. These formulae contain no symbolic factor to suit different forms 
of cross-section, and are therefore only directly applicable to the parti- 
cular cross-section for which the constant <J was determined by experi** 
ment, viz., 

For cast and wrought-iron)..«« *4 Uniform circular oroeAMMctioWi 
For timber,. .Uniform rectangular 

The following simple relations established by e^eperiment between the 
Ultimate Strengths of ** Very Long Pillars of CJaEft-iron, enable these 
fohnuliB (10) to (Id) to be applied to two other forms of cross-section, Via., 

The Ultimate Strength of ‘‘Very Long” solid Cast-iron Pillars ^the 
same quality^ ef the same length and of vmiform crosS-Seef/oa 4re for 
following fignres of cross-section. 

(a), if of equal ci'oss-sectioml area^ Circle : Square : Equilateral 
triangle — ^ 10 » 0*3 ? 11, .4 (U). 

(i), if of equal 6rea(f(A— Circle : Square = 1 : 1'6 

68. App1ioatlo&offormulee(10)toa3}.— .ThMe fonattln bar* 
the disadrontage of all empirical formulie, i. e., of limited apptnmtim, 
yia., only to * ihw forme of cross-section (stated in each case). 

Those for iron hare the disadvantage of reqnirin, either the direct tel- 
onlatiofi of the mrinmni quantities d’'” or dP** and li*'' nt «f the «*» od a 
table of such powsss} tbia aeadeas tiie aoi oti oa nf the Mvene pMfolem 
(tiM netmi one) of finding 4 mi € Manly Mpoaaibla (sa w sg* by a leoifole- 
« " ■ ■ i is rtMi nii mmrnmm m t m mm — ii m f iii i in < lAiifMiaeseatsi. 
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ionm fipproximaitsim) in the eese of fthoUiTir Piller, (Whiefa on eccoant of 
Ua gmat power of reeistonce to crusinwig by^ flexure is a most useful 
form), unless doe thickmee^ of the matid te vary $m<dl compared with the 
diameter dL 


The solution in this case is as follows : — 

Given F and L to determine d and t (tijiiekness of metid in inches) in the case of a 
** Vetj Long Finar*'^a?ed at both ends. 

By aie formnla ^ « 44-84 

But a 4l»*“ - (d - 20^** 

1 - “ 
d ) 

nearly, 

= 71 X t d' " 


t flP-SA 


^ 1 - 


8*56 X 




by neglecting terms involving &c,, since JL is very small. 


• • 2240 


; 44*34 X 


7*1 X t 


.(16). 


whence t and d may be determined if either be given, or the ratio ^ be given. 

Notwithstanding the disadvantages of these formulas, they are in high 
repute in conset^uence of their representing the result of a rery extended 
series of experiments (see Kx. 4, 5, Art. 83). 

69. Classes 111. and lY. — Rondelet's Formula, applicaUe only 
to Btmple timber ppet$, (For Notation, see Art 54). 

P *. /e A (17). 

This is purely an empirical formula : is a quautity varying with the 
ratio I ^ d: it is given by Bondelet* in the form of a numerical ratio 
for several values of the ratio ( -r d, determined by experiments on square 
Oak and Fk Poatfik 



B 

fl 


48 

60 

72 


^IUm<i£4i 


B 

g 

g 





Skaoaljr marii of lUia fomwla is its simplicity in application, espeoialiy 
itea F is tho sought 

a mraiTtit, ism pifsSltB 
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It has the serious disadvantage that the state of fixation ** of the ends 
of the posts for which the formula was adopted^ is nowhere stated in 
Rondelefs Work, nor has this omission been supplied bj later writers. 

[From a comparison of this formula with Gordon’s formula made by the writer of 
this Article, it appears probable that the formula is applicable to Pillars with hath 
gnd$ fixed f but the agpreement between the formulae is decidedly bad]. 

Further, when A is the quantity sought, ( the usual problem, ) the for- 
mula cannot be successjvlly used without a previous knowledge of the 
ratio I ^ d which involves the knowledge of c?, one of the very elements 
sought, so that in general several trials must be made with different values 
of kf and the ratio Z -r- rf resulting from the value of d obtained by solu- 
tion of the equation A=3P-^(^./c) compared with the value of k 
actually used {see Ex. 3. Art. 88). 

On account of these disadvantages probably, it has been left out of 
some recent important Works on Engineering, 

70. Classes III. and lV.~Oordon’s formula (universally applicable). 


P uniformly distributed over the area A. 


Both ends free. 

One end free, one end fixed 

Both ends fixed. 

• 

IHHiHH 






Hi 

( 18 ) 


c ss for cast-iroD, wrought-! ron, 

^ vhr timber, ^ for stone and brick. 


The simple relations in equations (8) and (9), q. v,, render it unnecessary 
to commit more than one of these to memory, (a matter of some import- 
anoe,) but for convenienoe of application, especially when A is the quan- 
tity sought (the usual problem) it is more convenient to have them ready 
to baud without farther reference, or reduction. 

This formula was first proposed by Tredgold* m theoretical grounds ; 
it fell into disuse probably in consequence of the exf^utnental data for 


* <«rraelM|tay<miai»lSW9^ai(ta«l 4tbld,, IMS. 
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determining the constant c being then insufficient. Mr. Hodgkinson’s for- 
inulae, {q. v.,) derived from his own extensive experiments afterwards met 
witli universal approbation for a time. The confessed inconveniences of 
Hodgkinson’s foriiiulfe led to the revival of Tredgold’s. The value of 
the constant c was calculated by Mr. Lewis Gordon, from Hodgkinson’h 
experiments, and is now^ known as “ Gordon’s formula.” It evidently rests 
now on as good experimental evidence as Ilodgkinson’s own formulae, and 
is now generally adopted by the profession. 

A theoretical proof of the form of the formula will be given in tho 
Chapter on Deflection. The formula is introduced here to make this 

Chapter complete : it is sufficient to note at present that the term c a)’ is 

that introduced hy the liability to flexure of a Long ” or “ Very Long ” 
Pillar, also that the Strength evidently decreases as the ratio I d in-- 
creases. 

The rule given for the value of d (see Notation, Art. 54) being taken 
as the least width of the least simple figure (triangle, rectangle, square) 
that can be drawn round the cross-section A is ^nly approximate, Imt is 
generally svjficienily accurate* 

[For important cases, d should be taken as the least radius of gyration of the cross- 
section about its centre of gravity, 

^)\nta 

p 

The modified formula is given in Kankine’s Civil Engineering, Arts. 365 and 

366, together with a table of the values of the least radii of gyration for fourteen 
common forms of cross-section.] 

71. Application of Gordon's formula.— Its advantages are— 

(1). In consequence of its fo9mi having been theoretically established, 
it does not present the discontinuity of Hodgkinson’s and Eondelet’s 
formulae, nor is it limited in its application to the particulaY forms of cross- 
section experimented on ; in fact its range of application is very great, 
viz., to ** Long,” and ** Very Ijong ” Pillars, (and oven to ** Short” Pil- 
lars, for when the ratio Z -f- d is small, the formula merges into that for 
“ Short Pillars,” viz., P = /c . A), and of abfjost any form of cross-section. 

(2). It is easy of application compared to Hodgkinson’s formulae, as it 
requires only a table of squares for its rapid use, especially when P or W 
are the quantities songltt. 


The formulas require slight modification for this purpose, viz., for ^ 
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(3). It has the disadirantage when A is the quantity sought (the 
most useful problem) that, if A be definitely expressible in terms of d 
(as is usual in simple cross-sections, e. squares, circles, &c.) a quadratic 
with inconvenient numerical co-efficients results for determining d* Still 
this can always be solved {see Ex. 3, 4, 5, Art. 83.) 

If however A bo not definitely expressible in terms of (as is the case 
in any cross-section but tlie simplest,) e. g., in rectangles an additional term 
h is involved, and especially in wrought-iron work in which two additional 
terms h and t are usually involved,) the problem is indeterminate, i. c., there 
are more unknown quantities, (viz., ft, d ; or ft, dy t) than equations, and it 
may require several trials before a satisfactory solution can be obtained. 
There being then more unknown quantities than equations, either some re- 
lations must be assumed between them, or the values of some of them must be 
provisionally assumed such as experience dictates. The most convenient 
method is that which avoids the difficulty of solving the quadratic, (if 
many such calculations have to be performed, this is a practical hint of 
importance), by first assuming the value of d to be some quantity as ex- 
perience dictates ; if th^e be still two unknown quantities, viz., ft and 
one of them can be assumed at pleasure (noting that ft C'liuiot be < rf by 
hypothesis). On solving the equation two defects may arise, 

{a). If t has been the quantity assumed, ft may result < dy which would 
make the formula inapplicable. 

(ft). If ft has been the quantity assumed, t may turn out to be a thick- 
ness too great, or too small for practical convenience. In either case the 
formula must be tried again with different assumptions : a few trials will 
give a satisfactory result. {See Ex. 6 for practical exemplification). 

72. Best Form of Pillar. — It has been explained that it is pos- 
sible to utilize the full power of resistance to direct crushing ” of the 
whole of the material only in the ease of a Short Pillar,” and that the 
Strength of a Pillar decreases as the ratio I d increases. Economy of 
material, and therefore usually the best form of Pillar, are attained by ar- 
ranging the material so that d may have the greatest value for a Pillar of 
given length /, that practical considerations admit of, and that, if possible, 
the Pillar may be a “ Short Pillar.” Obviously, therefore, a solid Pillar 
is theoretically wasteful of material. Referring to the safe limits of work- 
ing load intensity given in Art. 54, it is seen that Solid Pillars of one 
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inch square in their least section, will carry Working Loads uniformly 
distributed as follows 

Timber, W r= IjOOO lbs., if I not > 10 inches. 

Cast-iron, W = 10 tons, if I not > 5 inches. 

Wrought-iron, • • . . = 5^ tons, if I not > 10 inches. 

It has been already explained that of solid Pillars ” of equal area 
the Square is the strongest form of rectangle, also that the Ultimate 
Strengths of the following simple solid cross-sections of equal area are 
approximately as, (Art. 68). 

Circle: Square : Equilateral Triangle = 10 : 9*3 : 11 (14) 

The best forms of complex, and hollow cross-sections will be considered 
separately for each material, as considerations of cost of, and facility of, 
construction greatly modify the forms suited to different materials, e, 

(1) . Solid cross-sections are economical in Stone, Brick and Timber. 

(2) . Hollow cross-sections are economical in metals, viz., of curved 

outline in cast metal, and of flat outlines with sharp angles, in 
rolled metals. 

It has also been explained that it is possible to utilize the full power 
of resistance to “ direct crushing ” of the whole the material, only when 
the Load is uniformly distributed over the area of every cross-section. 
It follows that economy of material is secured by making “ Pillars ” of 
uniform cross-section. 

Further it has been shown that economy of material is secured in the 
case of “ Long ” and “ Very Long Pillars” by firmly fixing the ends. 

It appears then that economy of material is in general secured, 

(1) . By adjusting the joints or points of application of the Load, so 

that the stress may be uniformly distributed. 

(2) . By making Pillars ” of uniform cross-section. 

(8). In Long ” or “ Very Long Pillars ” by firmly fixing the ends. 

(4). By so arranging the form of cross-section that the Pillar may if 
possible, bo a “ Short Pillar 

73. Materials. — The materials usually subjected to crushing strain 

are— - 

(1) In Building : Stone, Brick, Cement, Concrete, Mortar ; Cast-iron, 
Wrought-iron ; Timber. 

(2) In Manufactures; Cast Metals; Wrought-iron; Steel. 

The following is an epitome of their principal properties with reference 
to crushing strain. 
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74 , Stone, Brick, Cement, Concrete. — These all resist crushing 
stress well and other stresses badly, and are in consequence seldom used ex- 
cept to sUvStain crushing stress. Their properties arc fully described under 
Building Materials. It may bo here n^ted. 

(1) . Laminated stones resist pressure perpendicular to their laminas 
better than in other directions, and should therefore generally be set with 
their lamina) or quarry beds perpendicular to the line of pressure, (i. e., usually 
horizontal), TIic values of fc tabulated, are for this direction. 

(2) . Of stones of one kind, the heaviest is generally the strongest. 

(3) . The strongest stones are Basalts, Primary Limestones, and Slates, 
Sandstones vary greatly in strength according to their molecular struc- 
ture. 

(4) . The hardest stones and some sandstones, alone give way to crush- 
ing suddenly. 

Other JStones and also Bricks, begin to crack and split under a load 
varying from J of the criisiiing load upwards. Stone generally yields hy 
shearing. (See Class IL Mode of Failure, ” Art. 59, (h)), 

(5) . Experiments on Iff/sa Strength of stone have hitherto been generally 
made on cubes, (i. e., “ Very Short Pillars,’') so that the tabulated values 
of fo are generally too high. Experiments on ** Short Pillars ” (q. v.) are 
desirable. For important structures the best course is not to trust to 
books, bnt to ascertain the value of /c for the stone chosen by direct ex- 
periment on “ Short Pillars. ” 

(6) . The division of a column into horizontal courses eaoh of which is 
a monolith^ well dressed and bedded does not sensibly* diminish its resis- 
tance to crushing, but vertical jointing does diminish that resistance. 

(7) . In consequence of the expense of cutting, solid sections are the 
only economical ones : the actual Crushing Strength of these materials is 
seldom woikcd up to: architectural and economical considerations gene- 
rally iix the outline of Pillars” of these materials, 

76 . Cast-iron. 

(1). Its resistance to direct crushing” is very high and is about 6 
times its tenacity in consequence of its crystalline structure : (i. e., = 

6 /t), so that it is well suited to resist “ direct crushing” stress, i. e,, 
for use as a “ Short Pillar. ” (Compare Art. 59), 


■1^ Morin, ** Renlutance dec Matcriauz, " page 76. 
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(2) . But its Eesistance to bending is small) because its Modulus of 
Elasticity (Et) is comparatively low, so that it is not well suited for use as 
a Long ” or Very Long ” Pillar. 

(3) . Rcmelting improves its strength, c. 18 meltings have been 
found (by Mr. Fairbairii) to double* the strength. 

(4) . Intense cold mtakes it brittle : rapid changes of temperature cause 
it to split sometimes. 

(5) . Thin castings have a higher resistance to “ direct crushing” per 
unit of area than thick. 

(6) . The surface of thin castings is stronger than the heart : in thick 
castings the Strength does not sensibly vary. 

(7) . A slight inequality in thickness of hollow Pillars does not im- 
pair their Strength much. 

(8) . The ” best form ” for Cast-Iron Pillars appears to be that of a 
hollow circular cylinder : the thickness is seldom made less than of the 
diameter, f i. c., t not < d, 

(9) . Cross and Channel Cast-iron “Pillars” are weak: for the best 

form of solid section, see equation (14). ^ 

76, WnOUOHT-IRON. 

(1) . Its tenacity is very high, and is about IJ times its resistance to 
“ direct crushing,” i, c., /t = about § /c. It is well suited to resist 
“ direct crushing,” u e., for use as a “ Short Pillar.” 

(2) . In consequence of its tenacity and resistance to “ direct crush- 
ing” being both high, it resists flexure well, and is well suited for use as 
a “ Long” or “ Very Long” Pillar. 

(3) . “ Long ” Tubular Pillars of square section (consisting of four equal 

plate irons riveted to equal angle irons at the comers) fail, when I not 

> 15 to 20 ef, and t not < by “ buckling,” not hy crushing^ under a 
Breaking Load of 

27.000 tt)S. or 12 tons per square inch of iron if single. 

36.000 ibs. or 16 tons „ „ side by side. 

When of circular section “ Long” Tubular Pillars fail by “buckling” 

under a Load of 36,000 lbs. per sq. inch of iron (in the cross-section). 

The Resistance to “buckling” increases with the ratio J , but no formula 
has been given. 

* Banklne's ** Civil Bagineering, ’* 6th Ed., Art. 856. 
t Bunklne'i Civil Engineering,’* 6th Ed., Art. S65. 
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(4). The stiffest form of “ Long Pillar*’ is that of a cell, i. e., a built 
tube which may be cylindric, rectangular, or triangular. 

There are practical difficulties in the way of making up small cylindric 
tubes; the figures show a built rectangular cell, Fig. S (a), and a trian- 
gular cell Fig. S fh) suited for the compression flange, (see Chapter on 
Transverse Strain) of a Girder. Small cells, i. e., cells of small area, pre- 
sent practical inconveniences in the impossibility of painting their interior 
surfaces properly originally, so as to protect them from exposure, and of 
obtaining access to them afterwards to examine the stale of their interiors. 

A cell should be at least big enough to admit of passage of a boy to 
work inside, i. c., at least 30 inches wide and high. 

A very convenient form of cross-section is that of a built up St. Andrew’s 
Cross. Thus it may be built of two angle-irons rivet- 

ed back to back, or of flat plates (three or more) united by four angle- 
irons, (see Fig. 8, (c), (d), (e). 





(«)• 






(5). To insure the stiffness of a built pillar or 
strut, the bars of which it is built should break joint 
when in several lengths. (The compression flange 
of a girder is a good example of such a case). 

The abutting of successive lengths against each 
other should be equable, and perpendicular to the 
lengths : to insure this, every bar should have clean 
plane ends : this is best arranged by a pair of paral- 
lel circular saws on a common axis, set at a distance equal to intended 
length of bar : a bar placed parallel to the axis of the saws, and moved 
against them has its two ends cut at once into parallel planes, perpendi* 
cular to its length. 
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(6). In consequence of the difficulty of fastening the ends of single 
angle-irons, and single T -irons, otherwise than by riveting the angle-irons 
by one arm, and the T-irons by the head, in wliich case the Kesiiltant of 
the Stress clearly lies at the greatest pns.sible distance from the axis of the 
Pillar, and therefore produces the greatest possible amount of flexuie, 
single angle -irons, and single T-irons are quite unsuited for use as “ Pil- 
lars, ” and especially as Long ” or “ Very Long Pillars. ” From ex- 
periments made at the Criunlin Works, it appears that the reduction in 
strength of some of the following forms ot rolled iron due to riveting 
by one flange only is very great, as may be seen from the following 
Table* 


Shapo. 

Size. 

BllKAKINO WKIGHT IN TONS. | 

Remaiks. 

Load luiifoim 
over Cl OK6-6ectiun 

Load applied ac 
one flan go. 

Angle-irons, , , 

3" X 3" X A' 

00 

124 


T-iron, 

3* X 3' X 

214 

ifti 

A'.j?.— Lenprths not 

Channel-iron, • . 

3' X ir X f ' 

171 

141 

mentioned. 

Cross iron, • • 

3* X 24' X y 

171 

156 



It will be observed that the reduction in strength is greatest in the 
angle irons, as might have been anticipated. 

Although the use of angle-irons riveted in this manner is evidently 
very unfavorable to economy of material^ nevertheless it may often happen 
that, in consequence of the comparative cbeapness of angle-iron, and the 
great ease (and therefore cheapness) of riveting by only one arm, it will be 
the cheapest mode available. Whenever its cheapness renders its use in 
this manner advisable, the great reduction of strength must be remem- 
bered in designing the area of metal necessary. 

Unfortunately no formulaj accurate or approximate, is extant for this 
purpose: an accurate formula would probably he more complex than 
formula (4), q, v, (in which the bending action of the load is introduced), 
as both Bending and Twisting actions occur in angle-iron loaded as pro- 
posed. 

The extremely unfavorable mode of applying the load, viz., by riveting 
by only one flange, may however often be avoided, even wlien angle-irons 

• Uawin't Lsefcores ia 1671 ** On ufe Conitniotica of Wrong lit-iron Bridgos, " Obatliitt. 
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and T-irons are used as Pillart^,*' by using them in pairs, placing them 
one on each side of the bar from which the crushing stress is to be trans- 
ferred to them, and fixing tJiem at that distance apart throughout their 
length by “ filling-pieces” at intervals. Although the Stress cannot be 
said to be uniformly distributed by this arrangement, tljie Resultant Stress 
is brought to more nearly co-incide with the axis of figure of the compound 
Strut, BO that the Bending nud Twisting actions on the compound Strut 
are nearly got rid of. Instances of this arrangement wifi be given in the 
Bracing of Iron Roofs. {See Ev* 8, Chapter V.) 

77. TiMBifiR. — In consequence of variations in the molecular struc- 
ture, the Strength is different in different directions. 

(1) . The Strength is much greatest in the direction of the fibres ^ so 
that Timber subjected to crushing strain, should whenever possible, be set 
so that the Stress may be parallel to the fibres. 

(2) . Resistance to crushing dejiends to a great extent on the lateral 
adhesion of the fibres. Moisture in the timber reduces tliis lateral ad- 
hesion, and reduces thereby the crushing strength to one-half of that of 
dry timber. 

(3) . The Crushing Strength of dry timber varies ^rom ^ to f of its 
tenacity, i. e.,/c = i ./t to 4/t- 

(4) . The recorded values of f are, when not otherwise stated, to he 
always understood as referring to the Crnshiiig Strength of dry timber 
parallel to the fibres. 

(5) . Crushing across the grain takes place by a sort of shearing or 
eliding ; experiments on timber loaded in this maimer show that it is not 
nearly so favorable a manner of loading : no definite laws have been dis- 
covered. 

(6) . In consequence of the expense of cutting wood, solid sections are 
in practice the only economical sections for timber, {see Art. 72). 

78. Strength of Timber Piles. — Piles are generally loaded by a 
pressure in the direction of their length, and are therefore “Pillars,” and 
their Strength is to be estimated according to the principles of this Ciiapter, 
with the following modifications : — 

(1). Piles driven till they reach Jim ground. The imbedded and pro- 
jecting portions should be separately considered. 

(a). The imbedded jporfwn.— This receives so much lateral support 
from the ground into which it in driven, lhat it is not liable to flexure. 
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and its Strength may bo fairly estimated as for n ** Short Pillar ” (disre- 
garding the hugtli imbedded), 

{b). Tft^ projecting portion, — This portJj(j^n^should be treated as a Pillar 
fit£0d at one end only. ^ 

Working Load, — Th^ factor of safety ^mny Be taken ns^ 5, but the 
Strength Of wet ^lufher being =f J Strength of drj^ timber, there lesults, 
Intensity of Working Load for Piles dnvpi te firm ground, and wholly 
imbedded, ar ifeaily so, = i/c-rs rsj^c -f* 10 ^ 1000 ibs. per square 
inch oft the ,aver.ige. ^ 

(2) . Pdm staH<tfing in soft gwund by friction, — It is impossible to 
utilize the full powers of rcfeUtancc of such jiles to “direct crushing*', 
Tlieir safe Working Load depends chi^g on the Resistance of the 5 oi/, and 
not on tlioir Strength, 

» 

Working Load Intensity^ J (Romlclct’s Rnle)* = 427 to 408 lbs. per square inch, 
from puietieal c-vaiujiks. ),(hunkitic*s Kule)t = 200 Jbs. per square inch. 

In any case (1) or (2) it ij> considered advisable that the least breadth 
of a lilc should not ho less than J>20tli of the lengtii, to enable them 
to take up the blows of the ram used in diivin^ without undue ilexurc, 

(3) . For the theory of Pile-driving, see Chapter IV., Ait, "'l 05. 

79. Crushing and Collapsing of Tubes muler normal pressure. 
(1), Thin cylinders, — When a thin hollow cylinder or tube is pressed 

ifionnallg from without, it gives way by collapsing ’* under a pressure 
Vrhose law is e.\pressed as follows^ for circular sections. * 

Intensity of Ultimate Resistance to collapsing q ot i*’*® Zd, or 

= ^ 7 - Id = ft^ -r Id (approximately) (19) 

Here I zz length of tube, or length between its ^strengthening bands, 
Pcir^Iate iron flues with butt joints /= 9,672,000 Jbs. * 

For an elliptic section (2a, 25, the axes), for d in above formulas, sub- 
sfitutiji twice the radius of curvature where the tube ^ weakest, (t. s., flattest 

in curvature,) t, e., write — for d. 

rules are derived from experiment, and are only approximate^, 

(2 ^, — Thick ,€i/linders,^W]\en a thick hollow cylinder is pressed nor- 
' maUy from without, (e. g,, as by fluid pressure,) there is a circumferential 
thrust round it whose greatest intensity takes place ft^tbe inner surface. 

* Morin nedstance dm Mat4riaax/* page 7b > 

t B«nki»o*« ** Mannal of Oivit Stiginmrlng/’ Sth Ed., AH. iOi, 

* t Fatrbairti’s ** Umfal Infonnution for Buglneers,** 2sd Serim, page 161. 
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Let R) r be the external and internal radii (in inches) of the cylinder 
(supposed circular). — 

q sr intensity (in pounds per square inch) of the normal pressure 
from withouty that will crush the cyKnder. 
r= ultimate normal intensity of pressure. 
q* s= intensity (in pounds per square inch) of the normal pressure 
from within. 


Then * (^c + $ - ?' ) . R® = (/o 7 «') (20). 

In designing a tube it should be made strong enough to resist tlie 
external pressure even if not partially relieved by the internal, hence 
taking q' =: o,h follows that 


s'=y>-t“'5=y'-K-: w- 

These equations give the ratio of internal to external radius of a 


thicic tube, that will just give way by direct crushing” at the inner sui^ae^ 
under an external normal pressure of intensity o. or will safely bear a 
Working normal pressure of intensity q^ Sy and are found to give satis- 
factory results for thick cylinders. . 

They are applicable to water pipes laid under water or deep in the soil. 

'80, Weight of Pillar itself. — The Weight of the Pillar itself, 
when it forms a part of the whole crushing Load on the Pillar, (which will 
always be tbo case when the Pillar is not horizontal,) should in strictness 
be included in the gross Load, whether Breaking, Proof, or Working. It is, 
however, important to notice, that unless the Pillar be of great length, its 
own Weight will often th practice (especially in Timber and Iron work) in 
Engineering be so small a fraction of the whole Load, that it may be neg- 
lected. 

The only ordinary case in which it becomes necessary (in practice) to 
consider the weight of the Pillar itself, is in lofty masonry structures, espe- 
cially Towers and Piers. 

31, Pillar of Uniform Strength.^ —A Pillarof uniform strength 
under direct compression alone, (e. e., not liable to bending,) should be de- 
signed (mutatis mtkindts, i. e., changing ft to fey &c,) On the principles hpi 
Art. 48, q, v. It is, however, hardly ever necessary in practical Engineer- 

* appHoS Ifectokioii, Art. dS7. 
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ing to detiiign Pillars of ** Uniform Strength.” Professor Raiikine has re- 
cently suggested the advisability of designing Iq/i^ masonry dams, so 
as to be of Uniform Strength, but as these dams are necessarily subject to 
severe Transverse Strain, their consideration is deferred. 

Practical Solution op Problems on Compression. 

82. The Problems which occur in practice are of two kinds— 

(1) , Direct. — Owe?i A, Jlnc( P and W, 

(2) . Indirect. — Gmn P or W, /c, s, /, to find A and d. 

The Direct Problem. — Given A, f, </,/«, 5, to find P and W. 

The solution of this problem is comparatively simple. 

Consider the value of the ratio I d which determines the 
class of Pillar, viz., ‘‘Very Short,” “ Short,” “Long,” or “Very Long,” 
(see Art. 63). 

(2nd). If of Class III. or IV., consider the state of fixation of the 
ends which has an important influence on the Strength (see Art. 61 ). 
It is a matter of choice which formula (Hodgkin son’s, Rondelet’s, or 
Gordon’s) shall be adopted, (Art. 60). 

(8rd), Consider the distribution of the load, as unequal distribution 
has an important influence on the Strength (see Arts. 61 and 67 

The application of these principles is so simple, that no numerical ex- 
amples seem necessary. 

The Indirect Problem. — Given For W, /,/c, s and the form of cross 
section^ to find A and L 

This is by far t^e most useful problem, but it is also the most difficult. 
The difficulty consists in the ratio I -r- d which determines the Class of 
Pillar not being known d friori. 

(1) . Express, if possible, A in terms of d : this can often be done in 
simple forms of cross section as in wood- work, and sometimes in iron- 
work. Consider the distribution of the load — Apply formulas (2) or (4) 
for “ Short Pillars’' according as the load is uniformly or unequally dis- 
tributed. If the value of d resulting make the ratio I d fall within 
the limits for “ Short Pillars,” the solution is correct, but not otherwise* 

(2) . If from the last trial it appears that the Pilla| falls under Class 
III. or IV. *, consider the state of fixation of the ends. There is now a 
choitoe between three formula (Hodgkinson’s, ftondelet’s, and Gordon’s). 

(a). applied (applicable only to simple 
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ero6S-*section8 in timber), but ns h must be assumed by guess work, it 
may have to bo several times applied before a correct result can be 
obtained {see Art. G9, and Ex. 3). 

(^)* Hodgkinson'e suits well enough for solid Pillars of uniform rect- 
angular, circular, or triangular section {see bints on its application. Arts. 
63 and 68, and Ex. 4, 5). 

(c). Oordon^s^ is the only one applicable to any cross section, so that 
in wronght-iron work, in which complex cross-sections are used to econo- 
mise material, it is very useful {w hints on its application, Art. 71). 

83. Hero follow six Examples worked out to illustrate the applica- 
tion of the foimulce in this Chapter. 


Example 1. — Working Load (W) = 12,000 lbs. = tons, viti~ 
formhj distributed, Y\\\A the least bnadth (d) of Sf)lid “Shoit Pillar*' 
required, and also the limit of length as a Short Pillar" in the follow- 
ing cases : — 

(1), fiquaro Teak Fdlar; (2), Round Cast-iron Pillar; (3), Round 
Wrought- iron Pillar. 

w 

Solution A = P -4* /. = sW -5- /., or A = ^ t,. 

(1) . Srjui/re Teak Pillar f c = 12000, a = 10, r/® A. 

= VA = V^VV -r7c = VlO X 1^2000 = ViF = 3J itifhcs. 

Also limit o£ Length ns “ Short Pillar” is I not > lOd, i. a., not > 331 inches. 

(2) . Mound Cast-lion Pillar, ^fc s= 112,000, « =: 5, «c = l^i ^ d* = A. 


/.<?=* y 1 A =y i .W i. 6 X 12,000^ 112, qp0=y = .83 In. 

or thus, d i A =y I ■ -4- *, =y i X y «r 10 ^y ~ S= • 83 inches. 

Also Limit of Length as ” Short Pillar” is I not > 5d, u e ., not >42 inches. 

(8). Moitfid IVrougUt-iron PiUur,*^fc s= 40,000, a » 4, =s 5L ^ d” ss A. 


inches. 


.1. jr /^4 /r*75 . 10 /r 

orthnsjdaa J~,Ass J / |'*n**« 

Also Limit of Length a. ** $|pttt Pillar ” is f sot > lOd, t. iiot > 13 indisa. 
Stmarh~-Xl vUl oow bo erbieat that it ia ftwtiteMy cooronioat to 
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use th^ co^efficienty; s or Sc according os W is expressed in pounds or 
tons. 


Example 2. — Woiking load (W) tr: 12,000 B)s 5*/;^ tons, distribu- 
ted so that its resultant deviates ^-th of least bi'eadth from the centre of 
figure of the least section (e. <?,, ar* rr 6) along that least breadth. 
Find the least breadth (d) of “ Short Pillar” required, and also the limit 
of length as a “ Short Pillar” in the follouing cases • 

(1), Square Teak Pillar; (2), Round Cast-iron Pillar; (8), Round 
Wrought-iron Pillar, 

Solution A = P . ^1 + ar<, . -f* /c = sW . ^1 +a?o . -r /o. 

AlbO ill square pillars 'A- =r -y, tP = A. i 

>Art. 57 (6). 

And in round pillars - j- = j , j r= A. j 

(1) . Sqwtrt Teak PlUnr.—f^ = ISOOO', * =s 10. 

* y ,W ( 1 + • 3)-r/c=y2 sW = v'io = <i inches. 

Also Limit of len<rth as ** Short Pillar” is I not > 10</, i, e,^ not > 45 inches. 

(2) . Movnd Cast-iron Pillar — = 112000, s ss 5, 

Also Limit of Length as Short Pillar ’* is I not > Hdf i, a,, not > inches. 

(3) , llovnd n rovght-iron Pillars.— fe =5 40000, s s: 4, 


•••''= 7; -(i + = y/j; =7’"^' ° 

Also Limit of Length as Short Pillar ” is I not > lOd, i. c,, not > 19 inches. 


Remark . — Tlie effect of unequal distribution of tlie load in diminishing 
the Strength of the Pillar, and thereby necessitating a greater sectional 
area {A\ to iienr the same Working Load will be evident fiom coinpaiing 
Examples 1 and 2. 

The solutions just given arc of course applicable only to “ Short Pillars,” 
t, s,, when I •r d does not exceed the limits mentioned. 


The following ejfamples will illdstrate the difficulties of application of 

the fonnul* for Long ” and “ Veyy Long” Pillars. 

1* 

8,— Working Load (W) *s 12,000 fiM. a 5^ tom uni- 
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formly distdbuted. Find the lea$t breadth (d) oi b, Solid Square Teak 
Pillar of length (L) = 16 feet fixed at both ends required. 

Solution It will be found (by actual trial, see Example 1), that this Pillar ia 
not a Short Pillar, ” so that the formula for Long ** and “ Very Long ” Pillars 
mast be used. The constant C of Hodgkinson's Formula not having been de- 

termined for Indian Woods, his formula cannot now be used, fe ss 12000, a « 10. 
By BondeleVs Jormvla.^A. = P (4r . fi) = aW -r (fi *fc\ d* sa A. 

The ratio / -f- d,on which k depends, not being known d priori, the value of k must 
be assigned by guess work. The limit of length for a “ Short ” Pillar being (see Ex- 
ample 1), about 33 inches, the ratio ^ -4- d is evidently largo in the piescnt case. 
Assume As} proviStonally^ Then 

d:ss/A=z a/^W^aT^ « 's/wlT 200F^ '(4"^’J2000) = ^/30 = 5} inches. 
Hence Z*rd = 12L'-rd = 192 -4-55 =: 35; the value of k corresponding to this 
is i (see Tabic), the value chosen, so that the solution is correct. But this accor- 
dance might not have beep attained without several trials. 

By Gordon's formula.— sW = I*s=/c.A-4- |lxc, | » r = , 5 — , A = d* 

10 X 12000 X { 1 + 2S0 ^ J = 

d* - lOd* =5 192* -h 25 = 1474-66, whence d is 6 6 inches. 

Remarh — The quadratic presented in this case is easit'T of solution 
than would commonly occur. The discrepancy between the result and that 
given by Rondolet’s formula should be noticed. It is probably due to the 
uncertainty (alluded to in Art. 69) in using Rondelet’s formula, which 
ooutains no factor depending on the state of ^^Bxation of the ends.” 
Gordon’s formula is, on account of its greater precision, to be preferred. 

Example 4.— Working Load (W)r= 12,000 lbs. = 5-j^ tons uniformly 
distributed. Find the least breadth (d) of Solid Round Cast-iron Pillar 
of length (L^ 16 feet, fixed at both ends, 

Soltftion : — It will be found (by actual trial, see Ex. 1), that this Pillar is not a 
Short Paiar," so that the formulae for "Very Long Pillars’' must be tried. /<. ss 
112000 , ssrS. 

By HodfkinsoiCs forimla for " Very Long (Bq. (10), Art 66). 

“ 2240 ’ 4416 "mST ■ 4715 ^ I? 44‘16 llfSi 

Hence d ss 8} inches. As / «^dssl2l«^d>- 30> tilie Pillar is a " Vmy Xioag 
Fills;^/' and the solution is eorrsot 
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ByGerdoH’»formvU.-~»yf =P s:/, A -J- 1 1 + e . (•J') | ® 

/. 6 X 12000 X { 1 + 8^ • ) = “2000 X i* 

,18 ^ <P + 188 24 J = 22 <1< , whence d* ~ ^ d* =s ~ x 13824 
^ 812 , whence rf = 8 inches. 

Example 5. — Working Load (W) sr 12,000 lbs. =s iom uniformly 
distributed* Find the least breadth (d) of Solid Square Wrought-iron 
Pillar of length (L) = 16 feet, /ree at both ends. 

Solution : — ^tt will be found (by actual trial, see Ex 1 ) that this Pillar is not a 
** Short Pillar,*' so that the formula for “ Very Long Pillars," must be tried, /c =: 
40000, # = 4. 

JSy JiodgHfison^s formula for Very Long Pillars " (Bq. (12), Art. 66). 

= w ■ p*”"®- 

But the Strengths (P) of Circular and Square Pillars of same breadth (d) are 
as 1 : 1'6 (Equation 15). 

= A • ^ S for eqnare piUers. 

_ 1 sW • L» _ 4 X 78 _ .ft 

“ 1-6 ■ 2240 ’ 42 8 ~ 1 6 X 14 ^ 428 ~ 

whence d «= Sj inches. As / -r d = 12 L -- d = 60^ the pillar is a “ Very Long 
Pillar," and the solution is correct, 

Py Gord<m'tformula.—m = P =/, 1 1 + c . J , c s= A = <P. 

r.ixum{i + ^.iil^]a.mood^ 

d* — *6d* ss: 7*3728, whence d* = *3 d: \/ 7*4628, Hence d =: 8 inches. 

Example 6. — Working Load (W) = 1,200 lbs = || iou%uniformly 
distrihuUd. Find the size of Angle-Iron Requisite as a Pillar of length 
(L) =16 fixed at both mds* 

Sdution As there are three quantities to be determined, viz., the lengths of the two 
arms, and their thickness (f),^e firoblem is indeterminate in any case (whatever be 
the OjUsa of Pillar), unless two rel^ons be assigned between them, (JSte Art. 71). 

Assume (1) that the angle iron has equal arms each of length s b. Assume (2) 
that the thickness (1) is so small that may be neglected, (as is the case in practice). 
Hence A m and dna 6 -f* «y2 nearly (being res Notation, the least breadth of cir* 
cumseribing ndangle). Assume (3) a prtwiiional value for b, (a* g., b ns 2 inches). 
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Then A ss ss 4t, and d \/3 = ^/2. 

Also d = J2L-f-/i> 100, the Pillar is a “ Very Long Pillar, ** Hodgkinson'a 
formula cannot be used us it co itatns no factor to suit it to an angle iron section. 
Gordou’fc torrnuhi alone can be used. The object of assigning a pto'ustonal \aluo to b 
instciul of to t was {tee Ait 71), that d might be proctnomlltf fixed, and the equation 
for solution CO ouloiPs foiniula). which would he quadratic io thus reduced to a 
Simple ciuatioii m t (a mitcrial sa\ing m calcnlatron). 

By GoidoiCs = | c = ^ 

/. * X J200 X I 1 + l ^ 

**• ^ “ foo 1 ‘ [ = ■-'* 

Itemark — A’* tlie vesnlting t-ize, \iz., 2' x 2'^ X is nil ordinary »lzo 
of Angle lion, tlio «>oluHon is a practical one : but ibi*; icsult might not 
liuvo been attained without scvciaf tiials (see Art. 71), c^., t might liavo 
turned out either so great or so small that piadical consideiations would 
render such a solution useless: in such a case, a fiesh provisioml vnluo 
must he assigned to b, and the fornuila tiied again* 

The term provisional value” will now be understood as meaning a 
value to bo considered dependent on the solution being satisfactory as 
far as practical considerations are concerned. 

£A7 /?.— Farther Examples of application of Gordon’s foimula to X - iron and 
•J L* (double angle-} iicm sections will be found at end of Ex. 8, Chapter V.} 
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TaKfiiON AND Compression. 

84. A fitting sequel to the Chapters in which the states of Tension 
and Compression are considered separately in detail, will be to compare 
and contrast them. The following is a brief statement of results from 
Chapters II. and HI : — 

(1) . The Load, Strain, Resis^anob, Stress are direct in j^tion, t. e., 
normal to the surfaces of particles in mutual contact, and mutually 
parallel to one another. 

(2) .' A state o( Tension is one of stable equilibrium ; a state of Com- 
pression is one of unstable equilibrium. 

(3) . Resistance to Tension is a (^mparatirely simple, and Resistance 
to Crushing a comparatively complex phenomenon. 

(4) . Jhe laws of Resistance to wn^ormXy distributed Load or Stress 
are in both cases expressible by the same algebraic formula— 

p'=/t, AorPrr /;. A (2) 

(provided the material under crashing strain be of class termed a Short 
Pillar in Chapter IIL, Art. 57, q. v.)* 

(5) . The full powers of Resistance of the whole of the material under 
strain cannot be utiKzed in either case, unless the I^ad or Stress be 
uniformlj distributed. 

Obrw— Material should if possible be so arranged, that the Load or 
Stress may be approximately nniformly distributed over its cross-sec** 
tiona! area. 

(8). Mj|||eria] imder crushing strain in form of a Long k 

liable to addirianal strain from flexure, and the Strength of long 
Pillars*^ decrease rapidly with the increase of the ratio I : d (length to 
least Itn^eadlli ^ cross seetion). 

h 
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(7) . Unequal distribution of Load or Stress is txtrmely disadran- 
tageoQS in material exposed to crushing, 

(8) « Fibrous and Ductile Materials are best suited to resist Tensile 
Btraiu. {Example. — Wrought-iron, Itolled and Drawn-metals, Cordage, 
Timber), 

Oi^stalline, Semi-Crystalline and non-Fibrous Materials are best suited 
to resist “ direct” Crushing Strain, Caat-iron, Stone, Brick) 

in form of “ Short Pillars.” 

Wrought-iron is best suited to resist crushing complicated by bending 
as in Long Pillarb.” 

(9) . Timber resists Stretching better than Crushing, and resists both 
parallel to its fibres much better than across; its Strength (especially 
Crushing Strength) is much reduced by moisture. 

86. Combination of Cast-iron and Wrought-iron — As Cast- 
iron resists direct” crashing strain in Short Pillars ” much better than 
Wrought“won, and as Wrought-iron resists tensile strain much better 
than Cast-iron, as may be seen by comparing the values of the constants 
(Arts. 31 and 54) for each, 


Cast-iron, •„ s tons ; ic 

Wrought-iron, ••• sz 7 tons ; Se 


10 tons 
6 5 tons 



>^fUafe inch. 


it might be supposed that in a Structure exposed in parts to Tensile, in 
parts to Crushing, Strfuns, a combination of Cast and Wrought-iron would 
be most economical, viz., by the use of CaSt-iron to resist the*“ direct ” 
Crushing Stresses, and of Wrought-iron to resist the Tensile Stresses. 

Such a combination has been frequently tried, but has been found very 
defective in consequence of the contraction in the Cast-iron being much 
greater than the simultaneous elongation in the Wrought-iron as may be 
seen by comparing their Moduli of Elasticity, thus (eee Chapter IV). 

Cast-iron, Be 17 milUon 13)s. ; WronghMrem, Et ^ 39 million Iba, 

BO tbftt the Caet-iron portions, by their greater yielding, snfier an undue 
portion of the Load to fall on the Wrpnghb-iron, from which it commonly 
bi^pens that the Wrought-iron is strained beyond its elsstic limit (sm 
4>rt8. 88 and 89) long before the full power of Besistance of the Cast- 
iroxf has been called out l%ts has been funply proved by tb^Vparimmits 
of Hn W. Pairhaim.^ 


• Vttirbaixn*s tisa 



CHAPTER IV. 

STIFFNESS, ELASTICITY, SET. 

80* Stiffitiews or Rigidity.— or Stiffness i$ the property of 
A eoHd body of reeieting Strain (')r alteration of figure), which the action 
of load tends to produce. It may bo measured hy the ratio of intensity 
of Stress of a particular kind to the intemity of Strain produced. 

Pllabilility is the property of a solid body of yielding to strain : it is 
therefore converse to Stiffness, and may be measured by tlm reciprocal of the 
measure or Modulus of Stiffness. 

Thus Modulus of Stiffness ss Stress-iutensity -r Strain-intensity ...(I). 

Modulus of Pliability = Strain-intensity -r Stress-intensity ...(2). 

It is a remarkable thing that in most Building Materials the value of 
this ratio is approximately constant the Ihnits of the proof stress* 

No bodies in nature are perfectly rigid, t. s., able to bear Load without 
any strain or alteration of figure, but many Building Materials are ap- 
proximately rigid under small loads, t. e., yield insensibly, e.y., Hard Stone, 
and Hard Brick. 

No soffd bodies in nature are perfectly pliable: most liquids approximate 
to perfect lateral pliability, and most yases when not near their point of 
liquefaction approximate to perfect pliability. 

87. Elasticity is the property of recovery of figure when the stress 
(causing the strain or alteration of figure) ceases. 

Bet is the permanent residual strain, or alteration of figure, after the 
cessation of the stress or straming force. 

Elasticity is said to be perfect or imperfect ” according as the re- 
eoi^iry of after the cessation of the stress is complete or iaoomplete, 
t. s^, aooordh^ as there is no Set or Set. 

No soBd body has quite “perfect” Elasticity, i. e., a slight Bm |l pro- 
du(N»d by % s^Hon of any Load Jiosrever small. 
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[This has been ascertained by the exp^iments of Mr. Hodgkinson and Prot W. 
Thomson ; it may also be inferred from the principle of ** Conservation of Energy,” 
(Art. 25,) from which it appears that, in consequence of some of the ** Work ” done 
by a Load in straining any material being converted into Heat^ which is lost by radia- 
tion and conduction nnder all ordinary circumstances, a portion of the energy oommimi- 
eated to the material is in genei^al ** dissipated,” so^that on the removal of the Load 
the remaining <i. e., Potential) Energy of the material is not quite sufficient to com- 
pletely restore its fignre]. 

Nevertheless the Elasticity of many solid bodies (including Building 
Materials) is approximately perfect within the limits of the Proof Stress^ 
and is sensibly perfect *’ practically within the limita of any StrcBB (not 
exceeding the proof stress) which has been previmisly applied and produced 
He set. This result (of experiment) is very iniportaut in Engineering, 
and should receive the careful attention of the Student. 

88. Limit of Slaatioityf— The limit of Strain or Stress within 
which elasticity is sensibly perfect** is called the Elastic Limit or Limit 
of Elasticity.^’ Tins limit is important because experience shows that the 
Bcsistance of materials to stress or strain exceeding that limit is irregular 
and not easily calculable, and that their Strength is permamritly impaired 
bge such Siiiess or Strrin. 

89. Working Stress or Strain. — It is, tberef(«M^ an accepted dic- 
tum in Engineering that the Proof Stress and Strain should not exceed 
the elastic limit, and d fortiori the Working Stress and Strain must in- 
variably be confined within that limit.” 

80* Go-efi9cienta of Klaatleity. — It has been proved, by Green, 
that there are 21 independent co-efficients of elasticity of an elastic heter- 
ogeneous solid strained in any manner : in a perfectly homogeneous iso- 
tropic”) solid, these reduce to two, viz. 

(1) . Co-efficient of Direct Elasticity^ i* s., of Resistance to Direct 
Loi^itudinal Stress (viz., Extension and Compression), 

(2) . Ca -efficient of Tramcerse Elasticity ^ u €*f of Resistance to Tangent 

riel Stress (viz., Shearing or Distortion)* 

Building Materials, though not ^^isotroptc,” are praotiqallp sufficiently 
approximately homogeneons to admit of consideration of these two ocMeffi- 
cieots only : the fori^ is by ter the more important in Snginearisigt 
91. Hooka’s Law and Modideis ot Mpdutm 

(a A, Measure) of Ehastb^ of any khid is the ralne of the Ueasuie of 
Stitfness (Eq. (1}| Art of hin^ IH ehmfm ImM^ i, #*» 
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trhfin the Blasticity k semibly petfs^. K is iomd hy experiment that 
mthin this Imii this quantity is aemihly constant for Buildiog Materials : 
it is usually denoted by £!, Bence 

Modulus of Elasticity'* ss ** Stress^inteusity ^ Strain intensity’* 

= E (3). 

(MB.— E is a Comimt quantity each stress, e, y., stretching, crushing, trans* 

verse, shearing, a^c., for each Material). # 

Result (8) may be expressed in this form, “ Stress ot Strain ”, or “ Stress 
** is proportional to Strain” {within the elastic limit) : this was originally 
expressed ut tensio sic vis”, and is known as ** Hooke’s Law of Elas- 
ticity.” 

N,B — ^It is particularly to be observed that this law is approximately true for 
Building Materials, only within the * eUutio limit *, L c., it is true only as a hrst 
approximation/’ still it is very remarkable that it shonld be really a good approxima- 
tion for most Building Materials* for all kinds of load application, (t. c., Direct or 
Transverse) up to the limit of Strain or Stress by which their Strengtib is permanently 
injured (4rt 83). 

The simplicity of this law, viz., ” Stress a Strain ” has a most import- 
ant bearing on Applied Mechanics : indeed the modern treatment of Ap<* 
plied Mechanics, t. e., Engineering calculation (especially in the Higher 
Branches) depends entirely on this law. This must be carefully borne 
m mind by the Student. 

92. jfi^otation . — In this Manual the Modulus of Elasticity of a par- 
ticular kind will bB denoted by £ with a iubscript letter indicating the 
kind of stress, thus 

Ek Si: Modulus of direct tensile ebiBtioity. 

Eo =£ Modulus of direct compressive elasticity, 

Ed c!s Co-efficient of deflexional elasticity under Transverse Load. 

E, =s Modulus of Transverse (tangential, shearing) elasticity. 

jp ss Intensity of stress of a given kind (in pounds per square inch). 

I s Length of a piece of unstrained material (in inches). 

X Ct ILfOngituffinal straini t. a., contraction or elongation of I under the 
streM. 

y tz Meaeute of distiortum^ i Sheering Strain-intensity (Art. 18). 
m C/oten. Of angle of distorted prismt square when unstndned. 

e an Set produced by longitudinal stress of intensity p. 
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03. Tensik and Compressive Blasiicitp (Bt and Eo)«^Tetisioii Atid 
Oompreeaion beixig both ** direct ** in action, u e, (see Chapters II* and III*), 
producing strains parallel to the external applied forces (or loads), the 
algebraic expression of Hooke’s Law, E<i. (S), is tlie same for both, 

Thus X being the 2'otal strain or alteration of length it follows that 

Strain*intensity ** 5= X •r* Mn each case, \ 

t. s., #hether elongation or contraction, J 


H»»6„»E,.(S).StS=x5n 

a constant for the material ss ^^Modc^lus of Elasticttj/’ J 
Et, or Ee (as the case may be), 


•(5). 




t. e., according asp is a tensile or compressive stress, prmndsef it be within^ 
the elastic limit 

94. Equation (5) furnishes the following remarkable physical inter- 
pretation of the meaning of Et and Ee, viz*, 

Et or Ee = p, if X rs Z (6). 

I. e*, the Modulus of direct longitudinal elasticity (whether tensile or 
compressive), viz*, Etor Ec, is the stress-mtensity, i* s*, p, or the number 
of pounds per square inch (see Art. 18,) of area under direct stress, which 
will produce a total strain, (elongation or contraction,) Viz*, X equal in 
amount to the original length {1) of the material (under the imaginary 
hypothesis that the limit of elasticity is not exceeded)* 


Although a strain X ss 2, could not be produced in any 3ailding Material wi^oUt 
enoeeding the elastic limit (beyond which Hooke’s Law fails}, so that the physical 
interpretation of Et and Eci as given, is quite imaginary as applied to Building Ma^ 
terials, still the interpretation is useful, if only as furnishing a conception of a physi- 
cal meaning to these co-efficients. 


It will be seen that Et and Ec are quantities of the same order as p, 
L A, not ^iual weights but only intensities of weight (viz*, pounds pet 
square inch). 

95* Veduee of Et and Ee approximately eqaal in Euil^ng Haterieb* 
It is a remarkable thing, and attended With important conae<pmces m 
Engineering, that most Building Materials are so nearly ** iectroplc,*' 
(Art* 90) for Stresses fXe dasUe limits t^t the tables of X| tie*, the 

elongation or contrsetion in i nndejr stretching or crtlUb^ nHxm ^ the 
spme intensity p are nearly equid, so that riie Talnes of Bi» and Ee are for 
most Building Materlsis s||[»proabss^ eqasl* this point 
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careful attention, as it will be found (in subsequent Chapters) that the Ma- 
thematical treatment of Transverse Strain** and B^exion,** depends 
entirely on the assumption that Et = £«. 

96* rmasveris Elasticity (Ei) 4 — The Modulus E* of Transverse 
(Shearing) Elasticity is not of much practical use, still its consideration 
is necessary to complete thc' subject, and to illustrate Hooke's Law. 

Consider the stote of a square prism of the material with Shearing (Tangential) 

* Stresses applied la its four facea 

As by definition (Art 18 and 92), 

p sa Shearing Stress^inteusity (in pounds per sq* In.) over the faces of the prism. 

r ss Measure of ilis/ortien, i e. Shearing Strain-intensify. 

Then by Eq. (3), provided the Strain or Stress be confined within the elastic limit, 

Stress-in tensity p ^ ^ . . t 

* — ss s a constant for the matenid, ............. 

Stram-intensity v ’ 

^ s= « Modnlns of Transverse Elasticity =s E., 

It is a remarkable fact that the measure (v) of the distortion of the prism is equal 
to the svm of the intensities of strain prodneed in the diagonals of the prism, thus : — 

If ^ s Length of diagonal of an unstrained sqnare prism. 

S =3 Total strain (elongation as contraction ss Be) of its diagonals. 

Then ea: (8t Be) -r 4, ....m .*..(8). 



97. BefermtncEftbn of the values of Et and JS«**-*There arc two me* 
thods of doing this-*-- 

(1) . The dii*ect ** method, i.e., by experiments on direct tension and 
compression. 

(2) . The “indirect** method, i.e., by experiments on deflexion tinder 
Transverse Load. 

(1). The “ direct *’ meffed.~This is theoretically by far the best me- 
thod, as no hypotheses are necessary, and the values of Et and Ec are at 

once deduced from the fundamental equation (5), viz., Et or Ee := /> . ^ by 


direct measurement of X (the ejongation or contraction in 1) under the ao^ 
tion of Direct Stretching or Orushing Load of known intensity the Load 
being of course confined within the elas^ia limitf Which is known by the 
vabieofp temalning sensibly constant. 

In tike ekpjsriments on contractiem, care must be taken that ibe “ |*il- 
lats*^ exp^mented on are of sOch length as to be of the Glass styled 

Short h the Ohapter on Oompression (Art 57), as the only 

' ones in iflStk “ direct ** crushing takes place. Abo, In the experi-* 
montnonhothdirtenslo care must be taken ihrt the Load 
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h distribttted over the aren of the croeA section, eo that the ta* 

tensity of the Load may be ft once dedaoible ae p =s^W A {Load in 
pounds -r area of crosi^-seciion in inches), and that its action may be aAn- 
piy Direct Stretching or Direct Crushing (without ^e complication of 
nny bending action (see Chapters II* and IIL) 

Also it is advisable that tlie material estperimentctl <m should be of uni- 
form or gradually changing cross-section throughout its length, to avoid 
complication of unequal lateral strains* 

3r.B«-*Similar precautions are necessary in determining by experiment the moduli 
ft and fc of tenacity and crushing* 

A practical objection to the ** direct** method is that the Load (W) 
required to produce any sensible strain X is uery great indeed, and that 
within the elastic limit that quantity is in most Building Materials so 
small as to require great care in its measurement. The great Loads 
required are difficult of application especially in experiments on Contrac- 
tion in which, for reasons explained in Chapter HI. ( Art. 51) it is difficult 
to aroid the complication of a Bending action* 

For these reasons the direct*’ method is both iuoonVeniCntand expen- 
sive. 

(2). The indkeet mclXod— It will be shown (in the Chapter on Deflec- 
tion) that the maximum deflection £ in a Solid straight horizoMal Beam 
of uniform rectangular section freely supported on two supports at the 
same level, and loaded with a weight (W) evenly leprtad across the beam 

at iht middle of its lengtli (1) is S — 

WP 

Hence Ht » "fiiifis Notation^ tee Arts. 92 and 11) (9), 

eo tliat Et can be determined by experiments on Deflexion of Beams by 
Weasnring tlie maximum deflexion S produced by a known Load ( W) in a 
girM «ucA Of ahvt) care being taken that th« dtress never eeieeeili 
the elastic Hmit. (Fot the disoussion of the stresses ill this Class of Bbcp*« 
ment, see the Chapter on Transreise Strain). 

The t^eoiretioal objection tojthis method is that the of 
(9) depends on the tuemption (see the Chapter nn TranllNMe ^train) 
that Et SB Ed. The praotM luiv'entageB of this m^od eeo oOO'* 
mderable. The experiment is eae,>«nd menpmtdiTni thn 

weightB required to praduoo so ntenMsrnble defloxkm are oonytnm* 
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tirely Bmall. For these reasons many of the experiments for determina- 
tion of Et have been confined to this methodi 

98. HodgkinsorCs Formul<s,^TAr, Hodgkinson has given formulas 
for the amount of elongation Xt, and contraction Xc in the length f, and 
also for the amount of tensile set tr% and compressile set e-c in the same 
length I in both Cast-iron, and Wrought-iron, prmousty unstrained^ de- 
duced from his own extensive experiments^* 

(1). Cast-iron — 


Xt = Z j -00239628 - ^ 00000o74215-‘000000000343946 p | 

Xc =5 Z I *012368369 - v'*000l52853 — *00000000191212 

<rt = -0193 X + *64 X* 

<rc s= -643 X* + *0013 


km 


Mr. Hodgkinson records his opinion that ^yhen the compressive stress- 
intensity p > 14 tons per square inch, the contraction Xc is irregular, and 
that when p < 2 tons per square inch, the contractions are insensible, so 
that experiments for determining Be in Cast-iron should be within these 
limits. These formulas are remaikable, as being quite different inform 
from Equation (5) whence X s ^ . f, and tlirowing therefore a doubt on the 
practical applicability of Hookers Lawf to Cast-iron. A considerable differ* 
ence is also observable in the values of Xt and Xc for the same stress-inten- 
sity p, making it doubtful whetlier in Cast-iron 'Et, Eo are sufficiently 
nearly equal to permit disregarding the difference. 

These results do not appear to have received sufficient attention in the 
profession, as Cast- iron structures are still designed as if Hookers Law 
and the result Et » £c were strictly applicable. 

(2). ^Wrought-iron^ 


® I Xt =s *000096 l.p very approxly. whenp < 10 tons per sq. inch ^ 
Hc^gUUson’S 1 Xt =: *00008 /. pveiy approxly. whenp< 12 tonsper sq. inch pH), 
resnlts,* ( Xc ss *0001 Lp very approxly. when p < 12"tons per sq inch J 


‘When p > 12 tons or 12 x 2240 lbs. per square inch, rapid and irre- 
gular stretching takes place under tension, and irregular bulging under 
pressure^ 4 


* ** Esieort o| UonUnMoiiers on the appUoation of Iron to Railway Stractnres, 1849, ** paces 64, 
109 , 193 , 09 , 60 ^ 108 ., 


t Compare Art. 91. 

\ Barlow's ** Btrangth of Materials,*’ Bd. 1846, p. 616, 


M 
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These results agree with Hooke’s Law of Elasticity, and with Equation 
(5) \ and it is also seen thatXt = Xc nearly ^ and therefore Et = Eo 

nearly^ so that there appears to be no objection to employing these two 
important equations to Wronght-iron structures, 

99. Co-efficient of deflexional elasticity.—It was shown on 
theoretical grounds by Peter Barlow* that, in a Solid straight horizontal 
Beam of uniform rectangular section freely supported on two supports at 
the same level, and loaded with a weight (W) evenly spread across 
the beam at the middle of its length Z, the following quantity, is 
a constant quantity for any one material provided certain limits of Load 
(corresponding to the elastic limit) be not exceeded. This quantity he terms 
“ the Elasticity,” and proposes to use it as a measure of the Elasticity 
under Deflexion : he denotes it by E : in this Manual it will be denoted by 
Ed, the subscript d being intended to indicate that it is derived from ex- 
periments on Deflexion. 

It is particularly to be noticed that this quantity Ed does not fulfil the 
definition of the term “ Modulus of Elasticity ” ^given by Rankine) as used 
in this Manual, see equation (3); it is defined solely by the fundamental 
equation, 

r= Ed, a constant within certain limits of Load (12). 

It is, however, certainly a ** measure ” of Elasticity under Deflexion, and 
has therefore been styled (Art. 92) in this Manual the “Co-efficient” 
of “ Deflexional Elasticity.” 

Barlow’s investigation of the fundamental Equation (12) involves only 
the assumption of Hooke’s Law of Elasticity ; its truth was also estab- 
lished by himself hy experiment on Deflexion of Beams such as^above. 
It might be supposed therefore that Equations (5) and (12), viz., p,^ s=: 

W/® 

constant, and = constant, although both are algebraic expressions 
of the same physical law, viz., Hooke’s Law of Elasticity, yet being alge- 
braic expressions of this Law under very different applications, viz., Eq. 
(5) under Direct Sti*ess, Eq. (12) under Transverse (Bending) Load, there 
would be no necessary physical connection between them, much less any 
simple numerical relation between Et or Er the constants derived from 
Equation (5), and Ed the constant derived from Equation (12), 


Bfu'Jow’fl Strength of MaterlalA/' Ed. I64S. 
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On making, however, the additional assumption that Et = £o (not rc- 

w/® 

quired in Barlow’s investigation), equation (9), q. v., viz., Et = is 

deduced. Comparing with equation (12) it follows that 

Ed = 4 Et (13) 

so timt Ed is now seen to be a co-efi&cient not expressing any different 
physical relations to Et or Ec (on the assumption that Et = Ec), and 
differing from it hy only a numerical co-efficient, 

100. Various tabulated Modiff cations of Ed. — Since the qnan- 
Wf 

tity has been shown to be constant, Eq. (12), within the elastic limit 

for any one material under certain conditions, it follows that h x is 

a constant quantity under the same conditions if k is simply a numerical 
co-efficient. 

Unfortunately experimentalists and compilers of tables have chosen 
diffierent numerical co-efficients k in calculating tho co-efficient of their 
tables, so that the quantity tabulated as tho co-efficient of Deflexion 
Elasticity ” Q, e., Ed) differs in different tables according to the value 
chosen by the tabulator for L In using any Tables of Ed, great care is 
requisite to ascertain the exact formula from which the Ej was calculated, 
t. e., to determine tho value of k. 

The principal tabulated modifications of E^ are given below, together 
with their relation to the Ed employed in this Manual, styled *‘the Roor- 
kee Ed,” and also to Et, and a list of some of the w'orks, including In- 
dian ones, in which they occur. As it is very undesirable to increase 
the number of these modifications (each modification being simply a 
source of embarassment to the Engineer), and as tho “ Roorkee Ed” is al- 
ready largely enijdoyed in India, it is strongly recommended to future 
tabulators of experiments on Indian materials to use only the “ Roorkee ” 
Ed, (even though they may be of opinion that it is not the best form of co- 
efficient,) as uniformity of tables saves much work of computation. 
Various tabulated modifications of Ed. 

(1). E. = = 1728 X Roorkee Ed = 4 E, (12) and (13). 

** Essay on Strength and Stress of Timber, ” by P. Barlow, 3rd Edition, 1826. 

** Treatise on Strength of Timber, &c.,” by P. Barlow, New Edition, 1845, Art. 61. 
“ Gleanings of Science, ” Vol. 1., May and August, (Experiments by Capt. H. C. 
Baker), Calcutta 1829. 
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“ Scantlings of Timber for Roofs,” by P. Ko^y, Tables I. to IV., Roorkee, 1865. 

“ Scantlings of Timbers for Roofs,” by Ensign P. Keay. Tables I. to IV., 2nd Edi- 
tioD, Roorkee, 1872. 

(2) . Ed = = 54 X Roorkee Ed = ^ E,, (14). 

Treatise on Strength of Timber, &c.,” by P. Barlow, New Edition, 1845, in the 
formulse (Art. 108), and Tables (Art. 104). 

(3) . Ed = ■ ^ = 108 X Roorkee Ed = i Et, (15). 

“ Treatise on Strength of Timber, &c.,” by P. Barlow, New Edition, 1867. 

“Professional Papers on Indian Engineering,” Vol. VL, Paper No. CCXIV. (Ex- 
periments on Dharwar Timbers, by J. TI. E. Hart, Esq.), Roorkee, 1869. 

(4) . Ed = “ the Roorkee Ed” = . E., (IG). 

“ Description and Strength of Indian and Barman Timbers,” by Conductor T. W. 
Skinner, Madras, 1862. 

“ Professional Papers on Indian Engineering, ” Vol. I., Paper No. XXVII. (Scant- 
ling of Timbers, Mysore, by Major II. H. Sankey, R.E.), Roorkee, 1863. 

Thomason C. E. College Manual No II„ “ Strength of Materials,” 5th Ed., Roorkee, 
1869* 

“ Roorkee Treatise on Civil Engineering in India,” by Major J. G. Medley, R.E., 
2nd Ed., Roorkee, 1 869. 

“ Scantlings of Timber for Roofs,” by Ensign P. Keay, 2nd ikt., Roorkee, 1872. 

“Professional Papers on Indian Engineering, ” 2nd Series, Vol I., Paper XL., 
(Indian Timber Trees, by Major A. M. Lang, R.E.), 1872. 

101. Comparison of the use of Et or Ec and Ea.^In modern 
Works on Applied Mechanics, the only Modulus used in investigations is 
Et, (it is assumed that Et = Ec). 

The only co-efficient recorded and actually available in the case of 
many woods (and especiaHy for Indian Woods) is Ed. It follows that 
Et is most useful in analytic investigation, and that Ed is sometimes 
the most useful for practical calculations. 

102. Resilience or Spring {see Art. 27) of material under 
“ direct ” Load, (i. e., under tension or compression) is measured by the 

Work done” in producing n given ‘‘direct” Strain (extension or con- 
traction). 

Thus whether uuder direct tension or direct compression, (provided that 
the material if under compression be p, “ Short Pillar,” Art, 57), within 
the elastic limiU 

Let stress-intensity uniformly distributed over area A. 
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W = Load increasing gradually from zero up to the full amount W, 
and producing the Strain \ in a bar of length L 

Then W = . A, sec Eq. (2) of Art. 31, and Eq. (2) of Art. 57. 

And X rr ( j • z) -f- E, ste Eq. (5) of Art. 93. 

But the Load W, increasing from zero up to W gradually, and moving 
through the space X (equal to the Strain produced) performs “Work’* 

W 

z= — . X on the bar, which is the same {see Art. 26) as would be per- 
formed by the suc^denly applied load W -f- 2. 

This important Result may be thus expressed. 

Theorem, — “ An uniformly distributed * direct’ {i. e., tensile or crush- 
ing) Load suddenly applied^ performs at first twice the ‘Work’ and also 
produces at first twice the Strain, and twice the Stress that it would have 
if gradually applied.” 

Corollary, bar which is to resist a suddenly applied direct Load, 
must be designed of twice the Strength necessary to resist the same Load 
gradually applied. 

From the equations above cited, it is seen that the 
“ Work done ” viz,, ^ \ =r J A x ({• Z) -f- E = (17). 

From this it appears that the “ Work done ” is proportional to AZ, 
which is equal to the volume of the bar, if of uniform section. 

103. Modulus of Resilience. — The quantity which occurs in 
cases of suddenly applied Loads, is called* the “ Modulus of Resilience.” 

Observe that to reduce the Modulus of Resilience, viz., ^ within the 

elastic limit, it must be divided by (the square of the factor of safety). 
The necessity of confining the strain or stress within the elastic limit will 
be obvious, as Eq. (5) of Art. 93, q, v., which has been here employed, 
is only true within that limit 

104. Factor of safety for Live Load. — The action of a Live Load 
if rapidly changing is somewhat similar to that of a suddenly applied 
Load. It is for this reason that the Factor of safety of a rapidly chang- 

• Its yalue for several sorts of Iron under Tensile Strain, i, s., the value Et ts given in the 
Appendix, For other materials It may be easily calculated from the values otj^^ and Bj In the Ap- 
pendix. 



80 


stiffness, elasticity, set. 


ing Load is generally made double that of a Steady Load, for material 
under direct Tension or Compression, (compare Arts. 7 and 26), 

105- Pile-driving. — Problems about Pile-driving must generally be 
resolved by the principle of the “ Conservation of Energy,” (Art. 25.) 

Example , — A ram of weight W" pounds falling through H feet verti- 
cally performs “Work” = W'H foot-pounds on the pile; which is 
expended partly in compressing it, partly in driving it — also partly in 
compressing tlie ram, and giving “actual energy of motion” to the pile — but 
these last two are practically inappreciable. The relation* between the 
blow required to drive a given depth, and the greatest Load W'it will bear 
(if supported by an uniformly distributed friction on its sides, as is approx- 
imately the case in soft soil in jiractice) may be thus found 
If W" = Weight of ram (in pounds). 

II = Height of its fall (i i inches). 
h zz Depth the pile is driven by the last blow (in inches). 

W' =: Greatest Dead Load (in pounds) it will bear without sink- 
ing further. 

A = Sectional area (in square inches) c f pile. 

I = Length of pile. X its contraction (both in inches). 

Then the Dead Load W' applied just before the last blow produces a 

W' 

Stress-intensity = — (Art. 20, Case I ), which produces contraction of 
the pile, viz. — 

X = ^ ^ . (see Equation (5), Art. 93). 

As this Dead Load W' would compress the pile gradually^ it performs 

W' W'* • I 

“ Work” in compressing (Art. 102), = . X = : also it performs 

Work In driving (the additional depth h) r= W7i. Equating these to the 
Energy of the blow (see Art. 22), 

WH = Wh + (18). 

When h has been found by observation, W' may be calculated, for 




•For ft complete iiivestigatloji of this pi-oWem, WhcweirB “ Meebanioa of Engineering,’* 
Art. m. 
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Piles are usually driven until — computed from Ihis formula amounts 

to between 2000 and 5000 pounds per square inch. Note tliat W' as thus 
found is the greatest load the Pile can bear ivithout sinking further : hence 
if s* be the factor of safetg against sinking {s* varies according to different 
authorities from 3 to 10), then 

Working load = W' -f- s' (20). 

106. Pile driving^ Practical Pule. — According to some* of the best 
authorities, the test of a ])ile having been sujjiciently driven is — 

“ It should not sink more than J-inch under thirty blows of an 800 
&. ram falling 5 feet,” i. c., under thirty blows of ‘‘Energy” equal to 
4000 foot-pounds each. 

107. Strength of Piles. — This has been already considered in Chap- 
ter III., Art. 78. 


* lUnklne'i ** Manuiil of OIvll EDgineering/' Art. 402, 6tb Ed., 1870. 



CHAPTER V. 

STRESSEH ik ROOF TRUSSES. 

108. Def. Truss. — A Thiss is an open Franiowork used for span^ 
fling and caiTging a heavy covering across an openmg, e. g., the Framo- 
'work carrying a Roof-covering is<f ailed a “ Roof-Truss ” ; that carrying 
a Bridge-flooring is called a “ Bridgc-Trnss A general description of 
the parts of a Roof-Truss is given in Chap. XIII. of the Roorkee Trea- 
tise on Civil Engineering in India, Vol. I., 3rd Ed. The present Chapter 
treats onig of Direct Sj^-esses in Roof-Trusses ; these in consequence of 
not being generally liable to a Travelling Load, admit of treatment in some 
respects simpler than Bridge Trusses. 

109. Load in plane of Truss alone epnpidered.— Whatever be 
the nature of the Forces in action on a Truss, tlicy can clearly be re- 
solved into two sets of Forces, (1) in the plane of the Truss, and (2) per- 
pendicular to that plane. The latter set tend to twist the Truss over, 
but the Ridge pole, Purlins, Wall-plates, and (in some cases) Longitudi- 
nal Ties stiffen a Roof so much longitudinally^ that a Roof-Truss is in 
practice almost always well able to resist this twisting action (compare 
Arts. 9 and 16), so that the consideration of the set of Forces (i, e., Load) 
in the plane of the Truss is alone necessary. 

110. Def. Bar and Joint. — Each piece or member of a Roof- 
Truss will for brevity be styled a Bak, and the point of intersection of 
two or more such pieces will be styled a Joint. 

Each Bar of a Roof-truss may be subjected to two distinct kinds of 
strain (in the plane of the Truss), viz., (1), Direct; (2), Transverse ; 
due to the Forces in the plane of the Truss. 

(1). The Direct Strain is accompanied by Direct Longitudinal Stress 
in each bar, equal (by the principles of equilibrium) to the algebraic sum 
of the resolved parts parallel to that bar of all the external applied forces 
or Load on it, which may consist partly of external Load on the bar, and 
partly of external Stresses transmitted to it from all bars jointed to it. 
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This Direct Longitudinal Stress is of course of one of the kinds treated 
of in Chapters 1. and 11., i, e., either Tensile or Crushing, and when its 
amount has been found by the principles about to be explained (in this 
Chapter), the scantlings necessary to resist it arc to be calculated from the 
principles and rules in Chapters I. and II. 

All the Bars of a Roof are subject to this kind of Strain. 

(2). The algebraic sum of the resolved parts perpendicular to each bar 
of all the external applied forces, (/. e., of the Load on it,) produces 
Transverse Strain, and therefore Flexure or Bending in the bar. 

Bars which are loaded only at the joints (<?. g,, internal bracing) can 
hardly be said to be subject to this kind of strain at all, and in the cal- 
culations required in Engineering, flexure from Transverse Strain is not 
considered in bars so loaded. 

— This remark is important, as the consideration oi simultaneous Direct and 
Transverse Strains on the same bar is complex. 

Rafters which are loaded at other points besides the points at which 
Struts are headed, suffer Transverse Strain from the Load between the 
heads of the Struts ; and Tie-rods which carry ceilings, punkahs, &c., 
applied at points other than the ends of king-rods, cpicen-rods, or similar 
braces also suffer Transverse Strain from the Load between the ends of 
the supporting ties. 

This Transverse Strain is often of considerable amount ; its considera- 
tion cannot then with any propriety be omitted in designing such rafters 
and tie-rods as suffer any considerable amount of it, and it is particularly 
to be noticed that these bars are in this case subject to simultaneous 
Direct and Transverse Strain, and must he designed so as resist both* 
simultaneously. 

In many Roof Trusses and Frameworks, however, the Load is applied 
to the rafters by Purlins resting over the heads of the Struts, and at no 
other points, and to the Tie-rods only at the points of suspension from 
the King-rods, Queen-rods or similar supporting ties. In Trusses so load- 
ed, the only Stresses which require consideration are Direct Longitudinal 
Stresses of Class (1), and the designing of such Trusses is of course 
proportionately simple. 

* In the ordinary text-boo’ja this consideration, probably on account of the inoroa,sed difficulty 
ol the problem, is usually omitted ; in the foimcr editions of both the Roorkee “Treatise on Civil 
Engineering in India,” and of the Thomason C. E. College Manual, No. XI. on “ Carpentry,” the in- 
BtructiouB were to design rafters to resist either the Direct or the Transverse Strain. 

N 
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111. Struts, — It will be understood after reading the Chapters on 
Transverse Strain that the Strength of the Principal Kafters when trans- 
versely loaded by the application of the load through the Purlins decreases 
as the clear length between sup})orts (which arc in this case the Walls, 
Strut-heads, and Rafter-heads) increases. 

It is for this reason that Struts and internal Braces arc introduced 
under Principal Rafters of great length, (viz., to stiffen the rafters,) and 
the more as tlie rafters are longer {see the figures of Roof- trusses from 
Fig, 16 to Fig, 25). 

112. The process of determining the Stresses in Trusses consists 
therefore of two parts : — 

(1) . Investigation of the Direct Longitudinal Stresses. 

(2) . Investigation of the Stresses (in such Trusses in which they 

occur) due to flexure from Transverse Strain. 

(1) . The investigation of the Direct Longitudinal Stresses will occupy 
the remainder of this Chapter : it is particularly to be noticed that (as 
explained above) these Stresses are the most ieiportant in Trusses inas- 
much as they occur in every bar, and in certain Trusses (viz., such as are 
loaded only at the joints) they are the only Stresses riiich need be consi- 
dered. 

(2) . The investigation of the Stresses due to Transverse Strain (which 
has been explained to require special consideration only in the case of the 
Rafter and Tie-rods, and for these only when these arc loaded at other 
points besides the joints or points of intersection of bars) will be deferred 
to the Chapter on Transverse Strain. 

Investigation of Direct Stresses. 

113. The manner in which stress is transmitted internally from one 
bar of a framework to another through their joint is a problem which in 
the present state of science cannot be resolved. The following imperfect 
hypothesis is by almost* universal acceptation of the profession, laid down 
as a preliminary to the investigation of the direct stresses, and must bo 
carefully borne in mind throughout the investigations of this Chapter^ viz. : — 
Hypothesis, The bars of a framework are to be considered as perfect- 
“ ly rigid between their joints, and the joints are to be considered as per- 
*^fecily free^\ 

This hypothesis reduces the investigation of the direct stresses to a 

* See note on page 144 as to another hypothesis rn this point. 
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simple problem of equilibrium (i. e., Statics) of rigid bodies. Observe 
that this h 3 ^pothesis is made merely to simplify investigation of an other- 
wise (at present) impossible Problem : the hypothesis is admissible because 
the error consequent is over-estimation of the Direct Stresses, so that 
Trusses designed from this hypothesis arc unnecessarily strong, as there 
is of course some rigidity in the joints which is an additional element of 
strength. 

114. Open Polygons. — Under this hypothesis, it will bo found 
(see Ex. 10) that the only Framework suited to withstand loads applied in 
manner is that which contains no open (/. e., unbraced) polygons, or 
which consists therefore entirely of triangles, the triangle being in fact 
the only figure which cannot bo altered in shape without altering the lengths 
of its sides. 

Frameworks which contain open (unbraced) polygons, can be in equi- 
librium (under this hypothesis) only under particular distributions of 
load, e. g.y the symmetrical Queen-post truss, (sec Ex. 2 of Method i, and 
Ex, 10 of Method ii,) is shown to be in equilibrium under the symmetrical 
vertical load, but requires (see Ex. 10) additional internal bracing to resist 
unsymmetrical load. Nevertheless as the joints must possess some rigi- 
dity, it is not uncommon to sec open quadrilaterals in Trusses, the rigidi- 
ty of the joints being relied on to withstand the particular stress due to 
unsymmetrical Load, which the hypothesis of “ free joints ” would require 
to be borne by internal bracing. 

This practice is particularly common in Queen-post Timber Frames, in 
which the joints, if well made, really are very stiff: but it cannot be re- 
commended in ironwork, unless attention be paid to stiffening the joints. 

115- Direct Stresses. — The investigation of the Direct Stresses 

may be divided into two steps : — 

Step I. Determination of the Equivalent Load at the joints, (see 
Arts. 116 to 122.) 

Step II, Resolution of the Loads at the joints, (see Arts. 123 to 126.) 

116. Step I. Equivalent Loads at the Joints. — The Loads usually 
consist of two kinds : — 

(1) . Permanent Load, which includes both the weight of the Roof- 
covering and of the Roof-framing or Bars of the Truss. 

(2) . Accidental Load, viz., that due to Wind, Rain, Snow, Work- 
men, &c. 
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116. 0). Estimation of Permanent Load , — The following Table 

shows the approximate weight (in pounds per square foot of roofing) of 
roof-covering and framing in common use in England and India. 


Material. 

Flattest 

slope 

in degrees. 

Weight in pounds per square 
foot of root. 

Sheet copper, about *22 inches thick. 

4 

1. 

Sheet lead, 

4 

G to 8. 

Sheet zinc, 

4 

1 to If. 

Sheet-iron, inch thick, ^ 

4 

3. 

Sheet-iron IG W. G. and laths, 

4 

5. 

Cast-iron plates, |-inch thick. 

4 ^ 

15. 

Corrugated iron, 

4 

3 to 4. 

Corrugated iron and laths, 

4 


Boarding, -J-inch, 

2‘>i- 

2J. 

Boarding (other thicknesses). 

22.^ 

In proportion. 

Boarding and sheet-iron, 20 W. G., 

4 

G,l. 

Slating, 

to 30 ' 

5 to Ilf. 

Slates and iron laths, 

. . 

10. 

Pantiles, 

22, i to 30 

10 

Plain tiles, 

22^ to 30 

20. 

Thatch (English), 

35 to 45 

Gi. 

Goodw'yn’s Tiled roof, 

28 

41. 

4* Terrace on t^vo IJ' tiles. 

Flat. 

100. 

4' Terrace on 4' brick arches of 3’ span, . . 

Flat. 

115. 

Wood framing for tiled and slated roofs,. . 


5.i to GJ. 

Iron framing for do., 


3 to 10. 


The above Table can only be used as an approximate guide. 

Eor large and important roofs, the only satisfactory of estimation of the per- 
manent Load is by direct experiment, viz., any ccmvenient area, say 100 square feet of 
the Itonf-coverinfj, is to be made up on the ground in the same manner as intended for 
actual use. and then pulled to pieces and weighed. 

To this may be added the w eight of roof-framing as in any previously constructed 
Tooi of simAlar type; these together constitute the “ Permanent Load.’* After cal- 
culating the scantlings of framework required for this load according to the principles 
to be explained subsquently in this Chapter, the weight of framework so designed must 
be calculated, and if not very different from that previously assumed, the design will 
be sufficiently strong, but if otherwise, must be designed anew with the new data. 

This process is of course very tedious, and should only be necessary for large and 
important works. 

116, (2). Estimation of Accidental Load . — The Accidental Load 
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consists of the weight of (i) absorbed rain-water; of (ii) (in cold climates 
only) accumulated snow, of (iii) workmen executing repairs ; and of (iv) 
wind -pressure. 

The character and intensity of these several loads is very different : the 
maximum intensity that can ever occur should be estimated in designing : 
these are usually estimated as follows : — 


Description. 


Intensity in pounds per 
square foot. 


Character. 


i. Rain-absorption, 

ii. Snow (in cold climate 


t 


5 lbs. per square foot of roof, 

5 to 20 lbs. per square foot 
of roof, 


iii. Workmen for repairs, 


See below, 


Uniformly distributed ver- 
tical load. 

Uniformly distributed ver- 
tical load. 

Vertical, irregular. 


iv. Wind-pressure, 


40 lbs. per square foot of 
a vertical surface (great- 
est knotvii intensity in 
India), 


Uniformly distributed as a 
pressure norvinl to the 
roofing, and pressing on 
only one side at a time. 


The essential difference in character of these Accidental Loads should 
be carefully noticed. 

(i) and (ii). The load due to rain-absorption and snow being a uni- 
formly distributed vertical load over the tvhole roof is conveniently added 
to the permanent uniformly distributed vertical load due to the weight of 
the roofing material, thus forming a Total uniform vertical load inten- 
sity, ” over the whole Truss, the Total or Resultant Stresses due to which 
may thus he conveniently found in one operation. 

(iii) . The load due to workmen executing repairs is vertical in direc- 
tion, but not uniformly distributed^ inasmuch as the workmen might be 
accumulated entirely on one side of any particular Truss. 

As, however, Roofs are usually designed to withstand winds of the most 
violent kind that can occur in the locality, during the greatest violence 
of which repairs would not be executed, it is considered as a practical ruUj 
that it is unnecessary to consider separately the effect of the load due to 
workmen executing repairs, in fact that a Roof-truss designed to with- 
stand very high wind is necessarily strong enough to bear the weight of 
workmen applied, when the wind is much less violent. 

(iv) . It used to be considered sufficient to estimate Wind-pressure as a 

uniformly distributed vertical pressure”: this practice was in universal 

acceptance under the influence of T. Tredgold, the great authority on Car- 





88 


STRESSES IN ROOF TRUSSES. 


pentry and Iron-work : this practice is, however, obviously most unsatis- 
factory for the following reasons : — 

(a). Wind is usually observed to blow horizontally ^ and can hardly be 
conceived as blowing vertically downwards. 

(W- Wind being simply current air follows the laws of fluids in motion, 
i, e., of hydrodynamics ; its pressure (as ascertained by experi- 
ment) on any given surface does not admit of being resolved in 
any chosen direction (vertically for instance) according to the 
simple laws of Statics of Eigid Bodies. 

(c). Its pressure moteover (being a fluid) is nomal to a surface pressed, 
and not vertical as under Tredgold’s supposition. 
id). Wind can hardly bo conceived as pressinjw?Ai both sides of a roof 
at the same time. 

Now all the four absurdities (a), (b), (c), (d), just noticed are involved 
in the application of Tredgold’s method: the only possible advantage 
obtained by Tredgold’s mode of estimation of Wind-pressure as a ‘‘ uni- 
formly distributed vertical pressure is that the whole of the Loads over 
the Hoof, both Permanent and Accidental are thus assumed to be of one 
character, viz., ‘liniform vertical pressures,” so that their intensities 
may therefore be added thereby yielding in one sum the Total Load-in- 
tensity over the whole Roof, so that the Total or Resultant Stresses may 
thus be found by one operation. 

This certainly simplifies calculation, but the practicec annot be thereby 
defended if incorrect in fact. It might be supposed with reference to {d) 
that a Truss designed (as by Trcdgold’s method) to stand a Wind-pressure 
of the given maximum-intensity, on both sides at the samedime, errs on the 
side pf strength, i. e., of safety, but this is by no means the case, for it will 
appear below, that a Load applied on one side only of Roof has a totally 
difierent straining effect on certain bars to the same Load applied to both 
sides at once. 

This is sufficiently obvious from the following simple Example : — 

Horizontal pressures P applied to one side only as A'V 10, 

of the teiangular frame or truss A'VA' would produce y p 

Pressure in the bar A'V, and Tension in the bar A'V, P 

Equal opposite horizontal pressures applied over the bar ^ 

A'V only would produce Tension in the bar A"V, and 
Pressure in the bar AW equal in magnitude to the Pressure and Tenaicm respective- 
ly in the former case. 
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The whole system of pressures applied eimultaneovsly w’ould actually balance each 
other as far as the tars A'V, A' V are concerned, and leave these ^ bars unstrained,* 
whereas if the frame bo liable to either system of pressures separately, the bars A'V, 
A'V must be capable of sustaining hoth Tension and Pressure alternately. 

It appears (from observation) that the most violent winds that usually 
occur cxertf a horizontal pressure of 40 lbs. per square foot of a vertical 
surface j but in consequence of Wind being simply current air, its pressure 
on any surface is essentially normal to the surface, and reduced in the 
following ratio, derived from the experiments of Hutton — 

w' =: intensity of horizontal wind-pressure in lbs. per square foot of a 
vertical surface. 

= about 40 5ls. as a maximumf (in England, and as far as records 
exist in Indih also). 

tv'n = intensity of wind-pressure on any surface inclined at an angle = i 
to the wind’s direction, i. c., of slope f. 

= w . (sin i) O84coflt-i) 

Note that the pressure w' is a hydrodynamical pressure, whereas the 
pressure is equivalent to a simple statical pressure, and admits there- 
fore of being resolved in any direction by the rules of Statics (of rigid 
bodies), thus : — 

The horizontal component of w\ = cos (90® — t) = w . (sin i) \ 

The vertical component of w'n = ip'n sin (90® — i) = «? cot i . (sin i) 1 84 oob i’ . | (2). 

As the quantity iv'n and its horizontal and vertical components when 
required in calculation are difficult of reduction’ the following Table is 
subjoined for reference, taking w' = 40 pounds per sq. ft. 



1 Intensities in pounds per square foot. 


Slope i 
in degrees. 

NiSinal 

Components of Normal Pi-cssure. 

Remarks. 


Pressure, 

j Horizontal. | 

Vertical. 


5 

5 

4-9 i 

•4 


10 

9*7 

9*6 1 

1*7 


20 

18-1 

17 ! 

62 


30 

26-4 

22-8 

13'2 


40 

33-3 

255 

21-4 


60 

381 

24*6 

29-2 


60 


20 



70 

41 

14 

38-5 


80 


7 

39-8 


90 

40 

0 

40 



There being no Transverse Strain under the hypothesis of “ Rigidity ” Art. 113* 

. /Unwin’s “ Wrought-li'on Bridges and Roofs, " Art, 104, 

I tOfScial Reports of Supdt. of Dept, of Science in Oudb. 
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117. Vertical and Normal Load.— It follows. Jrom] the above 
(Art. 16), that the Load on a Roof- Truss naturally divides itself into two 
portions, viz., (1), Vertical Load; (2), Nonnal Load, 

The^‘ Vertical Load ” includes the Permanent Load (or Weights of Roof- 
covering and framing), and part of the Accidental Load, (viz., weight of rain- 
absorption, and of snow) ; thd “ Normal Load ” is solely due to Wind. 

It will be shown hereafter, (see Method ii.. Step II.,) that it is convenient 
to estimate the Stresses due to these two Loads separately, 

118. Load-distribution. — These Loads are distributed over the 
bars of the Truss as follows : — 

(1 j. By far the greater portion of the Load, viz., weight of Roof-cover- 
ing, Principal Rafters, Rain, vSnow, and Workmen, and also Wind-Pressure 
is from the nature of the case usually distributed over the Principal Rafters. 

(2) . A Lesser portion, viz., weight of tie-rod, ceiling, punkahs, lamps, 
&o., is usually distributed over the tie-rod. 

(3) , A comparatively unimportant portion, viz., that of the [weight 
of the bars themselves is distributed over each bar. It follows, there- 
fore, that the only Loads that in practice usually require consideration 
are distributed either over the Principals or over the Tie-rod. 

119. But in whatever manner the actual Loads may be distributed 
or applied, the preliminary hypothesis enables the ‘‘Equivalent Load 
at the Joints,” (^see Arts. 115, 116) to be found in the same manner as 
the pressures on the supports in the case of a rigid beam in elementary 
Statics; thus — 

Oeneval W be the Resultant of any or all the Loads ^usually vertical or 

normal from the nature of the casejbetween any two 
joints as A, and Aj^then A, A. ^ being considered (by the 
prcliminaiy hypothesis) a rigid bar resting freely on 
supports at A, and Ag, it follows for the pressure W„ 
W„ on the points A, and Aj (due to the Load W) 
from the principle of the Lever, if W cut A.A, = a, 
so 'that A,0 =: a?', Aj 0 =; a?'. 

Pressure on A, :Pres8ureon A* : W = AjO : A,0 : A, A,. 

/,Pressiu:eonA|(duetoW),orWi=:^^^ .W=2l W 

A, A, at ' 

Pressureon A 2 (due to W), or Wj = . W a= - . W 

AjAj a 

Similarly may the presanrea on A,, A, due to other loada between A„ A, be : 
the preaaorea ao found ate of eatax parallel to the retpeetive Load*, 
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If (as is usually tlie case) many or all tho Loads over A| A, be parallel^ they con- 
stitute a system of Parallel Forces, and the Pressures on A|, A, due to all such parallel 
Loads between A, A, may bo found by the principles of systems of Parallel Forces 
in Elementary Statics, i, e., by simply adding the partial Pressures due to each 
separate Load. 

Thus if Wi, iiJj, w, Wn be the Parallel Loads between A.Aj, 

a?/, a?/ i ar/ j jTa, a?/ a*„*, «•„' be the &i|gments into which they cut A, A,, 

W s= w, -f- Wa -f lag -f Wn = Resultant of the Loada 

X* the segments into which this Resultant cuts AfAg. 

Then Pressure on A. = - s= — , W. 

a a 

Pressure on A, s= ^ . W. 

a a 

This process gives the Pressures on A„ A, duo to Loads between A| Ag only : tho 
Pressure on A, due to Loads on all other bars resting on A, may be found in like 
manner, and that on Aj due to Loads on all other bars resting on Aj may be found 
in like manner. 

120, ApfiUcation to ordinary Roofs.^ln ordinary Roofs this pro- 
cess ia much simplified from two considerations — 

(1)* that (as previously explained) tho only Loads ordinarily requir- 
ing consideration are distributed over the Rafters and Tie-Rods; (2), that 
such Loads are commonly uniformly distributed (when not applied directly 
to the joints). 

From these two considerations it results in ordinary Roofs that the 
Pressure oir any joint may be simply expressed in either of the two 
following ways ; — 

Pressure on any joint = ^ X Uniform Load over the two contiguous 
bays + any Load directly borne on that joint (5). 

=; Uniform Load from centre to centre of the two contiguous bays 
-f any fioad directly borne on that joint (5). 

These two equations will be repeatedly used in the Sequel, so tHkt it 
seema unnecessary to exemplify them here. The Student is recommended 
to refer at once to Examples of their use in Step I, of tbft Investigafion 
of any of the Roofls following. 

General expressions for Symmetrical Roofs with Straight Rafters wiJI be 
found at end of Art# 128. 

121. Be-actloiia of Btipports.~The Resistances (or Re-actions ’") 
supplied by all the Supports of a Truss collectively, must of course by the 
principle of eqnilibriam be exactly egual to the Total Load (of all sorts) 
on the Roof. 
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Th^06parat€ Re-ftetiono are to be determined bj tlie principles a«id formuTse 
Ji) and (4) of the last articles, the Rc-actions of the siipj^orts being simply 
^4^1 and opposite to the pressures on tlie supports. General formulie 
for symmetrical Roofs are given in Art. 128. It may be remarked here 
that in a symmetrical roof, symmetrically loaded^ wo have of course, 

Re-action at A' or A* zs of Total Symmetrical Load (6), 

122. Check on Step L — The following equations mnst necessarily 
obtain, and form a good check on the correctness of distribution of the 
Itoad to the joints which should never be neghetedy viz., 

Sum of ** Rquiralont Lnad at joints, ” ) Xotal toad " . (7) 

also Sum of Re-actions of supports, ’ 

This check should be applied to each system of parallel forces, viz,, (to 
the Vertical and Normal Loads,) separately. 

123. Step II, — Resolution of tlee Loccds cet the joints — There are 
two convenient methods of doing this, both of which will be fully exem- 
plified, and both of which are adhpted to finding the Stresses either by 
gi‘aphic construction or by caletiletlon from trigonometrical forn*iulue. 

These may be termed the (1), Method by Resolution ; (ii), Polygonal 
Method. 

Ill the first the Load at each joint is resolved parallel to each bar meet* 
ing at that joint by the simple application of the fuiidamenital Theorem 
of the “ Parallelogram of Forces.” 

In the second the Stresses are found by constructing a ^ Pblygon ”* to 
represent the wliole of the Forces (both Loads and Stresses) at each joint 
in successiop, by the Theorem known as the ^ Po^ygon‘ of Forces.” 

124. These methods will be fully exemplified in Seetions I. and Ii. 
following, their respective conveniences may be thue summarized, 

Ut. Both are (ouder the preliminary hypothesis) •theoretically accurate. 

2ad. Both are adapted to finding the Stresses either graphically or by constmclion 

general fomotfiSB, but the sedond is essentially a p*apUc method, e., involves a 
geometric constrnetion (whieh need not, howevbr, be done to scale). 

firi. Both contain a theoretically perfect checg at the of the process on the 
accnracy of the 'steps of the investigation. 

The first is not nearly so convenient a method for graphic constmetibn ge 
the second, and the errors cl oonstructioh are coihnhitiva, 

hth. The Ktresses foui^ by the first method are the partial Stresses dne to the 
partial at each joint ; several such partial Stresses may require to be added to 
ind the Total ^ress on a po^tleuto ^ar (s. y., this is always the eAls idtb thelfiiw 
legments of Rafters, m ZktippUB 6f Method f% 





tl 


« . i4iid th« sfH!ond iBtthod ave tbe Total or RaiMiltaat Strebses on oach bar^ 
I. $,t the algebraic addition of the Partial Stresses is (necoswwily) performed: daiiag 
the process of the geometric consti action. 

The Resultant Stresses when expressed by formtitsi are of course the same by both 
methods : there is, hovrever, Ibbb chakos n/ sray BnuMhiB of a Partial Stress in tha 
second method. 

Gth, The character of the Stress (whether Tensile or Compressive) is more read- 
ily detected by the second method. 

7 tL In simple Trusses, especially fn iymmatrical TVaiiel, eymmetrieaVy tended^ 
either method is aWat eijaally convenient, but in (especially Bow-^ 

atring Trusses, wliidi have the Rafters and Ties broken Into difle^nt slopes), and 
hi unsymmetneal tritsseSf ov iu unsymmctrically loaded Trusses, the trigonometrical 
e>£ptession8 become cumbrous, and the graphic method i(as performed by the second 
method) is much more convenient and mind In application $ but even when trig- 
onometrical formulas are desirable, it is believed tlnit (in these difficult cases) it 
will be found more easy and more certain to deduce the fonnulm from the prcviousljr 
drawn geometrical construction of the second method than frcHii the first method* 

Btli, The graphic construction of the second method presents tfit whole oi the 
Stresses at one glance in a manner* eanly appreciable by thfeeye. 

For these reasons the first mepiod cnniiot be generallj jr^mttrendod^ 
it will be exemplified only in the ense of the two Roof-Trnsoses of most 
•ordinary ocourrence, and under the simpletd eonditions of Load^ viz. 

Rx. 1. Symmetrical King-Post Truss under symmetncat vertical T/oad. 

Ex. % 83 minetrical Queen-Post Truss under symmetrical vertical Load* 

The more difficult fonlis of Truss under iinsymtnetrical load will all 
be solved by the second tnethod, Which is especially commended to the 
Student^s attention, see Method ii, Art* 340^ df siq. 

125. Unstrained Bars. — The following useful note will frequently 
save much trouble. In a Boof-Tm^^s of many bars, it often ha])pen8 that 
under particular distributions of load^ certain bars suffer no Stress and 
therefore no Strain. These bars can often be discovered by mere inspect 
tion by the following simple oonsideratibn, which will save much trouUs in 
ihc actual statical investigation* 

Example^^Jii an unloaded joint as at 
which only three bars as A'M, BM, A^'M meet, 
of which two as A'M, A^M^ are in one etmiqht 
iinSf it is essential to equilibrium, (under the 
hypothssis of free joints/*) that the Stmses on 

should be equal md opposite ( 1 . Si, either both Tensions, or 

mernekme far mtmm ^ bsms 


Fig. 12. 
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botib t[hruBtB)| and that the bar BM shculd be uneirmned, or be a bar 
<rf JJfO J3fcre8s’*. 

Cor.^Saoh a Bar of no atresB ” as BM might be removed (under this 
particular condition of loading) without affecting the equilibrium* 


JPf^actical Although in Buch a case, the bar BM appears unnecessary to 

equilibrium^ still, if the Stresses on A^M, A'M be thmsts, and the joint at rMlfy 
in any sort of way “free,” (as the preliminary hypothesis supposes,) then tAeir 
equiUbrim U ufistabfe, (tso Art 51,) and might be destroyed by the most trifling 
variation of load on the whole Truss, In aetaal practice^ tljjerefore, if the Stresses 
on AM, AM be thrustB, dther the bar BM must be added to preserve the Stiffness 
ot the Truss, or else the BCHCalled ** joint ** at M mtist be made rigid enough to 
secure the requisite Stiffness in the Truss. 

Instances of unstrained bars will occur repeatedly in the Examples on 
Method ii (s, £xs, 4, 6, 7f <&c., under normal load, q. vj 

126. JPro&lem indeterminate of finding more than two unknown Stresses. 
—Under the preliiainary hypothesis of ngid bars and free joints^ the prob- 
lem of determining the magnitude of the stresses in more than two bars 
meeting at my pint produced by the load at that Joint is strictly indeter* 
minate. 

This is easily seen to be the case as the conditions of eqtulibrinm of the 
whole system of forces (in the plane of the Truss) at the joint are only two 
in number, via. 

<< The algebraic sums of the resolved parts of the forces iu any two 
directions (in the plane of the truss) must be separately zero”. 


JESrampZe.— As the simplest oas^, consider the stresses Pi, P,, P„ produced by a Load 
W resting oil three posts, or 

supported by three ropes (in Fig> .IS* 

esxk case in one vertveai 

ii 

Let e\, f„ * 3 , be the given V ^ ^ * 

inclinations of the bars to 

the horizontal (all reckoned J v ” ^ 

in tW same direction), and 7 rS \ 
let downward vertical loads ^ 

be reckoned negative. .Xf u 
Then the tm necessary 

and conditions of equilibrium at the point where Pi, P*, P^, W meet are 

+.P3ainH4-Fs8^f8- WassO (8). 

^ P| CQS^ 4- ?f COB it -h Ft cos i, as 0 (8), 

eAMa equations are evidenily not sABekat to ^thee quautitiesPi, 

JPractical SematL^tb 0 problem is not of course really ittdekrminaty 
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in nature, as the amount of Stress taken up by eaeh bar depends on the 
character of the joint, and on the elasticity of the material of the different 
bars or ropes, so that if these be given the problem would be them*etically 
resolvable, but as remarked (Art. 113) this proUetn cannot be resolved in 
the present state of science. 

As, however, under the preliminary hypothesis the problem is iudeter* 
inmate, i. e., as there are only two equations of condition, and more than 
two unknown quantities, (viz., the magnitudes of the Stresses,) to he deter^ 
mined, an additional number of conditions may be assumed (provided they 
are consistent with each other and with the given two\ sufficient to make 
the whole number of conditions the same as that of the quantities (viz., 
Stresses) to be determined. 

The additional conditions to be assumed are a matter of convenience in 
each special^case. Instances will occur hereafter (Gx. 10, of Method si). 

IS?. Kotation.— The following General Notation will be 

used throughout this Chapter. {See any diagram following). 

The same letters will be used to indicate points similarly, or somewhat 
siimlarly, situate on either side of the vertex (V)^ those to the right and 
le/i being indicated by singie and douhle accents, respectively. 

Thus and A" indicate right and left abutments. 

V indicates “ vertex M indicates middle ” of tie-rod. 

Bafters AT, and A^V; Tie-rod A'MA'". 

Eafter-joints are denoted, commencing from the abutments, by A, B', O', 
&c., for the right rafter, and A", B'', C', &o., for the left rafter. 

Baes will be distinguished in the Frame-diagrams thus:— //'m tension 
by thin lines ; if in ootnpressidn by thick lines ; if not strained (under par- 
ticular Loading) by dotted lines (see Method ii, for examples of Bars not 
strained by Wind pressures). 

Loads and fia^AOTions are distinguished in Stress-diagrams by thick 
and t&in lines respectively. 

Steebsbs will be distinguished in Stress-diagrams thus If Tensile^ 
by thin lines ; if Compres^d^Cy by thick lines. 

8f EESsas mre denoted thus 

T denotes Stress on my Bafter-segmont (this will be proved to be 
2%ruet). 

Hi h demote Stresses on Tie^rods, or cAber horizontal or nearly hori- 
nontal bars (usually Temiky 
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K, Q denote Stresses on King-, and Qneen-rods, (vsnaU; TmtiM, 

B, t denote Stresses on Strata or Braces. 

Hieee sjmbols with tbs fignres 1, 2, $. $ubseript, denote 

Stresses on the 1st, 2«<f, 6rd nth bar (of the named kind), 

reckoning from the vertex (V) or middle (M) outwards ; also tingle and 
double accents are used to indicate Strestes on Bars to the right or if/?, 
neepectively. 

iifJS.— The remainder of the notation applies chiejly to ^nametrieeit 
Straiqht-rajlered Roofs (the ordkiary kind). 

Slope of principal rafters t; stepe of ties ‘re V. 

A'V or A'V the lengtJi of rafter = f (w inohes), or L (in feet). 

A' A* the span ^ 2c (in feet). 

YM the rise es. k(m im^). 

Breadth of bay between two trasses as B (in feet). •> 

W as Weight (in pounds) of roofing borne on oae Truss, including tn.- 
weight of the Rafters themselves, supposed uniformly distri- 
bnted (as is really approximately the case in practice) 
to as Intensity of W (in pounds per square foot), see Art. 116— (1). 
v as Weight (in ponnds) of rklge pole and ventilators, and any other 
load borne on the lidge hj one Truss, 
w' as Weight (in ponnde) of Struts, Braces, King-rods, Qneen-rods, 
Tie-rods, Ceilings, Lamps, Punkahs, &o., borne by the Tie- 
rod of aap Truss, at each joint. 

« as Number of segments in each Rafter (nsnally the same). 

W as Normal Wind presSuw (in pounds) uniformly diatrihuted over 
one eide onfy of thexoofi»g1>orne on one Trusi. 
t(f ss Intensity of W' in pounds per square foot perpendicular to Boof- 
surface (eee Table at end of Art. 116), 

128. Oenenal fbmiilsa fer Symmetrical Hr^ig/it-rtiftered Roofs (see 
«ny diagfem fellowidg). 

L* 5 » -1- L sm c. sec t, i am c .tan l| weinauoomtoueiwuea (10). 


cofte = j, cosec i *B p sac f sa (11), 

W SB » . 2BL, W' as to'.. BL (12). 


And in Hoofs in which each Rafter is divided into n segments of (as 
is usnal) equal Inilllt ^ U), " 

.Hinfonn Yertiusl un each Talftet-iMiintSpi vs ^ Ues^oeaaeaona 
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W' 

Uniform Normal lioad on mack segment haded rafter sa — ... (14). 

Hence the results (from Eq. 5, Art. 12Q) for the ** fiqniralent Loads 
at the Bafter-joiatis*^ and for the Be-actiooa* 

at the almtments A'» A^, ) 

|L + w »t lh« wtfflc V, >(15). 

2 a ^ p 

^at aU inteimediate joints V\ \ 

Tertkal Re-aetiondue ) Wjjhjj 

to Load on Rafters onlj. f 3 ^ ^ 

Noting that there are (n ^ 1) joints between the abutment (A' or A*)^ 
and the vertex (V), we see that (as required by Art 22.) 

Sum of Loads at joints 

+ (••- i)i» + (|x + r 

s= ToUl Load (W + w) as Sqm of Re-actioM. 

JV.B.— Sinilar BaioIU of ooum hold for liM Vortknl Iioad oq Tie-rod 


Equivalent f ^ at tho vortex (V), and ^ 0te abutment A' or A", 

Kormal ^ 

Loads, J ^ at oW intermediate joints &o., or B'lO", &o., 

Also for the Normal Rc-actions B' at A', R" »t A", m Fig, 16 (c) ; since 
the Resultant s= W (of the uniform Wind pressure over the right rafter 
onlg, ie.,YA'} clearly passes tbro««h Y *i«e middle point of VA', in direc- 
tion YZ perpeadienlitr to the rafter, therefore by Art. 119. 

R' : B* : W' « A'z : a'z : a'a* 

Sd (A'A* - A'Z) : A'Z : A' A* 

SB (2c — j sec i) 1 j sec i ; 2c 

■' !£f (2^ — jBee?* i) ; l-see*! t 2c 

.% Jfm W\ (1 - i we* i)f B* = W'. i 8ec» i (18> 

Alto tre «« the* (•» reijuired hj Art. 122) 

IhXfo i^lLonds Oh jdnts = ^ +^(n — 1)^ + SJ =* 

'ttn Tiotnli ([W*) **• Sum of Ro-actootts^d' •)* ... ^7). 
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Mbthop (i)# Method of HbibolutiOk* 

129. As already stated (Art. 12S), this Method will be applied only 
to two Boof Trasses of ordinary occurrence under reryaimple conditions 
of load, via. 

Ex. 1. Symmetrical King-Post Truss under symmetrical vertical Load. 

Ex, 2. Symmetrical Quaen-Post Truss under symmetrical vertical Load. 

The External Loads are supposed applied to the Principal Rafters by 
Purlins at each joint only, so that the Principal Rafters are not subject to 
Transverse stiain, (Art. 110), oftd the PnAlem is limited to that of 
finding the direct Stresses (Art. 112-^1) ). 

Ex. 1.— fymmstrtc King-Post Ttiiss under symmetrical vertical Load, 


Fig. 14. 



130. Description -fc-A'V, A'Vlhe Raftersofequallength, ATsaLs A'T. 
A' A" the Tie-road, horisontal $ A' A'' the spaa xs 2o. 

VM the King-rod, veHioal, bisecting the Tic-road in M; VM =si k. 
Mb', MB" the Struts bisecrietg the Rafters, so that MB', MB" are 
parallel to A"V, A'V, respectively. * 

N^atiott.—See Arts. 127 hhd 128. Nol^ that the Total or Resdttaat 
Stresses on tits several Bars composing the are draoted by the 
capital letters MtaoheA Ai'd the partM Stresses due to tilM partial Loads 
at the eontiguons jointa hy the eorrespmidiQt ahMR leMeMu 
13L Ship L Zoad on /o«sti<~ITBder the hypOthi# esflaiiied 
(Art. 118), that eaoh Bar bhldgid between joints, and tha| the jMnhi are 
perfectly free, and at the jiegftleats of i^e rafters ate idl eqiud (tha, 



STRESSK8 IK ROOF TI^TTSSES. 


99 


A'B' =: B'V = VB" nr B"A"), the load borne by each rafter-segment 
is Jof the wliole weight of roofing, t. , also each rafter-joint bears 

^ of the load on each contigons rafter- segment, together with any load 
direcAly supported : thus, Eq. (6), Art. 1 20. 

Load at V is J (Loads on B'V and VB'0 1 — — 

+ Direct load (w) ^ J " Ht+ t) + ^-T+ ^ 

Load at B' or B" is J (Loads on A'B' \ 

and B'V, or on A'B'^ and B"V) 4 

Loadat A'or A^is J(LoadouA'B'orA^B") == J ^ = •? 

Load at M is w' 


Also, since thereof is symmetrical and symmetrically loaded, the Re-actions 
at the supports are each equal to half the Total Load on the Truss, t. e., 
Re-action at A' or A'' = i (W + w ■+• w') 

As a check on the correctness of the assignment of the Load at each joint, 
add them all ; their sum should clearly be equal to the whole Load, 
( W + w + w') on the Truss, i, should satisfy Eq. (7) of Art. 122, 
Hum of Loads on Joints = Whole Load on Truss = Sum of Re-actions 
of supports, as it does in this case, for 


W.W./W, \.W,W, , ^ 

-g+-^ + (-|r+ w) + -j-+-5- + w'= w -I- w + w' 


W-f-w4*w' , W + w-l-w' 
2 ^ 2 " 


The application of this check should never he neglected, 

K,B . — Of course the whole of the Results of this Art might have been derived by 
substitution from T5q. (15) and (16) of Art. 128, but it was thought better for the 
Student to derive these Results from first principles in this Example. 

132. Step n. Resolution of the Load at each joint , — 

(1). At joint B'. — The vertical Load ^ on B' is supported by the 

two Resistances, f/, S' of the two bars A'B', MB', which Resistances are 
clearly thrusts^ because the Load compresses both bars, and are moreover, 
equalf because the bars are equally inclined to the Load, aisp the sum of 

their vertically-resolved parts is clearly equal to the Load which they 

support, t*. S.V 

p 
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(t; oos + B' • cos b'B'M) = cos =: 2^,' sin i r= 


tjl = 8' sa -J coscc I 

(2). At joint B". — By similar reasoning 

tj' zz S'* ~ cosec i (both tbrnsts) (1). 


(3) . ^At joint M. — The equal thrusts S', S"^ along the struts B'M, B'M 
are supported by the king-rod, producing a yertical temile stress in it 
(because they both clearly pull at its foot) equal to the sum of their ver- 
tically resolved parts, u e., 

= S' cos B'MV + 8" oos B"MV = 2S' sin . = ^ from (1). 

This, together with the tensile stress due to w' hung directly from the 
foot of the king^rod, makes up the Total Tensile Stress along the king- 
rod, viz. 

K * ^ + V (2). 

(4) . At joint V. — The Stress K along the king-rod together with the 

-j- + on V make up a Total Load =3 ( K + -j- + w J 

= -f w + w'^ borne on V, which is supported by the two Eesist- 

ances T/, Tj'' of the bars B'V, B'^V, which Eesistances are clearly Thrusts 
because the Load compresses both, and are moreover equal because the 
the two bars are equally inclined to the Load, also the sum of their ver^ 

tically resolved parts is clearly equal to the Load + w + w' j which 
they support, t. c., 

(T/ . cos MVA' + T/', cos MYA") = 2T; cos MVA' ™ 2T/. sin i 

= (x + ^ + ^) 

/. T/ as T," S= J (y + w + w') . cosao » (8). 

(5) . ToinA Stresses on B'A', B'A". — Theae last thrnsts T/ on VB', and 
T* on VB" are dearly tranewitted vnaitsred dorm the bue B'A', B^A' 
respectively, so tiist the Total Throats on these bseotne 

T,' = T,' + </ + w + w'). cosec » + ^ Coaeo «„ 
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T,' = T = (!J + ifS) . 

(6) . Stress on tie-^rod , — These Total Thrusts T>', T 2 '" along; B'A', A", 
produce a horizontal tensile Stress H', H'' on the tie-rod segments, and a 
vertical pressure on the walls at A', A^. The horizontal pulls H', W on 
the tie-rod segments are clearly equal to the horizontally resolved parts 
of the Thrusts T/, T/', respectively, thus 

H' = T/ cos «, = T/'. cos L 

.% H' = H' = (?J- ^ cpt {, from <4) (5). 

JV.n.— ‘This eqaalify of the hoiiz^Hatal Stresses H*, H' on the tie-rod segments might 
have been foreseen, as it is clearly necmari/ to the equilibrium of the pdint M. This 
affords a chet^k on the investigation. 

(7) . Vertical Pressures on the walls . — The Thrusts T/, T/' produce a 
vertical pressure on the walls at A', A? clearly equal to their vertically- 

resolved parts, *. e. ?= T^' sin i »= T/ sin • = -H ^~^^from (4). 

W 

These together with -g- shown in Step I. to be directly borne at A', A" 
make up a Total Vertical Load on A! or 

/3W , w4-w'\ , W W-fw+W' 

= VT +~T— ; + T 2 

fi= Re-action of the wall at A' or A" {see Step L) (6), 

an equality which is clearly necessary (Art. 121). This last step affords 
a valuable check {which should neoer he neglected) on the investigation. 

133. Remarks on terms King-rod^ 2U-rod. is particularly to bo noticed that 
in this Truss, under the hypotheses set fortfilfriz., that the Bars are all perfectly rigid 
between the joints, and that all the joints are perfectly free, the stresses on both these 
Bars are solelg tensile, so that both Bars are ** Ties and might therefore be replaced 
by ropes or chains. 

These Bam were formerly called (and are still Often termed) “ King-post,” and 
^ Tie-beam,” respectively : as however these terms are misnomers, and likely to mis- 
lead the Student into mistaking the character of Stress occurring in each (as the term 
** Post” sepms indicative of crushing Stress, and “ Beam ” of Transverse Load), it has 
been judged preferable to discard altogether, in a theoretical investigation, the use of 
terms likely to mislead. 

lifeverthdess, it is possible with inferior workmanship to frame the pieces so together 
that the Kinf«rod ” really acts as a “ Post, ” (and may therefore with propriety be 
called a ^ King^post^’), and presses downwards on the middle of the Tie-rod, which is 
fhtHEieby converted into a ** Beam ” (and may therefore with propriety be called a Tie- 
beam ^). Sueh a Irame^work however camwt with any propriety be called a ^ Tt*uss*\ 
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and such a construction is very unfavorable to economy of material, and should only 
be used for temporary structures which from local necessities may have to be made of 
unseasoned wood when wood is plentiful, and good carpentry not obtainable.* 

134. Results o/Art, 132 collected for reference. 


8' = 8* = ^ . cosec i, (Thrust on Struts), (!)• 

O 

K = ^ 4- w', (Tension of King-rod), (2). 


T/ = Tj" = i (y + w + w') cosec t, {Thruston Rafter top-segments), (3). 
Tg'= T/ =^y^ + ^^^^^^.coseoe,(TlirastonRafterlowersegment8),(4). 


H' = H" = + 2^3:) . cot t, (Tension of Tie-rod), (5). 

Vertical Pressure on each Wall = w + w'), (6). 


Ex, 2. Symmetrical Queen^Post Truss dnder Symmetric vertical Load,, 

Fig, 16. 



136. Z?esmjp<ibn.---A'V', A^VtheRaftersof equallength AWsLs» AW. 
Mk*^ the Tie-rod, boriaoitW ; A!kf the span sss 2c. 

« e. in BiU«oampalgal id India. 
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C'M', the Queen-rods, vertical, trisecting the Tie-rod in M', 

C'C" the Straining-beam, horizontal. 

M'M" the Straining-sill, horizontal. 

B'M', B''M" the Struts, which with the Straining-beam C'C" trisect 
the Rafters in B', C', and B", C", so that B'M',’'B"M" are parallel to 
VA', VA", respectively. 

N.B. See Remarks in Art. 114 as to use of open quadrilateral C'M', M"C". 

Notation. — See Arts. 127 and 128. The Total or Resultant Stresses on 
the several bars composing the Frame are denoted in general by the capi- 
tal letters attached, and the partial Stresses due to the partial Load (at 
the contiguous joint only) by the corresponding small letters. 

Note, that, in strictnese the weight of the Straining-beam C'C* should be separ^ 
ately estimated (as coming on the joints C', C"), but this weight alone is so small 
compared to unavoidable irregularities^ in distribution of the Load W (supposed uni- 
form over A'VA*, see Art. 127} that it does not seem worth while increasing the 
complexity of the investigation by introducing separate consideration of this. 

136. Step 1. Load on each joint — Under the hypotheses explained 
(Art. 113), tlbateach Bar is rigid between joints, and perfectly free at the 
joints, and as the segments of the rafters are all equal, the Load borne by 

W 

each rafter-segment is ^ of the whole weight of roofing, i. e. = also 

(Eq. 5, Art. 120), each rafter-joint bears J of tbe.Load on each contigu- 
ous rafter-segment together with any load directly supported : thus 


Load at V is ^(Loadon VO' and> 
VO") + Direct Load w > 

=i(? + 


+ 

II 

+ 

Load at O' or 0", B' or B" is 1 
4 (Loadon two rafter-segments) / 




=Ht+ 

6 J 

I — — 

Load at A' or A" is 1 . 

_1 W 


w 

iCLoadonA'B'or A^B") ] 

— i * e 


, “ 12 

Load at M' or M” is 



w' 


Also since tte Boof is symmetrical and symmetrically loaded, the Be- 
actions at the supports are each one-half of the Total Load, t. e., 

Be-actionat A' or A* i (W + w + 2w') = ^ + vt 

Also Sum of Load at joints = (^ 4* ^ + 

' =s=(W + w + 2 V) = Total Load, 
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which 18 a test of the correct tiess of the assignment of Loads to the joints 
(see Eq. 7, Art, 22), 

N.B,^Thiise Results might of coarse have been derived direct from $!q. (15) and 
(16) of Art. 128, but it is considered better for the Student to Exercise himself in 
deriving them from drst principles. 

137. Step II. Resolution of the Load at each joint , — 

W 

(1). At joint B'. — Th« vertical Load — at B' is supported by the 

resistances tz\ S', of the bars A'B', M'B*, which lesistances are clearly 
thrustSj because the Load compresses both Bars, and are moreover equal 
because the Bars are equally inclined to the Load, also the sum of their 

vertically resolved parts is clearly equal to the Load trhich they sup- 
port, i, c., 

(f/. cos J'B'A' + S' cos yB'M') = 2t^\ cos i'B'A' z=: 2t* sin » = 


.% tj =; S' = ig- cosec i (7). 

(2). At joint B".— By similar reasoning 

tf = S’*' = ~ cosec f (both thrusts^ (7). 


(3). At joint M' or M".— The thrusts S', S*’ along the struts produce 
horizontal thrusts on the straining-sill and vertical tensile stresses 

on the queen-rods. 

The horizontal thrusts produced in the straining -sill by the thrusts S', 
S", are clearly equal to the horizontally-resolved parts of S', S" respect- 
ively, viz., S' . cos t, and S" cos t, or from (7) 

W 

4 cotf in each case (8). 

^.R.-^This equality of the horizontal thrastB produced in the strainingHsill by the 
thrusts S', S" might have been foreseen, being clearly necessaiy to the equiUbrinm 
of the bar M'M'', md forms a check on the correctness of the investigation so far. 

The vertical tensile stresses along the queen^rods due to the thrusts S' 
S" along the struts are clearly equal to the vertically^resolved parts of 

Ttr 

S', S* that is to S' sin i and S'' sin i respectireijr, each of irhidh » hy (7), 

These Tertioal tensile stresses (due to the thrusts down the etruts) 
together irith the direct loads (nO home at H' or make up the whole . 
tcimlflle stresses im the ^tlssQ'tsdi, tkOSM- 
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Q’ = Q" = 5-+ W 

(4), At joint C' or C*.— The teueile stresses Q', Q" on the queen-rods 

produce a pull Q' or Q" on the points O', O ', which together with the 

W * 

direct Loads — {see Step I), make up a 

Total Load on O' or C" of ( J + Q' or Q") ^ ^ + g. + w' = w'. 

Now the vertical Load on C' is supported by the resistances (suppose) 
of the bars B'C', C'^0' which roeistances are both thrusts because the Load 

compresses both bars ; and since the three stresses Ao are 

in equilibrio at C, each is proportional to tlie sine of the angle between the 
other two, u c., 

(t + W') : V : h = sin A'C'C" : sin O'C^M- : sin A’O'M' 


= sin i : 1 : cos i 

similar reasons) (10). 

Aq = + w') • cot i (11). 


Note. — It it particularly to he observed that this last stress ho is the Eesultant 
Thrust along the straining^beam CC% that is to say, the excess of the Thrust along 
considered as a straining-beam to the lower Truss A'CTI'A^ due to the 
Zoad on the Truss— over the Tension along considered as the tie-rod of the small 
Truss C'VC', under the supposition that the Truss is so framed together that the 
same bar C'C' really receives both Stresses. 

If however (as is often the case) the Truss be so framed that one bar C'C* is the 
tie-rod of the Truss C'VC' and another bar C'C* is the straining-beam of the lower 
Truss A'CC'A*, then the Stress on each most be separately investigated as follows ; — 

w 

(1). The truss C' VC' carries a uniform Load — on each rafter-segment, and a 

Load w direct on its vertex V, which under the usual hypothesis (bars rigid between 
joints, and joints perfectly free) am equivalent to Loads at the joints as follows 

+^) atVjond-^ at C and at C' 

( IV \ 

-g- + w J at V pro- 
duces Thrusts T|', T|', along the mfters VC', VC% via., 



Also thele Thrusts %% T,', produce a horispntal irmam on the tie-iod C^C* dearly 
equal to their horisontdly resolved ports, t. 
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'J’ensioti of tio-rod C'C' (of Truss C'VC'), 

= T, ' cos i s= Tr cos i = ^ j cot i (U— i), 

pressure on the joints C, C* of the lower Truss cleurly 
equal to theii vertically resolved garts, i, e., 

C W w \ 

r* 

W 

(2). The total Load on the joints O', C' of the lower Ttu%h will therefore be (direct 

/ W w\ 

load, see Step I.) + Q' or Q" (Tension of Queon-rod) just shown 

to be transferred from V through the rafters VC'. VC" (in comeqnenee of the upper 
iruf>8 C'VC" beinq a eeparote and independent truse from the lower A'C'C"Jt"), u «.» 
Total Load on 0',C" (joints of lower truss A'CC"A0 



Also this load may (precisely as in para. 4) be shown to produce Stresses along the 
strainiug^beam and rafters as follows 

/ W w 

Thrust alongstraining-beam(of Truss AC'C"A'),Aa = (— + ^ -j-w'l coti (11— ii) 

Thrust along rafter C B' or C"B", via., T 2 ' or Tj" » ^ j cosec i (18). 

iV.jy.— It should now be noticed that the results (12) and (18) obtained by this 
method agree exactly with those (12) and (18) obtained in p'^rus. (5) and (6) j also 
that tlie iQSult (11) obtained in para. (4) v. eupra for the Resultant Thrust (Ao — 
W 

( ^ - -p w') cot ?) along C'C" if so framed as to be a piece of both trusses C'VC* 

and A'C'C"A" is the excess of the Thrust along C'C" considered as straining-beam 
of the Truss A'C'C"A'' over the Tension along C'C" considered as tie-rod of the 
Truss C'VC" i for see Results (11-ii) and (ll-i) 

A,-A,= (^ + ^ + w') cot.-- (5+ J-) cot.'=(y.^w’').cotiS=A.(U). 

Vo^e.— This accordance of the results (11), (12), (13) obtained in either manner has 
been detailed at length, as Students are apt t<^%)nfu8C and mix the two methods.* 
If the two suppositions, viz. ; — 

(1) . (As adopted in the text) that the bar C'C" is so framed os to act both as 

straining-beam of the lower truss A'C'CTA", and as* tie-rod of the small 
truss C'VC*, 

(2) , (As adopted in the small-type note) that the truss A'C'C"A* has a straining- 

beam C'O*, and that the small truss O' VO" has a eeparate tie-rod C C" (not 
, shown in the figare), being thus an independent feruss aJinply placed on 
the lower, v 

be carefully borne in mind thwmghdut, no difficulty should arise. 

The Student is recomxhpnded to eompam tiie result obtained by the ^ Polygonal 

Method Ex. 10 of Method fl. 

• ( 

* This mUtake wa« made la previous edittoas both of the ** Boorfeee Treatise on OlrD Eaglaeer- 
mg in India, and Thomason C. E. College Ifmiiial, Ho. XI., on Carpentry.** 
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(5) . At joint V. — The Load + w ) at Vis supported by the tyio 

Resistances T/, T," of the bars VC', VC'', whi^ Resistances are clearly 
both thrusts, because the Load compresses both bars, and are, moreover, 
equal, because the bars are equally inclined to the Load ; also the sum of 
their vertically resolved parts is clearly equal to the Load which they 
support, thus 

<T,'. cos vYAf + T,". cos uVA") = 2 T/ cos vYA' = 2 T,' sin f = -y + w 

/. T/ = 17 = (5 + • ; (12). 

(6) * Total Stresses along middle and lower rafter-segments,^TkQ 
Thrusts Tj', T/' along VO', VC" are clearly transmitted unaltered down 
the whole length of the rafter segments C'A' and C"A", respectively ; 
also the thrusts t/, h", see Eq. (10) along the rafter- segments C'B', C"B" 
are transmitted unaltered down B'A', B"A^, respectively ; thus the whole 
thrusts down middle and lower rafter-segments become 

T,' = T" = + T/ = +w') coseo » + (^ + -y) cosec i = 

(t T + ^0 ‘ (1®^- 

T,' = T," = + 7 + T,' s= coseo i + + w') cosec i + 

( + t) + T + ) ®°®^® * (l^l- 

(7). Stress on Tie-Rod A' A". — These last total thrusts T 3 ', T," down 
the rafter-segmjpnts, B'A', B'^A'*' produce a horizontal tensile Stress H', H" 
on the Tie^rod segments A'hf', A"M", and a vertical pressure on the walls 
at A', A", The horizontal pulls H', H" are clearly equal to the horizon- 
tally resolved parts of the thrhsts T,', T/ respectively, thus 

H' = T; . cos I, H" = T/. cos u 

H' = H' =(5J + i + w’) . cot i, from (U) (15). 

This equality of the horisontal stresses H', R* on the tie-rod segments might 
have been foveseen, as it is clearly netesswry to the equiliMum of the whole tie-rod : 
thus there is a tension throughout the whole tie-rod. 

H' =s H as H* ss (®^ + i + w ) . cot i (16). 

lids equality affords a check on the investigation. 

Q 
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($). Se»ultant Stress along middle of tie-rod has jast been 

explained that there is a tension H = ( — + ^ w'^ . cot «, through- 

w 

out the tie-rod, and there was shown to be a Thrust A =s — cot i, {See 
Eq. (8), along the straining- sill M'M^ (dae to the struts abutting at its 
ends)* If, however, the feet of the struts abut in the tie^rod itself ^ so that 
the portion receives the thrust of the struts, (the straining sill being 
in this case dispensed with, as a separate piece,) then that portion 
is relieved of a part of its tension H by the Thrust h from the stmts, so 
that in this case, 

Resultant tension along middle (M^M^) of tie-rod = H — A =; 

= (^ + ^ + w').cot.- (16). 


NotSs^Bj this manner of framing, the Resultant stress along M'M^ is less than 
when a separate straining-sill is used, so that a lighter scantling may be used for this 
portion of the tie-rod and the whole truss is lightened by the absence of the straining- 
sill. This is a matter of some importance in large trusses (especially in iron- work): 
in wooden trasses the tie-rods are in practice made of much larger scantling than 
actually required to resist the actual Tensions, so that it is of little importance in 
woodwork. 


(9). Vertical Pressure on the Walls , — The Thrusts T?', Ts"' down the 
rafter-segments B'A', produce a vertical pressure on the walls at 
A', A" clearly equal to their vertically resolved parts, i* e. = T/, sin t 

= Tj' . sin * = ^ T ^ These together with 


shown in Step I. to be borne directly at AJ, make up a 

Total Vertical Load at A', = (?^ T ^ 


W - 4 - 

2 


4- W' 


« Be-action at A' or A^ (see Step I.) (17), 

an equality which is clearly necessary (Art. 121). This last step affords 
a valuable check (which should never be neglected) on the investigation. 


139 , Hemarks on term Queen^^ The same remarks as on the terms 

Ring-rod, Tie-rod under the Eiog^post truss, apply to this case (chshgSng the words 
King and Queen). 

139> Results of Art 187 collected for reference. 

S' SB S* SB 0 008B0 j, (Thnist oa cIxatB),.. ( 7 ). 
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ft ^ cot if (Thrust on Straining-sill), (8). 

Q' sBs s= ^ 4- w', (Tension of Queen-rods), (9). 


ho i= cot t, (Resultant Thrust on strain-: 

ing-beam), a 

T/ = T/ = 4- -y) coseo », (Thrust on Rafter top-seg- 
ments), 

Tj' ass T/ s=3r 4. ^ ^ ^ coseo I, (Thrust on Rafter 

mid-segments), 

T^' = T," + ^ + ^' ) cosec f , (Thrust on Raf- 
ter lower segments), 

H 5= H' s= H" = + ^ + w' ^ cot f , (Tension of Main 

Tie-rod), 

H — ft = (~ + ^ + w') cot I, (Resultant tension of 
Middle of main Tie-rod) 

W -4- w 

Vertical pressure on each wall = • — ~ — + w' (17). 

Method ii, or “PotYooHAL” Method. 

140« Polygon of Forces,—- This method depends on the continual 
application of the theorem df the “ Polygon of Forces” which, as required 
for this Method, may be thus stated 

1^. << If a system of forces is in equilibrium, the set of lines drawn 
in sucemton to represent the forces (t. e., proportional to their magni- 
tudes, and parallel to their directions) will form a closed polygon'^ 

2^. Conversely, If a system of forces is in equilibrium, and a closed 
polygon be formed by drawing a set of lines m succession to represent (m., 
parallel to the directions of and proportional to the magnitudes of) all 
but two of the forceej and two additional lines (to close the polygon) 
parallel to the remaining two forces, then these two closing lines will rs- 
the tm rmai'oing forces (u e., in magnitude as well as in direction)”* 
is partionlmlj to be noticed that the last theorem (2^) is 
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not ttuo for more than two forces omitted, inasmuch as many such 
polygons could be drawn (as will be easily seen by actual trial), so that 
the construction of the polygon would be indeterminate. This corresponds 
with the statement in Art. 126, that the Problem of finding i^ore than two 
unknown stresses at any one joint is indeterminate. 

141. Frame-diagram—Stress^diagram*— This Theorem is thus 
applied ; It will be remembered (see Art. 124) that the method is essenti- 
ally a graphic one. In the first place a skeleton diagram of the Truss 
should be drawn to scale; this is called the “ Frame- diagram The 
figure (reciprocal to the Frame-diagram), whose construction is about to 
be explained, will represent the system of external Loads and of Stresses 
in the bars of the Truss : this is called the “ Stress-diagram The con- 
struction of the Stress-diagram consists of two steps corresponding to the 
two steps previously detailed, Art. 115. 

Step I, — Construction of “ Polygon of Loads ” representing the ‘‘Equi- 
valent Loads at the Joints” of Step 1. (Arts. 116 to 122, and 142). 

Step II.— Resolution of Loads at the joints by construction of closed 
Polygons of Loads and Stresses representing the whole system of 
forces in equilibrium at each joint ia succession. (Arts. 123, 124, 
and 143). 

142. Stef I. Polygon of Loads.-'The system of external forces, 
and therefore the Equivalent Loads at the joints as found in Step I., Art. 
116 to 120, q. V., together with the Re-actions of the Supports fonn a sys- 
tem in equilibrium, and can therefore bo represented (Art. 140, Prop. 1°) 
by a set of lines forming a closed polygon. 

The first step, then, is to draw a closed polygon representing on any 
scale the system of external forces, (i, e,, a set of lines drawn in succession 
parallel to their directions and proportional to their magnitudes). This 
diagram is called the “ Polygon of Loads 

In actual application to Roof Trusses, the external forces are 
(see Art. 117) commonly a system of “ parallel forces/’ via., either a sys- 
tem of Yertical Loads, being the weights of the various portions of the 
Structure, or a system of Pressures (due to Wind, as previously explained) 
normal tof'the rafters, together with the vertical or normal Be-actions, res- 
pectively. The “ Polygon of Loads ” corresponding to a system of 
“Parallel Forces’* is cleaii/ simply s peir of ooerlappuvg stndght lines, ' 
which in this case may be obtted ttie Load Lbe”. 
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This will be repeatedly exemplified in the examples which follow : the 
Student il recommended to refer at once to Step I. of any of these exam- 
ples to illustrate the method of drawing the “ Polygon of Loads 

To indicate distinctly to the tye that the pair of overlapping lines which 
constitute the Polygon of Loads for the ordinary case of Loads and 
Be-actions all vertical, or all normal (to the roofing), are really in the limit 
a “ closed polygon ”, it will be convenient in the diagram to separate the 
Re-actions eligkily from the Loads so that the whole system of Loads 
and Re-actions may form a closed polygon obvious to the eye (thongh it 
must be distinctly remembered that the Loads and Rc-actions are really 
parallel), see any Example following. 

143. Step II. Resolution of Loads at the Joints.*-The second 
Theorem (Art. 140, 2°) of the Polygon of Forces” is thus applied : — 

A closed polygon is to be drawn upon the Polygon of Loads ” for each 
joint in succession (commencing from both abutments) representing tho 
whole system of forces (including both external Load, Re-actions at Sup- 
ports, and Stresses in the Bars of the Truss) in equilibrium at that joint, 
according to the second Theorem (Art. 140, 2°) of the Polygon of 
Forces”). 

It will be found that the polygon drawn for each joint aids in the con- 
struction of the polygon for the following joint, and that the final Stress- 
diagram consists of the originally drawn Polygon of Loads”, and of a 
network of lines drawn ip succession upon a regular principle, representing 
upon the same scale as chosen for the ‘‘ Polygon of Loads”, the Total 
or Resultant Stresses required ; and that although tho finished Stress- 
diagram for complicated Roof-Truss may appear a somewhat intricate 
network of lines, still the principle of constniction is remarkably simple 
and easy of application when once thoroughly understood. 

The character of the Stress on each Bar, (t. c., whether Tensile or Com- 
pressive,) is indicated in the simplest manner, viz., by the direction in which 
the pencil travels in the act of drawing tlie lines representing the Forces 
talcen in order at each joint. Moreover, trigonometrical formulas for the 
Stresses are easily deduced from the Stress-diagram (even if not drawn 
to scal^. 

All this will be better understood from study of the exititoples which 
follow^ to which the Student is recommended to refer at once, then from 
any genotal explanation. 
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144. Oheok on the inireBtigation.~One of the adraBtages of 
the Streaa-diagram is that it necessarily contains an eoscellent check on its 
O0n accuracy (if drawn to scale). The check consists of two parts 

1st The closed polygon for the last point but one should in gene- 
ral close in such a manner that some of its lines should close on previous- 
ly fixed points. 

Snd, When the “ closed polygons ” have been drawn for all the points 
bat one, it will be found that the “ closed Polygon ” for the last point is 
also complete. 

If both these conditions are not satisfied, this indicates either (1) that 
equilibrium (under the preliminary hypothesis) is impossible* under the 
particular loading ; or (2), that the investigation is incorrect; or (3), that 
the diagram is inaccurately drawn. 

If both these conditions are satisfied, this indicates 

(1) . That equilibrium is possible. 

(2) . That the investigation is correct. 

(3) . That the drawing is accurate. 

145^ Stress-diagrams for Vertical Load and Normal Load.— As 
already indicated in Art. 117, the Loads on Hoofs naturally divide them- 
selves into two sots,— ^(1), the Vertical Load, and (2), tho Normal Load; 
and it is not convenient to apply the method to both at once. Hence two 
distinct Stress-diagrams must be drawn, one for each system of Load. In 
consequence of the vertical Load being usually symmetrically distributed 
over the Hoof, and the Normal Load distributed over one side only, the 
Btress-diagram for Vertical Load will usually be found much easier of 
execution in consequence of its symmetry, than that for Normal Load, 
which frequently assumes strange and unexpected shapes. A glance at 
the Stress-diagrams which follow will at once show this. Nevertheless, 
th0 principle of construction of each is precisely the same. 

Moreover, in msymmetrkal Kodfs the Stresses due to Wind blowing 
from right or left will be differmx, so that separate Btress-diagrams will 
be required. 

In symmetrical Boofs, one Stress-diagram will sttflSce as the Stress on 
Bars simiUrly situate with respect to the Winds can be inferred to be alikSn 
146. 'ttMX Working Stm» (see Art. €).-^The faudamental pm- 

• A good inSSm o( tSIi wm bl SM itt tbs 
|8ic.ie. 
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ciple of ** Itesign” is that every portion of a Structure must be able to 
bear the grtaUst Stress to which it can be exposed, and must also be able 
to bear at all times the * Permanent Stresses *. 

Now the Accidental Load being due to Wind which blows from only one 
quartet at a time produces effects, t. c., Stresses, differing generally in 
Magnitude^ and sometimes even in Character (as to Tension or Thrust) 
according as it blows from either side, and therefore sometimes different 
in character to the Permanent Stresses. 

Hence the following important result : — ** The Worbino Stress on any 
bar must be considered as the ^ Permanent Stress * together with either 
that ^ Accidental Stress ’ which is of the same character, or the greater 
of the two * Accidental Stresses ’ when both are of the same character 
with it; or, lastly, simply as the * Permanent Stress* when both ‘ Acciden- 
tal Stresses’ are of opposite character to the ‘ Permanent Stress*. 

In certain exceptional cases of very light Roofs in which, therefore, the 
Permanent and Accidental Loads are more nearly equal, it may happen 
that the Uesultant Stress on certain bars, i. e., the Difference between 
the Permanent Stress and the greater of the two Accidental Stresses ” is of 
opposite character to the Permanent Stress. In this ease these Bars must 
of course be designed to bear Working Stresses of bottk characters, (Tension 
and Thrust,) one of which is equal to the Permanent Stress, and the other 
to the Resultant Stress just indicated. 

Instances of like nature, in which certain parts of a Structure hare to be designed 
to bear a Stress sometimes Tensile, sometimes Crushing, occur frequently in Large 
Girders, in which, as will be explained hereafter, the Braces near the middle of the 
Girder are sometimes in Tension, sometimes in Compression, according to the position 
of the Bolling or Lire Load, the Live Load in this ease of a Roof being of course the 
Wind itself. 


Exahplbs of Mbthou ii. 

147. As it is wished to make this Manual available as a work of 
reference (as well as a mere Text-book for Students) the Stress- diagrams 
for a great many of the ordinary forms of Roof Trusses have been drawn 
to scale, and are here inserted with sufficient descriptive letter^presa to 
make them intelligible, and with the General Fonnulee in eaqb mm* 

tho cake of the Student the method of constructing the Strete^dia- 
grama hiding few cases (Bx. 1, 8, 5, 10) been very fully explained, and in 



lU 


iTAEBSES m noOF TRUBSSS. 


the remaitider the outline only of the Steps necessary is iDdicaied. The 
Student is recommended to thoroughly master the method explained in 
Ex. 1 and 2, and then endeavor to construct the remainder himself, using 
the pi in ted Stress-diagiams only as a guide. 

iSpaTW.— The Span figured on each Frame-diagram may be taken as 
being about that for which that Truss is suited. 

Timber and Iron. — Figs. 16, 19, 25 are examples of 'Russes suitable for 
Rmbcr, and Figs. 18 to 24 for Iron. 

Direct Stresses. — The External Loads are in these examples supposed 
applied to the Principal Rafters by Purlins at each joint only, so that 
the Principal Rafters are not subject to Transverse Stinin (see Art, 110), 
and the Problem is limited to that of finding the Direct Stresses (see 
Art, 112 (1)), 

General Notaiion.^See Arts. 127, 128. 

Intei'vals of Trusses^ Loads^ Scales, Slopes. — For facility of compari- 
son the Slopes of Rafters (i), Interval between Tnisses (B), Intensity of 
Loading (w and lo'), and Scales, have been taken the same in all the ex- 
amples of this metliod, as follows :~ 

Inclination of rafters, i = tan-* | = about 36® 62', being such that the 

Rise” of the Roof (h), the Semi-span (c), and the Bafi/cr (L) form the 
well known right-angled triangle whose sides are ^ : o : L == 3 : 4 : 5, 
so that the dimensions of the roof are easily calculated in round numbers. 

Hence cot i = f , cosec i = ^ , sec i = | , cot 2i = -i/y , cosec 2i *=» 

Also L = f c = X Span (in feet). 

Interval between Trussses, B 5= 10 feet, throughout. « 

Vertical Load-intensity (to), a uniformly-^distiibuted Load all over the 
roof of 

40 lbs, per square foot, weight of roofing, 

5 (bs. „ ff rafters, purlins, &c., 

5 lbs. „ „ absoibed rain, &c., 

Load at vertex of truss (w) earned by ridge pole = 1000 lbs. 

Load at tie^rod joints (w') ck 2000 lbs. 

Wind-^pressm Art. 116) as 40 lbs. per square foot of a rertical 
surface, equivalent to w z=s 80 ibs. per square foot (see Table at end of 
Art. 116) nmml to roof of slope i z= 86® 62'. 

Hence W 50 X 10' X si s 1000 x L pounds 7 Eq. (12) of 

W » 80 X 10' X L Jtfas 800 x L pounds | Art. 128. 


} ,% w = 50 lbs. 
per square foot. 
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Vertical Re-actions in Zcarferf roofs are each > Eq, (16) of 

= i Load, \ Art. 128. 

Normal Re-actions In straighUraJtered symmetric roofs are -j ^ nS) of 
R' = W'(1- j 


Art. 128. 


R" = W' . i see’ » =UW', 

Scales, — Frame-diagrams are on scale of 20 feet to an inch. 
IStress-diagrams (for Vertical Load) are on Scale of 8,000 lbs. to an inch. 
Stress-diagrams (for Normal Load) are on Scale of 4,000 lbs. to an inch. 
Thus, for these particular numerical values of w\ w, w', i, all the 
Stresses may be immediately taken off the Stress-diagrams hy measurement 
from the scale. 


N,B . — In consequence of the Vertical and Normal Loads being bo different (W = 
3^ W') it was impossible to draw both on one scale so as to be distinct and also con- 
fined to the limits of the page. Ilcnco in comparing the Stresses due to Vertical and 
Normal Loads in these Stress-diagrams, c. g,t in adding the two Stresses on any Bar 
(as in Art. 140), regard mast be had to the difference of scale. 

General Formula. or purposes of general reference^ the trigonome- 
trical formulae (when not very complicated) are also given, in a general 
form applicable to Roofs of any slope : they will be found to be readily 
deduciblo from the Stress-diagrams. 

Diagrams. Diagrams are necessary for each distribution of Load, 
viz., a Frame-diagram tor Step L, and a Stress- diagram for Step II., thus 
Vonr Diagrams are required for symmetrical Roofs, and six Diagrams for 
unsymmetrical Roofs, viz. {see Art, 145). 

For Vcitical Load, one Frame- *and one Stress- diagram. 

Roofs, } Stress-diagram. 

For Normal Load on One Frame- *and one Stress-diagram 

Unsymmetrical Roofs, j for Wind on either side. 

The set of Diagrams for one ROof all bear the same distinguishing num- 
ber with the addition of the letters (a), (6), (c), (ci), &c.^ to distinguish 
the kind of Diagram (i. c., Frame-diagram or Stress -diagram, under Ver- 
tical or Normal Load). 

Magnitudes of the Stresses , — Those can be Calculated from the general 
fermtilas given, ot obtained at onsie hy mea^trement from the Stress^diagrains 
-—(a special diagram is of course necessary for the particular Roof and 
pariflculair Loadtog proposed in any case)— quite sufficient CtceUrdey 


» After a little jttaedoe, on# Frama-diaffnxa can ba tnada to aerre for oB ibo Omm. 

a 
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for practical purposes. Calculation from the foimula is of course more 
exact, but this exactness is, in consequence of the uncertainty of many 
of the data, quite unnecessary: the magnitudes of the Stresses are really 
requiied only in round numbeis in piactice. 

It has not been thought necessary to give the numerical values of the 
Stresses in the Examples, except as an illustiation of the method of com- 
bining the two Stresses (Ait, 14C) on each Bar, (viz , 1®, lhat due to 
Vertical Load ; 2^, That due to Wind-pressure on either side), so as to 
obtain the Total ^‘Working Stresses”, 

This has been done only in Ex. 1 and 8, 

Example 1. 

Description . — A simple symmetrical triangular Truss of 16' span. 

Conditions and Notation (see Arts. 127, 128, 147). — = 10,000 fcs , 
W' = 3,000 lbs. 

Construction for Fcr^icaZ Load. 

Frame-diagram, Fig, 16 (a). Stress-diagram, Fig 16 (5) 



Step I. Equivalent Loads at the joints (Arts. 116 to 120, 128). 

W W 

These are clearly -y at V, and at A', and A". 

Se^^actions of supports (Art, 121).— These are cleaily ^ at A' and A''. 

Polygon of Loads (Art. 142),*^On any vertical line, as a^a\ (vertical 
because the Loads are vertical,) take aV = W, the whole Load. 

On aV set off downtmrds a”V^ =? i g! » represent- 

ing tho Vertical Loads at the joints A", V, A' ; aV is called the Load 

LIKE* 

On set off upwdti$ m ** » -y, repiesexiting the Re- 

tetioui at A', A^ respectiyalj# 
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Tbeii a^'Vh^wmV is a closed polygon representing oil the external ver- 
tical forces, ’which are therefore in equilibrium (Art. 140, 1°) ; this is called 
the ** Polygon of Loads/* 

iV.B.— The Re-actions a'w, ma” have been slightly tplayed from the “Load Line *• 
a” a' (as explained in Art. 142) simply to indicate clearly to the eye that the really 
overlapping lines a*'b*'b*a\ a'ma*' are merely the limit of a Polygon. 

Step. II, Resolution of Loads at the joints (Art, I43),~Draw the ‘^po-^ 
lygon of forces" in equilibrium (Art. 140, 2“) for each joint in succession* 

Joint A'. — The forces are the Load ~ sat Va\ Ee-action ~ sa am, 

and two Stresses H, T', whose directions only ate known (parallel to 
A'A", VA'). 

Draw mh parallel to A' A", t, e., horizontal. 

Draw hh' parallel to VA' through the point J*. 

It follows (from Art. 140, 2®) that Vamhh' is the closed polygon re- 
presenting the forces in equilibrio at the joint A'. 

,% mh represents H, and being drawn from m indicates Tension at A\ 
hb' represents T', and being drawn towards h' indicates Thrust on A'. 
Joint A".— In a |)rccisely similar manner, it will be found that mab"hm 
is the closed polygon representing the forces in equilibiio at A'', thua 

W w 

mo" represent — the Re-action, a"*" represents the Load 

Vh represents T", indicating Thrust on A". 
hm represents H, indicating Tension at A'". 

Joint V.— It will now be seen that the “ Polygon of Forces ” for V is 

w 

already complete. The forces are the Load, and Stresses T', T" : 

w 

But represents -g- the Load, 

Vh representis T', indicating Thrush on V, 
hh"' represents T'®', indicating Thrust on V. 

Thus h*^VhV is the closed Polygon of Forces in equilibrium at V. 

Chech on the The closing of the lines drawn fcr the joint 

A** on those previously drawn for the joint A' and the Palyjfon for the 
joint V hafing been completed in the act of drawing thoai^lb^ A\ cOn- 
atitdtea the perfect check alluded to in Art. 144. ^ 

Uagnit^idu of the 8jrem$4-^lt the Stress-diagram %e drawn to 
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pcale, then Ai', hm represent T, T", H, respectively, on that scale, thus 

T = 416 Gf tbs. = T", H = 3333 J lbs. 

General Formula . — Tiigonometrical formula) are easily derived from 

tbe Stress-dingram, thus : — 

T' = hU — ml) cosec i, 1 _ W cThmat) 

T" = AS" =m6" cosect,] — 4 cosec t, (/At «s«. 

w 

II = 1m — mh’ cot f, = -r cot t, {Tension). 


On calculating these numerically for any particular loading they will of 
course be found exactly the same as the values obtained by measurement 
from the scale. 

Character of Stress (Art. 143). — Observe that the direction in which 
the lines representing the Stresses are drawn indicates the character (as 
Tension or Tiirust) of the Stress, and that the Theorem (Art. 140) of the 
polygon of forces requires that the sides of the polygon bo taken in order. 

Tims h'amhh) ma’^l'lim, b**h'liV' are the polygons for the joints A', A", 
V, respectively, so that 

H is represented by mA, Im at the joints A\ A", respectively. 

T „ AA^ A'A „ A*, V 

T" ,, h A, hh** ,, A , V ,, 


Consti'uction for Normal Load. 
Ij^rame-diagram, Ftg. 16 (t?). Stress-diagram, Fig, 16 (<0. 



STBt'I. Equivalent Loads at the joints (Arts 116 to 120, 128). — These 

i.i^clear]]r -j- at V and *g- at A' (the Wind being snpposed blowing from 

the riaht, %. on Baiter VA'). 

Si-a(0n8‘ qfufsupporti (Arte, 121, 128). — These are 

ik' » ^ W' at A'; R" sr ^ W' at A". 

is (Art 14$).— -On any Una as oV pacallel to ^o 
Wind** mi th^cefore perpendioiil*jr t> the kfijEtar 
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On a^a' set off ddmwards a^m 5=?: -y, ma' =e -jj- representing the 

Loads at the joints V, A'j a " a ' is called the Load line. 

On a'a" set off upwardB^ az = E^, za" = representing the Ee-ac- 
tions at A', A'*', respectively. 

Then a'^fna^za** is a closed Polygon representing all the external 
forces which are therefore in tquilibnum (Art. 140, 1^) ; this is called the 
“ Polygon of Loads.” 

* N,B* —The Eo-actions a'^, zo!' have been slightly zplayed from the 
Load-line” a"a' for the reason explained at end of Art. 142. 

Step II. Resolution of Loads at the joints {Axi, 143). — Draw the 
“Polygon of Forces” in equilibrium (Art. 140,2°) for each joint in 
succession. 

Joint A^ — Tlie forces are the Load = wia', Ee-action E' =: a!z^ and 

a 

two Stresses H, T^ whose directions only are known (parallel to A^A", VA'). 
Draw zh paiallel to A'A^', i. e., horizontal. 

Draw mh parallel to i, e., to aV, 

It follows (from Art. 140, 2°) that ma*zhm is the closed polygon re- 
presenting the forces in equilibrium at the joint A'* 

zh represents H, and being drawn /7’om z indicates Tension at A'. 

Jim represents T', and being drawn towards m indicates Thrust on A'. 
Joint A". — The forces are the Stress H, and Be-action E^ = sa", and 
the Stress T" whose direction only is known (parallel to VA"). 

Draw a'Vi parallel to VA" ; if the inrestigation be correct so far, this 
should pass through the point h. 

It follows (from Art. 140, 2°) that hza“h is the closed polygon repre- 
senting the forces in equilibrium at the joint A^. 

/• a"h represents T", and being drawn towards h indicates Thmst on A". 
Joint V,— It will now bo seen that the “ Polygon of Forces ” for y is 
already complete. The forces are ^ the Loed represented by al'm. 

T' the Stress in A.'Y, represented by ikA, indicating 
T* the Stress in A''V, represented by ha", indicating 
Thus afraha" is the efesed Polygon of Forces in 
Chedi on the twes^^atibn.— The eame remerks 
(3i«gnun fbv Tertui4 Loifd^ q v, 

MagnJM$>i^lhe Strium.*^V the Strees-di 
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sosle, then Am, Aa*^, hz represent T', T", H, respectirely, on that scale, 
thus T' = 437^ lbs., T" = 15621 lbs , H = 546J lbs. 

General Formtdce are easily deiived from the Stress-diagram, thus 

T' =1 Am = mz . cot mhz = yW ^ I . cot i, {Thmet), 

V ' W 

T" = Aa'^ = a"m cosec a7m = ~ .cosec 2 i rz • sec i cosec i,(3rAmf). 

H = A-j = 7)iz . cosec mAa? ^ ^ cosec i, (Tension). 

On calcnlaling these numerically for any particular loading, they \rill of 
course be found exactly the same as the values obtained by measurement 
from the scale. 

N.B. — These Stresses are those due to a Wind blowing from the right 
only. In consequence of the symmetry of the Roof it can be at once in- 
ferred that for a Wind blowing from the left H is unchanged^ and T', T* 
interchange magnitudes. 

Total Working Stresses. 

These are easily found by the piinciples laid down in iirt. 14C, but they 
are better exhibited nuntcricalUj than in formulae, TLu® combining the 
Stress due to the permanent (Vertical) Load, and tlje Greatest of the 
stresses, duo to the accidental (Normal) Load, i, e., the Wind on either 
side, we obtain (for the particular values of tr, w\ i assigned). 




|dTB1£SSLS IN POUADS 

Total 
Working 
Btrees m 
pounds. 


Bar. 

1 

Due to 
Veitical 
Load. 

Greatest 

1 due to 
j Wmd. 

Oharaotor. 

Rafter, VA^ or VA^., 


41G8} 

1502} 

572?* 

Thrust. 

Tro^rod, A A^, • • • • 

H 

8338^ i 

1 

646i 

3800^ 1 

Tension* 


Practi^ that the equilibrium is complete^ and that the 

Truss complete without introduction of any additional Bars : 

e. g., if a were added in the position VH, it would be umtruined 

(under the |^i|N||^ndi^^ of and therefore meku. If the Load 
be altered in aMf e. ""by ahapending an additional Load ar* at the 
jokt tl (say a % 0 v^\mp% then n king-^rOd HV would be required to 
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prerent tho tie-rod A'A" bending nndnly : the Stress on this king-rod 
would be simply = w'. 

Example 2. 

Description,— A. symmetrical triangular Truss of 24' span with the Tie- 
rod slightly braced up to inclination i by a king-rod, 

Coiiditious and Notation (see Arts. 127, 128, 147), — W = 10,000 B)s., 
W' = 4,500 lbs. 

Construction for Vertical Load, 


Frame-diagram, 17 (a). Stress-diagram, Fig, 17 (6). 



Step I, Polygon of Loads, a'’h"Fa'ma" constmeted exactly as in Ex. 1. 

Step II. Resolution of Loads at joints. 

Joints A', A". — b'a'mph\ ma*‘b‘ym are the closed “ Polygons o£ forces ” in Equili- 
brium at A', A" constructed cxacUy^as for the joints A', A" in Ex. 1, noting that mp', 
p"m are of course drawn parallel to the inclined tie-rods A'm, A"m. 

Joint m — The forces are H' IV =s mp** (both drawn), and K kno^vn only in 

direction (being vertical). Join ji;"/?' which (if the dgnro be correctly drawn) will 
be vertical, so that 

p'mp’'p is the closed Polygon of forces in equilibrium at w. 

/, represents K, and being drawn /ram p" indicates Tension at at. 

Joint V.— It will now be seen that the Polygon of Forces for V, viz., Wp'p%” is 

W 

already complete, The forces are the Load — , and the Stresses T', K, 7% 

W 

Bnt represents the Load — , 

by represents T', indicating Thmst on V. 
py represents K, indicating Tension on Y. 
yb** rtgwesents T, indiesdng Thrust on V. 

Oeak M fJUt imwti9<ltkn^T!ht vwtieality of tht Une py, TtHjtn tar 
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tbo joint V having been completed in the net of drawing the Polygons for the pre- 
vious joints constitute the “ check ” Ait. Hi) 

Gmerul Fotmulec arc east Ip deiived from the Stress-diagram. 

The symmetry of the figure shows that mhn bi&ects and is to p'p", 

mi I sin //w/w' W Mil (90+*) W cos i' , .. 

T* as hp =a: mh , — r, f" ■= 'T' • -^7 7, = -r* • 7 ; tiTkrust), 

sin mlip' W sin (90 — *) W" cosi /m • \ 

H s= MV* = mb*. . - = T" • X"7 h == K » iTe)mo7^). 

^ sm mp b* 4 sin (* — t') 4 sm (t — t ) 

K = p"p‘ = 2np = 2w;»'. sin = 2 U* « sin {Teiuion). 

Evidently T' = T", and H' = H". 

Construction for Normal Load» 


Frame-diagram, Ftg. 17 (0» Stress-diagram, Fig, 17 (d). 



p*z = H', ;/r s:; 

Step L Polygon of Loads^ d'mdza!* coi^stmcted exactly as in Ex. 1. . 

Step II. itesolution of Loads at joints. 

Joints A', A".— wtt'jzjti'fw, za"p*'z are the closed “Polygons of Forces ” in equilibrium 
at A', A", constructed exactly as for the joints A', A!* in Ex. 1, noting that zp\ pz 
are of course drawn parallel to the inclined tie-rods AW, AW. 

Joint w*.— The forces are H' = pz, IT a= zp" (both drawn), and K known only in di-^ 
rection (being vertical) Join pV which (if the 6gure be correctly drawn) will be 
vertical, so that 

p*zp**p* is the closed Polygon of Forces in equilibrium at m, 
p*'p represents K, and being drawn ^>vin p" indicates Tension at m. 

Joint V.^It will now be seen that the Polygon of Forces d*mp*p”al* for this joint is 

' W' 

idready eompkten forces are the l^ad -j-, and the Stresses T', K, T^ 

W 

But a*tn repres^ts the Load 

mp* itJjpreWhtall^ littesS T\ indicating Thrust on Y. 

pY aeptesents the Stress K» indicating Tension at Y. 

Ya!* represents the Stress T"', indicating Thrust on V- 

Check on the vcrticality of the line pYt ^nd the Polygon for 

the joint V having him competed in thh net of drawing the j^olygo&a for the pre* 
riotts joints, cox^titute the ebeeh (Art* 141)* 

< Qiiid^sd Mmukit m iidlly Mvel IrnaEi the Stiw-dingram * 
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T* B my ms * cot as — 51^ . cot (i — »'), ( Tkruify 

j w\ 

H' as zp' S5 ms, cosec tpfm as ^R' — . coscc (i — i'), (^iwwiiwO- 

H" as H' for the lines »p" are equally inclined to the vertical p*p^, 

rrt'^ Siu (90 4- t + 0 «0S (i + i') 

T -p^ asaa 

K as pY ^2p'z , 8in?^,(£orp'«p"isani80Scrfestriangle)sB2H^ iini^iTemion), 

Examflk 8. 

De8cript%on,-^A. symmetrical triangular Trues of 24* span with the 
Tie-rod slightly braced up to inclination by two braces, VM', VM", such 
that A'M'V, A*M'*V are isosceles triangles. 

Conditions and Notation (see Arts. 127, 128, 147). — W = 16,000 fibs., 
W* = 4;500 lbs. 

Con^rwthn for Vertical Load. 


Frame-diagram, Mg. 18 (a). 


Stce^a-diagram, Mg. 18 (b). 




Step I. Polygon of Loads a b b a m» ee m F** 1. 

Stef II, HesolutUyn of Loads at Mnts. 

The Polygons of Forces in equilibrium at each jcdnt are 

Va'mp*V for the joint A' } ma%Y^ the joint A". 
ymAy for the joint H* \ pYhm for the joint 
for the joint V. 

Hit check on work is obvious, (Art 144). 

^dmrcA MmiUef^^See the ^lahie^ and Stresa-diagrama 
M'A'A" WA-JM \ yert p^m A 

M'A'V 180* -A'MTp*.2<4^iS0. 

WATf M*TA*' } wk/ « ISO® - (p%a + mph) mm ^ (2i ^ O 



8 THBBBSS tv ROOF TRttBBBS. 


IH 


r mp'V - «i' . f . eosecC-OXI^rBiO. 

Sin Hip b 4 sin Qt- — ^ ) 4 

a^tnp'^ntV . ^ . cos*. eoaec (f - i'), (ftwion). 

^ Sin mp b 4 sm (t t ) 4 

^ . , sin wp'A sin 2 (^ - t') 

Kmmheta mp * » H. ■ ;»r > Crtfw<in»> 

^ sm sin (2i y) 

S' » V - w/. 

Also by tbs symmetry of the figure T' » ; H' a= ; S' teS". 

C 0 ns$ruetion for Normal Load. 


Frame-diagram, Ftg. 18 (p). Stress-diagram, IPig, 18 (rf> 



Step I. Polygon of Loadn^ a'^ma!za*' as in Ex. 1. 

Step II. Roiolntion of Loads at gomts.-^Tho Polygons of forces in equilibrium 
at each 3 oint are 

ma^zp^m for joint A'; za'Yz for joint A". 

p'zhp* for joint M' ; hzp% for joint JT. 
for joint V. 

The check on the work is obvious. 

General Pormula.^See Frame- and Stress-diagrams. 

T ' =s p'm sss mz eot mp'a ss^E' — ^ ^ . cot (* — i'), (Thruaty 

VffI 

» 0 [» 53 -a , eosec Hip*z ae^B' ^ 0 — )i (Tension)* 


5~|;-!r y 3 .cawM). 


V tmp'af a «**♦; 




«iii (90 + t + i>) 

«y4 ■“ • idn<t ^r) 


Bndantl,, kbo «& blMMstfi ji';/’ (lAiok will b« vaitlail if Mw igott ^ 

eomcUr iitowi)} 

,% # a j(|K f. S' » H'' a <!(»» a «,*' B* a'. 

Prwtimi Semark m timfiiM i wd is iatetmting taobMrve 
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the effect (which the Stress-diagrams render obrions to the eye) of brac- 
ing up the Tie-rod^a#oompared with the straight XSe-rod in Ex. 1, viz,, 
that the Stresses on the Bafters and !Ge-rod are all increased, and a King> 
rod or Braces rendered necessary to bear the vertical component of the 
Stress on the inclined Ties. The advantage of bracing up the Tie is to 
gain head-way under the Tie-rod : the oonstruction is suited to Iron Tie- 
rods, not to Timber. - ‘ 

The same effedts consequent on bracing up the Tie-rods are seen at a 
glance in the Stress-diagrams to Ex. 4 and 6, also in Ez. 7, q, v, 

ExAuruB 4. 

Description.— K symmetrical Bang-post Truss of 32» span, with Eafters 
bisected by the Struts. 

Conditions and Notation {see Arts. 127, 128, 147).— W = 20,000 lbs,, 

W'= 6,000 ibs. 

Cbnttruetion for Vertteal Load. 

Frame-diagram, Ftg. 19 (a). Streas-diagtam, Hg, 19 (5), 



Stnrl. Asthwaratwoej^lsegmentsineaoh 

Bafter, the tnsd distributed onr eadi segment is so that the Equivalent Loads 

i W 

at the jcMi are olea]dy Bq. <16}, Art 128), ^ at theabntSMMyls A* A* t and 

^ at the I Aats IT, V, |r. 


1S6 
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Pofygon n/ IiiMSt,-yOn the Load-line a“a‘ s W, take sncceasiTeljr 


a’b" = i V a eV = e'b' ^ 

w 

a*m ss s= ma/* for the Ee-actions* 


, 5V: 


• for the Idoadee 


Then a”¥c*'6'b'a'ma" is the “Polygon of Loads.” 

Step II. MeioUitwn of Loads at the^otnts.-^Tli^ Polygons of Poroes at the joints 
are as follows, in succession 

h'a mhfi at joint A* ; im"¥hm at joint A". 

c'b'hfo' at joint B' j hb^'c"q 'h at joint B". 

\ Note, that H',H" are represented in the Polygon for 

cWfl'Vat loint vl 4 ^ respectirely, a pair of 

^ ® ^ * ) o^erlappitiQ hues. 


apping i 

The check on the work 11 obvious, (Art 144). 

General Formula. 


8W 


Ta =: W = mb* cosec mhh* = (me' + c'b') cosec i =s. — cosec i, (Thrust). 

8W 

H' = =s my cot mhb' s=: cot (Tension). 

o 

K = yy r*= (Tension). 

S' 


w 


A j' =s j'n . cosec =: | qY * ~ ®os®<^ *» (Thrust), 

W 

T/ = eV' = bY'=^ yh — s= Ty — S" = - j* cosec i, (Thrust)' 

Also evidently T/ = T/' j = T/ ; S' = S". 

Construction lor Normal Load, 

Frame diagram, Ftp, 19 (c). Stress-diagram, F%g, 19 (S), 



Step 1., NquioaXont Uad tst ## there are two equal segments in the 

W' 

Boftera, the Load diatrfbiil»d«T«r«adI|i «,{;mantk , lo ihlit the IB^vitaleiit Loads at 
1)ii» joints ate taettlT^ ^ 

^ at A' l»A V^itf at S'. Md w) Xioi^ 
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Polygon of On the Load line o"a‘ parallel of conrte to the Wind-presanre, 

t e», perpendicular to tb* Balter, take successively 

a'tf a> , A'6' «: , Va' s=: , a't =: B', (W* = B*. 

Then u^yb'a'za" is the ** Polygon of Loads.” 

Step IL Besolution of Loads at joints^-^Tht ** Polygon of Forces ” at the joints 
taken in succession are as follows : — 

b'a*zp*b' at joint A' j at joint A". 

Vbygb^' at joint B' ; pVy at joint B" (not loaded). 
gv'zp^q at joint M (no stS’ess on bar B"M). 
at joint V. 

If the diagram be correctly drawn, gpf will be vertical. 

Note partioularly that the Polygon of forces for the jojjit B" isp^aV, *• ^*9 simply 
a pair of overlapping lines, because the joint B'^ is not loaded} hence T/' T,'' and 

S" s: 0, i. a, there is no Stress on the Strut B''M. These results might have been fore- 
seen from the general considerations explained in Art 125. 

General Pormulee* 


Ta' 5s pb* ss: xb' . cot . zp'b' c= ^B' — ^ )eot i, (Thrusft'). 

H' =5 xp* ss xb\ cosec = (b^ * 

fP ^ m 8inpW'_ sin (90® + 0 

T« • sST 

ss B' . cot i s ~ . sec* i . cot i =: — . cosec 2 i, (Thrust), 


H* =s »p'' = »'* =B B" . s= B" 5^, (Tention). 

sin a p X sin i sin 1 ' 

S* ss p'q ss bV . cosec qp'b^ ss ~ cosec 2 1 , 

2 

W* i W* 

K sa qp" ssgp', sin qpy * — "2"’8inFi* T • 


T/ s ss p'5' — ss jp’5' — qn . cot 3p'ii « 

= T,' - Y - cot 2 i, inrutt). 

Practical Remarks , — On comparing the Btress-diagrams of this Ex- 
ample with Examples 1, 2, 3, it vill be fonnd that irith a straight Tie-rod 
there can be no Stress on a King-rod (except that dne to its OTrn vei|^t, 
and that due to sagging of the !ne-rod under its weight, both small in 
small Trusses,) tmUssMiO Tie-rod be loaded (see llemsrks at end of Ex, 1), 
and that bracing the Tie-rod or strutting Jbhe Rafters throws Btress on 
the King-rod or internal Braoi&g* 

Exaidna 5. 


Deseriftioiu^X syintnelxical Klhg-poet Truss, as in Ea< 4. 

CondiUtm and Notce^ms (see Arts. 127,‘l38/U7).— W a; 20,000 lbs., 
W m 1,000 lbs., W' sa 3,000 Ijs., W' ta 6,000 lbs. 
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•^Th6 Truss is the same us in Bx, 4. The Vertical liOad alone differs from 
that of Ex. 4 in that the Loads w, w' have been added ou the Bidge, and at foot of 
klng*rod. ^ 

This Truss is therefove loaded as in Example of Method i, Art. 130. 

Construction tox Vertical Zoad* 


Frame-diagram, Fig, 20. (a). 


Stress-diagram, Fig, 20 (i^). 





Stef I. Polygon of Loads,^Th$ ** Equivalent Loads ” at the joints are the tame 
as in Ex. 4, except that there is a Load of 4- w)on V,and aLoadof vr* on M. 

The Be^o»B«:e at A* uxl A'. 

In cases (like the present) in which there are Loads hath m the Bafters and Tie-rod, 
it wijil be fotHKd oonineiiiant to mpresent their Loads on different Load-lines, thus— 
Take a'a' to represent (W + W) Total Load on Bafters, and aa^aV to 

rqnrasent the Be^notioas at A', A"* \ the tiaies a V, a V W01 clearly 

'4 * 

ovwUp hy the qiuutity ff'o* may be takmi as the Load-line lepresent- 

OnoVset off o'lT-. ifif + w) , c'y ... E 

Henee if 

J<^A*-ThB Load lines f^d'.^*hlitl|is4mff<m>aV.«VhaTe been ptnj^^ ipiqr. 
e4 oBtwaida for the leam ai end Act^ 
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Step II. Be^olution of Loadi at the Polygons of Forces for the joints 

in saccession are 


6Vay6' for joint A' ; 
c'b'pq'o' for joint B' ; 

q’p'aa''p^YQ' for joiRt M, 
c^c'qYc^ for joint V. 


for joint A", 
for joint 

{ at which the forces taken in order 
are S', H', H", K. 


General Formulce, 


Tj' rsup*V « o'6' . cosec olp'V 

.aa!' , cV' A 

+<?*)• cosec ^ 


(a'm mb*) cosec i. 

j w', 1 .W , X . W ( 

iT + 2(T+*^) + TJ 


/3W . W+ W'\ . .. 

« (-J + — ^ — ) cosect, iThrtfst). 

H' ssa ap' = a'b* , cot a'p'h* »» "t* (Tension), 


S' an p*q* =5 q'n* , cosec q’p'n* 


i£ 

2 


coseoi» 


e'h* 

— .cosect 
2 


w 

8 


cosect, (TAmf). 


K ssB » (^'n' + h'ii" 4* »V) “= (%'R* + o'flt") *a + W' ) , (Tension), 
T,' - j'c' =. e'b' = p'>' - pV « T,' _ S' = (^ + - ^- ') . coaec i, (Thrmt). 


Also evidentty T,' — T," j T,' = T," } S' =. 8* j H' -= H". 

The Student is recommended to compare the process in this Example with the 
process by the Method i of Resolution for the same Hoof, (tee Arts. 130 to 183) the 
greater facility of this Method (the Polygonal) will be at once evident. The results 
obtained by both methods are of course identical^ (see Art 134). 

He should also compare the Stress-diagrams for Vertical Load of Examples 4 and 
5 (Figs, 19 (b) and 20 (6)), which are examples of the same Truss under slightly 
different Load, to see the effect of adding th^ Loads W and W' on the Ridge and Tie-rod. 


CkmatrucHon for thermal Load, 


This Truss being the same as in Ex. 4, and under the seme Normal Load, no 
separate investigation is needed, 

Exahplb 6, 

DmripHon. — A eymmetiiod Eiiig>|> 08 t rms of 32' span, the Bafters 
biseoted by the Stmts, the Ties broow np so' a«f to be in one line with the 
Stmts. # * i ~ 

C<mdiikm and NotaUm (see Atts. 147).— W’=s20,000 fits., 

W' ■» 6,000 



bTBP I, Polygon of Loads^ as in Ex. 4. 

Stbp II. Resolvtion of Loads at The Polygons of Eorces for the joints 

taken in succession are 

Va'mp'b* for joint A'; malVp' m for joint A". 
c&';)Yc' for joint B'; for joint B'. 

fpmp”q*'q for joint m ; should be vertical, 

o*'e^q'fc” for joint V. 

* General Formula, 


mi r.» ri sin p' my 8W sin(90 + i) 3W 

T,'=p b=mi’. = -j- . =: -g- . cos . oosec (.-0, (T/irust^ 


Binmb^p' SW sin(30-*t) 3W . <** 


w 


K s= j'g* s: 2 f'A ap 2 2 S y i^{T 0 n 8 ion). 

S' s f»y :3 ^ »»«'«'» S^^rp) =T • c^^o. 

T/ as a; AA' as mb * , ae oosec i, (TArUit), 

Also eviaenfly T,' a Ti' j T/ s= T,'^ H' - H* s B’ - S*. 
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Construction for Normal Load, 


Frame-diagram, Fig, 21 (^?). Stress-diagram, Fig, 21 (d). 



Step II. linolution of Loads at joints , — The “ Polygons of Forces ” for the joints 
taken in succesbion are ^ 

b'a’zpb' for joint A' ; za!'p*'z for joint A" 
h**o*p'qh' for joint B' ; p"a*Y for joint B" (not loaded). 
qp zYq for joint m (no Stress on bar 
d'V'gpf'a}' for joint V. 

* General Formulee, 


Tj' r= p'J'ss zb* , cot zp*b*z=z — cot (i — i'), {Thrusty 


H' = zp' = zb' , cosec = ^R' -- . cosec {i — i'), {Tension'), 

W' 

S' = p'q = qn , cosec qp'n' = — , cosoc {i 4- i')> {ThrusC), 

# W' 

T,' = qb' = p'b' — p'n = p'b — qn , cot qp'n = T,' — — . cot (t + i"), {Thrust), 

T.'’=T,»=pV = *a“. =R''.*M?^±i±p=K».'“' , (Wmt) 

* a P sm zp”a sin {i — 0 sin — i ) ’ ' ' 

ir = ap' = za\ = R". — Tx- = ^ ^ » {lenswn), 

^ sin zp^a" sm {i — i') sm (r — ^ ' 

K = qp" ^ qe^ ep" = 2S' . sin i' + 2Ii"sin i' = 2(S' + H') . sin i\ {Tension)^ 

for qp" is vertical, and qp>^ p'e, ez^ zp" are all inclined at angle i' to horizontal, so 

that horizontal (dotted) lines through p', z bisect qe, ep" at right angles respectively. 

Also S" = 0, as might have been foreseen, (Art. 125), since B" is not loaded. 


Example 7. 

Description,---^ symmetrical Truss of 48' span with Rafters braced at 
their middles, the Tie-rod braced to inclination i\ 

Conditions and Notation {see Arts. 127, 128, 147),~W = 30,000 9 )b., 
W' = 9,000 fts. 
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Constmction for Vertical Load, 

Frame-diagrain, Fig. 22 (a). Stress-diagram, Fig. 22 (6). 

Step 1. Polygon of Load», a“h"c"c' Varna" as in Kx. 4. 

Step II. Hesolutton of Loads at joints,— 'Hht Polygons of Forces for the joints 
taken in succession are 

Va'mp'V for joint A' ; ma‘'b"p‘'m for joint A". 

VVpqc for joint B' ; p"V'c"q"p" for joint B". 
qpmhq' for joint M' ; mp"q"hm for joint M", 
a"cqhq"c" for joint V. 


General Formula:, 


mi t,, .1 ainflwft 3W sin (00 -fO 3W frrr^,^+\ 

Ta' « p'V =»w6' . -,-r . 't— ='— r • cos i' . cosec {i — /')> {Thrust). 

Bin mp b 8 sin (i — i ) 8 

Ti ' r/ Rin mh'p' 3W sin (00— i) SW . 

H = mp = mb . ^ = -r- . . cos fc . coscc U — t ), {Tension). 

^ sin mp'V B sin (i — /') 8 


W 

S' = p'f = q'e' , cos p'q'V = cV , cos i = cos /, {Thrust), 

T/ = = e'i' = p'F — pV == p'i' — Ve* , sin p'qV 

W 

== Tj' — c'6' . sin i = T.j' r • h {Thrust). 


t , , flin hoq' , , , 

« hf = Vo. - - 

sin q ho 

W\ 

= '^T,' siii z — g-y . cosec — 0, (Tension), 


i 

,,, sin? /^, W .\ sin? 

(a'c'— ao ) . -r— 7 ,, — ^ = f T,' . cosec / ) . . - - 

sin (2z — ? ) V ' 8 / sm (2 t — 


n = ss rnn ^ nil =s TtV' . cos mW — . cos c^hn, 

T/ . cOvS i s' . cos (2i — i'), {Tension). 

Also evidently T,' = T,^ T; = T/ ; S' = S" ; s' === s" ; IP =* H". 


Construction for Normal Load, 


Frame-diagram, Fig, 22 (c). Stress-diagram, Fig. 22 {d). 

Step 1. Polyggp. of Loads^ a"b"Va'za" as in Ex. 4. 

.Step II. Ilesoluihm of Loads at joints. — The Polygons of forces for the joints 
taken in succession are 

b'a'zp'V for joint A' ; za"p"z for joint A". 

V'Vp'qb" for joint B' ; p"a"p" for joint B" (not loaded). 
qp'zhq for joint M' ; lizp h for joint M". 
a"b"qh/'a" for joint V. 

General Formula^, 

T/ = p'V « cJ' , cot zp'V *= ^R' — . cot {i — i'), {Thrust). 

/ W'\ 

ir = zp' = #6' cosec = (U' — . cosec (? — ?'), {Tension). 

S' " qp' - b"b' = {ThrutC). 

T,* =. T,' = fi'fl' = a'* ”” P''*"* = R' . 5—^ -'tf? 

^ ' siu ’ sin (i -* f') 
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^jj»COS(l+t') 7,^ 

sin {i — I ) 

S" = 0, as might have been foreseen, (Art. 126), because is unloaded. 

H" = */= «' . . = K» . ^Tension). 

Sin a p z sin (1 — t ) Sin (1- i ) 

TT 7 It sin z//i sin2(i — /') cos 2/ . cos (i — . 

sin zhp sin (2f- -■ ? ) sm (2£ — i ) 


» hill tini' 

» -hp -zp. =n 


tt, {lension). 


Qu 

e‘ = hq = he + = hp . sec = «" + - 77 - cosec (i — i'), {Tension), 

z z 

ExAMri.E 8. 


Description . — A symmetrical Truss of 64' span with Rafters braced by 
two Struts : the Rafters and Tie- rod (which is straight) are trisected by 
the bracing. 

Conditions and Notation (see Arts. 127, 128, 147). — W = 40,000 ftis, 
W' = 12,000 tbs. 

CoHStruction tor Vertical Load, 


Frame- diagram, Fig, 23 (a). Stress-diagram, Fig. 23 (6). 

W 

Step I. Polygon of Loads.^Tho Rafters being trisected, each segment bears -g- 
fio that the “ Equivalent Ijoads at the joints " arc 

w 

The Re-actions are -y- at A' and' A". 


a"b*'c*\Fd'db'a!ma'' is the “ Polygon of Loads ^ . 

Step II. Resolution of Loads at the joints , — The Polygons of Forces at the joints 
taken in succession are 

b'a'inpb' for joint A' ; 


cb pq'c' for joint B' ; 
d'cfjr'd' tor joint C' ; 

for joint M' 5 
d"d r'N7'"d" for jomt V . 


ma"b"pm for joint A". 
py'c'f'p for joint B". 
f'c*’d"r‘'f forjointC". 
N/«p2'"r"N for joint M". 


General Foi*mula. 


" mb' cosec mpF = (wd'-j- d'b') . cosec i = -yy- cosec ?, {Thrust). 
6W 

IP = = mb ' . cot mpy = -5-5- cot i, {Tension). 

\z 

T ' =. n'r* I W 

T* -r'd' 1 ~ ^ ^ (Thrust), 

* W 

S,' = pf = nq , cosec q'pn = d"m , cosec i = -y:;' . cosoc i, {Thrust), 
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S,' = jV = c’i' = , iThrtuO- 

S|' = r'N = Vr'n* + = fsf c”fn? + (?'w . cot 

/ 


cot® i 


, > {{Tension), 


V® •^(5-™“) =W7» + 

( W W\ W 

-jj + . cot i = -j- cot i, ( 7 mion). 

Also T/ = 5 Ta' = T,"; Tg' = T/; = s/'; Sg' = S/ ; S3' = S3" ; H' = H". 

Construction for Normal Load, 


Frame-diagram, Fig, 23 (c). Stress-diagram, 23 {d). 

Step t Polygon of Loads , — ^Thc rafters being trisected, each segment of the rafter 
A'V bears J of the whole Wind-pressure W', so that the Equivalent Loa^s at the 
joints are 

W' W' 

^ at A' and V ; ^ at B', and C'. 
o o 

The Re-actions are R' = W' (1 - i sec® i) = }S W', R" = W'. J . sec®/ = gj W', 

by Eq. (18), Art. 128 : also a‘'l>'mh'a!za“ is the “Polygon of Loads 
Step II. Resolution of the Loads at the joints, — I'lit* Polygon of forces at the 
joints taken in succession are— 

Valzp'l) for joint A' ; za"p"z for joint A". 

mh'p'qm for joint B' ; p"a!'p" ior joint B" (not loaded). 

The Bar B" M" is not strained, and S3" = 0, also T3'' = T/. 

h'mqrh*' for joint C' ; p'Vp" for joint C" (not loaded), 

.% The Bar C"M" is not strained, and Sf = 0, also T^" = Tj". 
rqp'zp^r for joint M' ; p"zp” for joint M" 

The Bar M"V is not strained, and Si" = 0, also H" = H, 
a'*b"rp"a" for joint V. 

N.j&.-Thc Results Tj" = T/ = T3", and S/' = 0, Sj" = 0, S3" = 0, are'the di- 
rect consequences of the joints B", C", M" being unloaded : these Results might have 
been foreseen from the considerations given in Art. 125, 

General Formula, 

Tj' = p*y = cot zp*b' = ^ R' — ^). coti, {Thrust), 

( W\ 

R' — —j , cosec I, {Tension), 

W' 

Tj' == qm = p'F — p'n = p'b' — qn cot qp'n = T3' — . cot 24, {Thrust), 

o 

W' 

S3 = ^ , cosec qp'n = — . cosec 2i, {Thrust), 

W' 

Sa = qr = qN . see Nqr = — . sec f, {Thrust), 
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W' 

T,’ = fh” = rN + N6" = Nj? . tan Nr? + N6" = ^ . tnn i + T,', ijlirmi). 

3 

W' W' 

It _ ip^w _ - pii^H _ , coscc 2i = -j- . cosec i , sec /, {Thrust), 

2 4 

H = = zp" = z7n>, cosec. zp"'m = * R' ^ I • *» {Tension), 

W' W 

S/ = pV = p"o . cosec pVo = -r- . coscc M'VA' = . coscc^t' — 0> {Tensiony, 

• 3 o 

S/' = 0, 8/ = 0, S3" = 0. 


Calculation op Total “ Working Stress See Arts. 6, 14G. 


Bars. 

Reference 

to 

Fig. 23. 

Sti*esB. 

i 

Stresse 

Due to 
Vert,l. 
Load. 

1H» IN POUNDS. 

Due to Wind 

Great- , . 

Total “ Working 
Stress ■ ’ 
in pounds. 

('bnrncter 

of 

StrcRS. 


1 Top-Segment, j 

VC or VC 

T,'otT," 

22,222§ 

8,0165 

6,250 

31,1385 

Thrust. 

s 

< Middle do., 

C'B'orC"B" 

Tj'orT/ 

22,222| 

6,250 

5,916| 

28,4725 

Thrust. 


( Foot do., 

B'A'orB"A" 

Tj'orTa" 

27,7774 

7,083i 

6,250 

34,8614 

Thrust. 

i 

( Outer-segment, 

M'A'orM"A" 

H' or H" 

22,222f 

8,854-2 

2,187J 

31,076-4 

Tension. 

o 

H 

(Middlo do., 

UW 

H 

13,3331 

2,187i 

2,187i 

15,5205 

Tension, 


Braces, 

VM' or VM" 

Si' or Si" 

10,943-2 

2,735-8 

Nil. 

13,679 

Tension. 


Struts, 

C M' or C"M" 

Sj' or Sa" 

6 ,66C| 

5,000 

Nil. 

11 ,666§ 

Thrust. 


Struts, 

B'M' or B"M" 

S3' or S3" 

5,6654 

4,16G§ 

Nil. 

9,7225 

Thrust 


Note , — The Working Stress’’ (Art 146) = Stress due to Vertical Load -f- 
+ Greatest Stress (of same character) duo to Wind (from either side). 


N.B — Although 07ili/ the Greater of the tivo Stresses due to Wind on cither side 
of the Truss arc required, (Art 146) for Calculation of the Total “ Working Stress”, 
still it is generally necessary to calculate both Stresses numerically (or by measure- 
ment from the Stress-diagram if preferred) to ascertain lehich is the greater ; both 
have accordingly been inserted in the above Table. 

Calculation of Scantlings in Eos, 8. 

It will be a useful exemplification of the principles of Chapters II. and 
III. on Tension and Compression to calculate the scantlings for om com- 
plete Truss, that of Example 8, in wronght-iron. 

* The values given in the Table are by calculatim from the formula ; measurement from the scale 
would do equally well : the results by measurement will of course not be so exact, but this great 
exactness is unnecessary in practical Engineering (Art. 147). 
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The scantlings are to be designed such as to bear the “ Total “ Work- 
ing Stresses calculated in the preceding Table. 

N.B. — It must be remembered that the Rafters of this Truss were supposed, {see 
Art. ]47), to be Loaded by Purlins applied onlj/ at the joints so that there are no 
Stresses included due to Transverse Strain. 

Cross-sections and Factors of Safety. 

Bars in Tension. — Round Rod-iron is a convenient form for all rods in Tension 
« = 4 (Art. 31). 

Rnfters. — ^7"-iron with the head outwards is a very convenient form, as the Purlins 
rest on the flat head to which tliey arc easily fastened. « = 4 (Art. 64). 

Struts. — A pair of anj^lc-irons placed back to back ( “^ 1“ ) is a convenient form, as 

they thus embrace the shank of the X-ivon rafter, and also the Tic-rod at the ioints 
(which should bo flattened for the imrj)osc) in such a manner that the Resultant 
Stress is approximately symmetrically situate within the com])Ound Strut, {see Art. 
76__^G) as to the advisability of this arrangement). As the Stress is not, however, 
even thus really uniformly distributed, it is advisable to make the factor of safety, 
higher than for the Rafters (Arts. 54, 7G — (G), say ^ = 5). 

Moduli of Strength.— fi = GO, 000 ; = 3G,000, (A]>pcndix). 

Calcidat ion of Scantlings. 

Notation^ Art. 31, 54. — 0l)scrve that in what follows W is the ‘‘Working Load^* 
(Tensile or Crushing) or “ Working Stress” on (ach Bar in succession as reejuired in 
theformulaj of Chaps. II., III.; this must not be confused with the W used Iv.r Work- 
ing Load on the whole Truss. 

Bars in Tension. — These arc easily designed ; for being of round iron, A = 
also /tA = A'W (Eq. 1 and 2, Art. 31), 

• = /7 X 4 X 4W _ j i4W_ 

‘ ’ J x'GOOOO j ll'x 15000 

where W is the “ Total Working Stress”. 

Taking this from the Table of Total Working Stresses, we have 

Tie-rody Outer-segment ^ W = 31,07G, ci = I'G inches, say 1§ inches. 

Tie-rod, Middie-seg ment ^ W = 15,520, c? = 1 14 inches, say inches. 

BraeeSf W -.=5 13,G79, d = 1*08 inches, say 1 inch. 

N.B. — It must be carefully home in mind that the diameter {d) or breadth of ties 
thus found, is the diameter of net area A of cross-section of each bar, (i. of area 
of Solid metal left after deducting all rivet-and bolt-holes, {see Art. 31). 

Morever the joints at the ends of the ties should ho so arranged that the resultant 
Stress passes down the axis of each Bar, {see Art. 32,) otherwise the Ties must be 
made thirher than as just calculated. 

B after VA' or VA" — It is convenient for constructive reasons to make the Rafter 
in one piece and of uniform section throughout : it must of course be designed to 
bear the greatest thrust on any part'of it, (viz., that on its lowest segment B'A' or 
B"A"), which is 34,86 H lbs. The waste of iron by making the two upper segments 
of same scantling as the lower (which has to bear the greatest stress) is very sviall^ 
see Table of “ Working Starcsses 
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The Rafter may be designed as a “ Pillar ” of length = | Length of Rafter = 

o 


and with both ends fixed ”, provided care he taken that the riveting (Art 61) at the 
Ridge, Wall-pliites, and Strut heads is sulHeient to make all the joints vci'y stiff (as 
can yenerafly be arranged in such a large Truss as the present). 

The details of this arrangement fall properly under the head of “Joints 
As in the figure of cross-section (“T-iron) chosen, there are four quantities, (viz., 
breadth, depth, and two thicknesses to be determined, and only one equation of condi- 
tion, (viz., Working Stress = Working Resistance), three conditions must be assumed 
between b, d, t, {see Art. 71 — (3)) : it will be convenient to assume values for b, d for 
reasons explained in Art. 71. 

As some guide in assuming fc, observe that the cross-section must clearly contain, 
more iron than if designed as for a “ Short Pillar”, on which supposition (by Eq (2), 
Art. 67), A = .sW = 4 X 34*861 -f- 36,000 = 3*87 inches. 

Assuming accordingly breadth of head = 5", depth of shank = 4", thickness of 
head and shank eacli = t, then 
Whole Area A == (4 — f) / = (0^ — square inches. 


Least width d = 


40 X " 

4", 2= 12 L = (12 X ~) . 

By Gordon’s formula Eq. (18), Art. 70, 


.w=/.A.-{i + c,(iy} 

(S)t - <») = A = «W . 1 1 4-^ (ly I 

4 X 34801 / , , _ 1 .. /40 X 12x») 
■ I ^ 3000 ^ V 3 X 4 / ] 


36000 


= 3*874 . 1 1 q- A I = 3-874 x P53 == 6 


93. 



Ifoncc t = *72 inches, nearly, or say £-inch. 

Thus the Rafters may be made of 6" x 4" x I" 

Struts . — These are to be designed as “ Pillars ” of length C'M' or C"M" ( — 16'), 
and BM' or B"M" (= 13^'), and with “both ends hxed” provided care be taken that 
the riveting (Art. 61) at their cuds be sufficient to make the joints very stiff (as can 
generally be arranged in such a large Truss ns the present). 


As in the cross section pair of angle-irons, thus F” ), chosen, there are seve- 
ral quantities, (viz., lengths and thickness of arms) to be determined, and only one 
equation of condition, (viz., Working Stress = Working Resistance), several conditions 
must be assumed between the quantities required (Art. 71— (3)). 

It is convenient (for constructive reasons) to choose the angle-irons alike, and of 
uniform thickness, also to choose the ratio between the arms as 1 : 2, so that when 
jdneed together, the breadth {b) and depth (c/) of the compound Strut may be equal, 
?. e.f h = fh It is convenient also (for reasons explained in Art. 71 — 3), to*assume 
values for 6, d, so that t may be the only undetermined quantity. 

As some guide in assuming observe tliat the cross-section must clearly contain 
more iron than if designed as for a “ Short Pillar ”, on which supposition by Eq. (2), 
Art. 57, the areas of iron required would be 

For C'M' or C"M", A == «W -^/c = 6 x 11666 4- 36,000 = 1 i sq. in., nearly- 
For BM'or A = «W -r/c = 6 X 9722 4- 36,000 = U sq. in., nearly. 
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As the Total Areas of iron required are so nearly alike for both pairs of Struts, it 
would be preferable (for simplicity of construction) to make them all alike, and, 
therefore, all like CM' or C"M", (which must have greater scantlings than B'M' or 
B"M", as they have to bear the greater Stress, and are, mbreovor, of greater clear 
length (L)). 

Assuming the arms of the angle-irons as 3 inches and inches, i, e., 
d=z'y,b •■= IJ" + 14 "= a", A = 2 X { 14 " X < + « (3 - = 9« - 2A 

Hence by Gordon’s formula Eq. (18), Art. 70. 

_ 5 X 110G6 f 144 X 2581 

“ 36000 ■ r 3000 X 9 ^ 

RQOQ 

= X 2*365 = 3*83 square inches. 

oOOO 

/, f = J inch, nearly. 

Hence all the Struts may be made of a pair, each of 3" x 1 ^' X inch angle-iron. 

Example 9. 

Descrintion, — A synjmctrical Truss of 64' span with Rafters braced by 
two Struts ; the Rafters and Tic-rod (which is straight), are trisected by 
the bracing. 

Conditions and Notation {see Arts. 127, 128, 147). — W = 40,000 flis,, 
W'= 12,000 fts. 

Construction for Vertical Loa4, 



Frame-diagram, Ft(f, 24 («). Stress-diagiam, Fig, 24 (ft). 

Step I. — Polygon of Loads^ a!'b*'c"d‘*d'c%'a'ma‘\ as in Ex. 8. 

Step IL — Besolution of Loads at the joints, — The Polygons of Forces at the joints 
taken in succession are 


Va'myh* for joint A' ; 
dlipq'd for joint B' ; 
q'pmnq' for joint M' ; 
d'c'q'nr'd* for joint C ; 
dnmnr"r’ for joint M. 
d‘'d'rYd" for joint V. 


ma!'b”pma" for jotnt A", 
pb"c”q"p for joint B". 
mpq"nm for joint M". 
nqi’c'^d'r*'n for joint C". 


General Formula, 


Tg' - pF = mb' coscc mpV = -j,j- cosec i,(Thnfst), 

5W 

H/ =: mp = mb' . cot mpF r -g- cot i, (Tension), 

W 

Q' = q'n = iq'q" = i c'b' ^ — , (lension), 

W 

S / - pq' = s'a cosec q'pm s= . cosec i, (27irust), 
K = rV* s: cTe’ + ^ ^ > (Tension), 
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T/ = q'c' = — pq'* - IV "" = -;r cosec i, (Thrust). 

O 

W 

T/ = r'd = — pr" = T™' — 2 S " = — coscc i, (Th?'uxt)- 

4 

W 

Hj' = mn - q"6". cos /, = T/ . cos i = — . cot ?, {Tension). 

o 

Sj' = »?•* = wN-^ -f- ^ {q'n, cot d'c'^ 

/ 7W W W 

^ J ( IT ■' 12 (r/m/^O- 

Construction for Normal Load. 


Frame-din {;nini, 24 (c). Stief*s- diagram, Fig. 24 {(T). 


Step I. — Polygon oj Loads, a“b‘'mb'a'za‘\ as in Ex. 8. 

Step II . — Resolution of the Loads at the joints. —The Polygons of Forces for the 
joints taken in succession aic 


h'a!zp*V for joint A' ; zn‘'p"z for joint A". 

mb'p'qm for joint IP ; p"a“p*' lor joint B" (unloaded). 

qp*znq for joint M' ; zp"z for joint M" (unloaded). 
h‘''mqnry' for joint C' ; p"a!'p” for joint C" (unloaded). 

rnzp"r for joint M (unloaded). 
a‘'l"rp''a!' for joint V. 


— The Burs B"M", M"C", C"M, are seen from the construction of the polygons 
to be unstrained. • 


/. S/' = 0, Q" = 0, Si" == 0, 

Also Ti" = T." = T 3 " , and llj" = H 


^ ns might have been anticipated, in con- 
> sequence ot the joints B", M", C" being 
/ unloaded, see Art. 1 25. 


General Formuhs. 


/ W\ 

T 3 ' = p'F = zb’ cot zp’h' = (R* j . cot ?, (Thrust). 

II '== zp — zl) . coscc zpy = ^R' — . cosec f, (Tension). 

W' 

S/ = 2*'q = 7 ^ ■ ooscc = mb’ . coscc 2 / = . cosec 2 i, (Thrust). 

W' 

T / = = p’b' — p'N =p // — 7 N . cot 7 P'N = Tg' ^ . cot 2 i, (Thrust). 

W' 

Q' = 717 = p'q . sin qp'n = S/ . sin i = -^ see i, (Tension). 

W' 

T," =s T/ i=: Tg" =pV = . cosec a^m = . cosec 2 *, (Thrust). 

i W\ 

Hi"= H/ = zp*' = zm . cosec zp-m = (li' - . coscc i, (Tension). 

W' 

K = rjf" = p**e . sec rp-e = mb " . sec rp**e = . sec i, (Tenzitnt.). 

U 
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qp'.coH i=lly" — Sy .coBi= (R' — g-) . coscc i, (^Tension), 
Bj'ca aJ rp"^ 4- np"^ = aJ rp"'^ + (*« “ + (Hj' - IIi"}"* ^ 


"H cosec i'y = ^ J 4 sec** i + cosec“ i, {Thrust), 

Ti’=rJ" =. rf + p"m=pV . tan rp"e 4* ma cot zp*'m=-^ . tan i 4- {Thrust). 

B/= 0, Q" = 0, sy = 0. 


Example 10. 

Description . — A symmetrical Queen-post Truss of 64' span, ^ith Eaf- 
! ters trisected by the bracing. 

Conditions and Notation (see Arts. 127, 128, 147 ). — W — 40,000 lbs., 
w = 1,000 lbs., vv' = 2,000 lbs., W' = 12,000 lbs. 

This Truss is the same and under the same Load as in Ex. 2 of Method i. 


Construction for Vtifical Load. 


Frame-diagram, Fig. 25 (a). Stress-diagram, Fig* 25 (h). 

Step I. Polygon of Loads , — The “ Equivalent Loads at the joints arc as in 
Ex. 8 , except that owing to the addition of the Loads W on the Ridge, and w' at 

W 

foot of each of the Queen-i^da, the Equivalent Loads at these points are ( 
at V, and w' at M' and M'. 

Also the Re-actions are 4 - w'^ at A', A". 

Taking separate Load-lines ( as directed in Ex. 6 ) for the Loads on Rafters and 
Tie-rods, it follows that (the lines a"a", a'a' overlapping) 

a‘'b"c"d'dcha!a!aa" is the Polygon of Loads. 

Step II. Jlcsoluf wn of Loads at the joints.— 'TY iq Polygons of forces at the joint 
taken in succession are 


b'a'dp'h' for joint A! \ 
dhj/g'c for joint B' ; 
qp’dmuf for joint M' 
drq'nlSd' for joint C' 
dl'd'^d for joint V. 


d'a”h''p”a” for joint A'. 
p^b'c^ifp" for joint B". 
nmaY’q''n for joint 

for joint C". 


General Formula, 


Ty = p'V = b'a\ cosec i’p'o' =*= {Fm 4- md) . cosec i. 

+ T + (t + + T + 

5W^ w \ 

H' — a’f’ = cot i>'a' = (-jY + y + (Temion), 
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C5* t I II III . W . 

fc) pq = qn , coscc qpn . cosec t = --- . coscc i = ~ cosec % , {Thrust), 

Ji 2k i ^ 

% _ 

T / = ic' = e' 6 ' = = p%' - ^'( 2 ' = T 3 ' - S' = ( -^ + -^ + W') cosec i , {Thrpst), 

Q' as qn a= ^'n' -f- <nJn as 9 ';^' 4 - a'ni = ^ + a'w = ^ + a'w = ~ -f w', (TeTisiftrt). 

i2 Z 

T/ = Ni/' = md ' . coscc wNe/' = I + W ) . coscc i, (Thrust). 

II — j/*?i = ap' — pn' = a'/>' — . cos 9 ';)V 

W W 

= 11 — S', cos 4 == + " 2 — H w' ^ . cot 4 , f Tension ), 

ho = Nn = wrt — ?;jN = mil — . cot ni^d' 

W W 

“H — i . cot i = + w'^ cot i, (Thrust). 

The Student is recommended to compare these results with those obtained by the 
Method oJ Resolution (Art. 139), with which they are of course identical. The 
greater facility of the ]>resent method (the Tolygonal) will be at once evident on 
comparing the bteps ot the two procesbcs, 

€onstru(‘t}o7i for Is^ormal Load, 

Frame-diagram, Fig. 25 (c). Stress-diagram, tig. 25 (d). 

Step I. Polygon of Loads ^ a'b‘’mh!a*zi'^ as in Ex. 8. 

Step 11. Ite^solution of Loads at the joints : — 

Preliminary liemarl's , — As tlie Construction of this Stress- diagram pre- 
sents so7ne difficulty, it will bo soniewliat fully explained. It will be found 
(on actual trial) impossible to close up all the Polygons of Forces for the 
Truss with an open quadrilateral C'M'M"C'' figured in Fig. 25 (a) or (c) 
under the Normal Load applied to one side only of the Roof as A'V. 

The reason of this is clearly that equilibrium of such a Truss under this 
(unsymmetrical) Loading is, under the preliminary hypothesis of perfectly 
free” joints (Art. 133), simply impossible: the fact is that no opensjtn^ 
metrical polygon such as the open (see Art. 114) quadrilateral C'M'M"C", 

Fig. 25 (a) or (c) with perfectly free joints, can be in equilibrium under an 
unsymmetrical Load, (c. g., under a Wind- Pressure on one side only.) 

A. 5. — This is a good instance of the value of the “Polygonal Method” in in- 
dicating (if properly drawn to scale) that the Design is faulty, at least under the 
preliminary imperfect hypothesis of “ perfectly free ” jointi>, (Art 113). This would 
of course have been discovered also by Method i, but not quite so readily. 

It appears, therefore, (under the hypothesis of “ free joints ”,) to be 
necessary to add some additional bracing to preserve the equilibrium 
unvler unsymmetrical Load. 
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This might of course be done in many ways : the simplest way appears 
to bo to add the Bars C'M", C"M', to divide the open quadrilateral into 
triangles (the only form which with “free joints” can resist Load dis- 
tributed in any manner whatever). 

— One only ol’ the Bars C'M', C"iM" is essential to equilibrium, but it is usunl 
to ndil both for the sake of symmetry : but even then, one only of these Imrs is relied 
on for resisting the Wind as blowing from the and the other for resisting Wind 
from the left, so that in drawing the Stress-diagram for Wind from the right as in 
fijruro, one bar is ncgleeted ; an<l similarly if a special Stress- diagram be drawn for 
Wind from the left, the other bar would be neglected. But there is a further annlyti- 
cal reason for introducing onlg one of these bars at a time, viz ,to avoid the diilicufty 
of thc“Iudetermiuatc Broblcm ” (explained in Art. 126, 7. a.), which would be intro- 
duced, as will he. seen on actual trial, sec below. 

It is optional which Bar sliall be introduced on each occasion. Tn the rrnme- 
diagram {^Ftg 25 (c)) for Wind from the right, tin* bar C M" is introduced ; and C"M' 
will be consi«lercd as introduced solely for resisting Wind from the left. 

Stress-diagram conslrnction. — The bar C'Al" Inning been added, there will now be 
no difficvltg in drawing the Strc.ss-diagrnni (F/7. 25 {d)). Tlje Polygons of Forces at 
the joints taken in succession are 

b’a'z/fb' at joint A' ; za"p”z at joint A". 
mb'p'qm at joint B' ; at joint B", (unloaded). 

qjfznq at joint M'; at joint M". 

N,B . — Had the bar C"M' been included (as well as C'M") in the Frame, then at the 
joint M' there would have been more than tivo unknown Stresses, viz., those on the 
bars M'M", M'C", M'C' to determine, a problem which has been explained to be 
indeterminate (Art. 126) : nor could this diflBculty be avoided by taking the joints in 
any other order. The remaining polygons are 

IfmqncrV for joint C' ; repUFr for joint C", (unloaded). 
a"h“ra" for joint V. 

The check on the work is obvious. 

Note . — With Wind blowing from the left, the Bar C"M' is introduced and C'M" is 
omitted for reasons above explained ; the Stress on the Bar C'M’ will from the 
symmetry of the figure clearly be the same as that on CM" under Wind from the right. 
Both these bars will thus bo found to be in compression : if interchanged, they would 
be found (by constructing new Stress-diagrams) in tension. 

General Forniulce. 


/ W' \ 

Tj’ = p*F =n zV , cot zp'b' = — —) . cot ii^Thrusf), 

/ W’\ 

H' = zp* s= zF . cosec zpF « ( R’ —) , coscc 1, ( Tension), 

W 

S' s= p’q as jN . cosec 7;)'N «s — . cosec 2 i, {Thrnst), 

o 

W' 

Q’ s= gn as p*q, sin qp'n =» S\ sin 1 aa -g- . sec 1, (Tension), 

W* 

T/ am T/ « «« a"i» . cosec . cosec 2 i, (TArus/), 
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W' 

T/' = coscc a‘W = -- . cosec 2/, {Thrusty 

(» 

W' 

T/ = /•£" =s . cot ii'Vi" = . cot 2/, {Thrust). 


II 1 .= zii =s jp' — pn =! ir — S', cos i ^11' “ij") coscc i, (rc/is/o/i). 

11" = 2 p’' = zm coscc zp''m ^11' — . coscc i, {Tensioii), 

S = S', S" = 0, Q" = Q'. 

W' 

7iy = er = tp" . cot erp'* = Q" . coti = — cosec /, {Thrust). 

0 


Caution to Students. 


The following mistnke is very fiT‘(|iiently tnatle by beginners in finding 
the Stresses in Trusses by Method i, (Metltod of Resolution). 

Take the simi)lc case of the simplest Trus«i, Fitj. IG {u) :--Havin«r ascertained the 

W 

** Equivalent Load ” on ‘the vertex (V) to be — , they piocced to say that 


“ The Stress down Y A! or VA" produced hj is clearly (?) equal to the resolved 
W . . . W . 

part of in those directions, i. <?., to — sin i Now this is only partly true, i. e., 
W ^ W 

— sin I is only a part of the Stress produced by the Load ; it ought to be evident, 

from mere inspection, that the “ Direct Rcsistaiiees of the rafters A'V, A"V at the 

W 

point V must necessarily be together greater than — , because //e/f/icr of them direct- 


ly oppose the Load , whereas the result ~ sin i obtained above, is less than — 
2 J 2 

(because sin i is necessarily < 1). 

The fact is, that the Direct Resistances of A'V, A"V at Y must be together exactly 

W 

so much greater than the (Vertical) Load — , that the sum of their vertically resolv- 


ed parts shall balance , i, <?,, 

T' cos A'VH + T" cos A'VII = (T' + T") sin i = ^ (i). 

But inasmuch ns their horizontally resolved parts must balance each other to main- 
tain equilibrium at V, 

T' sin A'VH ==» T" sin A^VH, whence T' = T" (ii). 

W 

lienee from (i), T' == — coscc i = T" (iii). 


Observe that this result is the same as obtained in Ex. (1) of Method ii. * 

The mistake alluded to can never occur in use of any graphic method (this is one 
great advantage of Method ii), nor can it occur if the particular train of reasoning 
adopted in this Treatise (see Art. 132~'(1) and (4), also just stated above) be invo- 
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riably followed, when using the “ Method of Resolution ** (Method i) viz,, of deduc- 
ing T', T" from the fundamental equitions of equilibrium, Le., 

Sum of vertically resolved parts of ( ^ 

the iStr(‘Hses 1,1, ) 

Sum of horizontally resolved parts | = Horizontal Load (if any) ; 


of the Stresses T', T" 


.(ii). 


I = 0, if there is no horizontal Load. 

Any method of equating resolved parts without 4htincthj expressing the conditions 
of equilibrium is very Uahle to error. In graphic methods these conditions are satis- 
fied by the act of construction, which (when complete) generally renders errors evi- 
dent to the eye. 


Note to Meiliod ii — This method styled in this Manual the "‘.Polygonal Method ” 
is due to Professor Clerk-Maxwell ; it is hence sometimes described “ as Clerk-Max- 
well’s M( thod ” 

The germ of this Method is contained in the following proposition in Rankine’s 
Applied Meehanies (Ait. l.“0), viz , 

“ If lines rad'nting from a point be drawn parallel to the lines of resistance of the 
bars of a polygonal frame, then the sides of any ])olygon whoso angles lie in those 
*' radiators represent a system of forces, which, being applied to the joints of the frame, 
will balance each other, each force being apjdied to the joint betu ecn the bars which 
“ arc parallel to the pair of radiators tliat enclose ihe side (of the polygon of forces) 
representing that force. Also the lengths of those radiators represent the stresses 
“along iho bars to which they are jiarallcl.” 

Note to Art. 113. — As the Rafters are generally eoiitinnous, it would be preferable 
to treat them as “ continuous licimis ” supported at several supports (viz., at the 
Ridge-pole, Strut-heads, and Wall-plates). The only manner in which this would 
effect the procc.ss laid down in the Text would be in altering the magnitudes of the 
“ Equivalent Loads ” at the joints (of Rafters with Struts) as found in Arts. 119, 120, 
128 ; all results or forniulce depending on those determinations of the Equivalent 
Loads at the joints would of course be altered numerivallyy but the, prineAples will be 
unaffected. 

The “ Equivalent Loads ” at the joints of “ continuous ” straight “ strutted " 
Rafters, uniform h/ loaded^ would be* as follows : — 

Rafters bisected by gtruts, as in Figs, U, 19, 20, 21, 22. 

For Vortical Load, W at A', A"; -{\ W at B , B"; Ce W at V. 

For Normal Load, on one side only W at A', Vj J W at B',B*. 
lifters trisected by Struts, ns in Figs. 15, 23, 24, 25. 

■' For Vertical Load, Vs W at A', A"j U W at B',B"j B',C"; j®* W at V. 

For Normal Load on one side only, W at A', V ; J-J W at B', C'. 

The investigation of these ratios is involved in the Theory of “ continuous Beams 
it shonld bo particularly observed that these figures are only true for nniformly 
loaded Rafters ; the non-uniformly distributed lioad, (such as (W w') must be 
separately allowed for. 

The Stress-diagrams of the “ Polygonal method ” are equally easy of execution, 
•lu whatever manner the Equivalent Loads at the joints be assigned, but Trigono- 
metrical formulas become more complex iu appearance by the inconveuieut fractious 
involved in the present assignment of Loads at the joints. 

• Unwin's “ Wrought-lron Bridges and Eoofa,” Art. fi. 
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APPLIED MECHANICS-PART II. 

CHAPTER VI. 

TRANSVERSE STRAIN. 

148k Transverse Strain.— Any piece of material loaded trans- 
versely,!. e,f in which the Re-actions of the supports do not directly oppose 
the Load, is said to bo “ strained transversely”, or to be under Transyeesb 
Strain. 

149. Seam, Q-irder, GantUever.— Any piece of material under 
Transverse Strain is called in general a Beam : a large or composite Beam 
is often called a Gibobr. A Beam firmly fixed to one support only, and 
loaded anywhere over the projecting portion is called a Semi-girder or 
Cantilever. 

160. Horizontal Beams.— The Beams in ordinary use in Engi- 
neering are usually horizontal^ and laid on horizontal supports. It will be 
convenient (for brevity) to confine attention to these ; accordingly the 
term Beam is to be in general understood as Horizontal Beam on hori- 
zontal supports”. 

— This limitatioii is solely *to avoid circumloontion : the principles laid down 
are applicable, mutatis mutandis to Beams in any position]. 

151. Transverse, Direct, Twisting-Strain. — The whole of the 
External Forces or Loads applied to a Horizontal Beam may clearly be 
resolved into three sets 

I®. yERTiQAi:i.~These alone produce Transverse Strain ; the investi- 
gation of this Transverse Strain alone will be treated in Chap. Yl. to X. 

[i>r.B.->These also produce Twisting Strain, bnt seldom to any great extent in ac- 
tual Engineering Btrnctures]. 

2*^. BoRizoitTAL-LoNaiTtrDiNAL (t. e., along the Beam).'^These 
produee direct Strain and Stress along the Beam, which have been fi^y 
investigated in Ql^apter V. ^ 


X 
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6®. HoRiasoNTAt-TixAKBVKRSB. — These produce both (Horizonte!) 
Bending and Twisting Strain, but seldom to any great extent in actual 
Structures. 

[ JS747.-*Large Girders exposing a very large vertical surface to high winds sometimes 
suffer severe (horizontal) 1 ransverse Strain. This will be considered hereafter]. 

152. Btlpport.--^The mode of support of a Beam has an important 
influence on its Strength, see Table, Art. 158. The following terms will 
be employed for brevity to distinguish the usual modes of support ; — 

1^. CAKTiLEVBa.— Fixed at one end. 

2^. Supported BsAM.-^Supported freely at both ends. 

3^ Fixed Beam.— -Supported and fixed (in direction) at both ends. 

4 ^, Supported and Fixed Beam. — Supported at both ends, and fixed 
(in direction) at one end. 

163. Flexture, &6fi6xion.^The principal observed effect 
(t. e., strain) of Transverse Load on a Beam is Bending, Flexure, or De* 
flexion. The laws of flexure will be investigated hereafter. It is sufficient 
to state here that the Deflexion is generally greatest at the point where 
the Besultant of applied external Loads acts. 

164. Internal Str^eses. — A simple experiment will Ulustrate the 
nature of the Stresses developed under Transverse Strain. » 


Let AA^ be a faoriaontal Cantilever fixed at end A", and loaded at the 
free end A' with the weight — W. The Beam ia to be cut right through by a ver- 
tical section at PQ. In order to support the disconnected portion AT it will be 
found neoessarp andJn^cMWt to introduce 
i A Tie at P (above), and a Stmt at Q (miderneath), yielding a pair of equal 
opposite horaumUd Forces, viz., Tension (T) at F, and Throat or Compression (C) 
at Q, forming a couple*' of Moment M s T.d* ss C. d*, (d* being us FQ, the 


arm of the couple), equal and opposite to that of the 
Load whi(di isW. A'Q, and therefore reaistbgthe 
tutatqry or Bending action of the latter. 

il. A vertical upiemd Ftiroe at F» equal and 
<®lK»ritetaihelA>^ 

By the principles of elementary Statics, it 
isoleer that these new applied,’^ Forces 
replace, or are equivalent in effect to, the 
moleo^ fences (internal stresses) that yrere 
developed at the section FQ b^cre the Beam 
If as aetuslly tint tbr0n|h« The experiment 


Fig. 1. 



s^ws 


A tendency of ihc on either idde of ik$ i^^on 
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PQ to i^eparate by sintplo shearing or sliding ” rertioally across each 
other at the section. The pair of equal opposite Yeriioal Forces ivhlch 
cause and resist the shearing are termed Shbabiho Forces. 

ii. A tendency to separation at the section by simple rotation of the 
segment AT about some transverse horizontal axis. The pair of equal 
opposite horizontal Forces, (0, T) developed are termed the Lokoitudi*- 
KAL StREssBs. The moments of the equal opposite couples (T . or 
0 , d* , A^Q) which cause and resic$ rotation are termed the Bend- 
ing Moments 

This experiment is very important. It shows that pare Transverse 
Strain’* developes simultaneously the ttirOe simple Stresses (Tension, 
Thrust, Shear), and indicates also their direction and magnitude. 

165. Breaking Weight Working Stre8a.~Th6 design of Beams 
to resist Transverse Strain admits of two distinct methods ot treatment. 

(i) . From the Breaking Weight, or Load which applied transversely 
in a given manner will break the Beam across, 

(ii) . From consideration of the simple Stressts, u by resolution of 
the effect of a Load applied transversely into the simple Stresses (Longi- 
tudinal, t. s., Tensile and Compressive ; and Tangential, L e., Shearing) 
which it actually produces in the different parts or pieces of the Beam, 
which are therefore the Woiking Stresses” on those parts. 

156. Comparison stf Methods^Q). Maruon i,<of designing from the 
Breaking Weight which applied transversely would break the Beam across, 
is by far the simpler, and more rapid way, but it is entirety dependent on 
experiment on Beams similar kind, similarly loaded and supported^ and 
is, therefore, not easily susceptible of generalization to Beams different or 
differently loaded and supported to those experimented on. It has also 
the advantage, when limited to the class of Beam and particular loading 
experimented on, of being of any hypotheses as to the state of 

strain* On eceount of its simplicity, this method is recommended for 
nnimportint cases in which economy of material is not of much importance 
(s. in solid wooden beams or joints). 

(ii). Msigmon ii, of designing encfi portion of a Beam to beer the 
Working Stress that actually fsBs on it is (except for solid sections) the 
only really scimitifio tpothoi, {. s., fhe only one by which an economical 
a»^isi||flinent of tnlMalean he made. It is far more difficult than Metbiid 
V aM ns oisuaU^e^liod is itrfotly only applicable to Ibose materials for 

it \ 
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whioU the moduli of direct (t, e», Tensile and Crushing) Elasticity are 
nearly equal (Et 8= Ec). This last objection is npt inherent in the me- 
thod^ the principles of which are broad enough to embrace any material, 
but the usual (almost unirersal) mode of its application does so limit it 
This must be carefully borne in mind. 

[The remainder of this Chapter will be deroted to explaining Method i. Several 
Chapters will bo devoted to Method ii, on account of its Comparatively greater 
difficulty]. 

IIkthod (i). 

167. The formula of this method all give the Breaking Weight (P). 
With these must of course be combined the fundamental formula, 

P = s W, or P = s'W' + s" W\ (X), 

of Art. 7, when the Working Load (W) is in question. 

168^ It has been ascertained ezpermentf that in Beams which are 
similaifr, zmilarly loaded and supported^ the Breaking Weight varies as 
the hHodth and a^te of the depths and inveraely as the length, t. e., (for 
Notation, see Art. 11). 

P or P =s (constant) x (2). 

jV'^.^This constant is of course derived from experiment ; the Besiilt ( 1 ) 
furnishes at oboe the Breaking Weight (P) of Beams aimilar, similarly 
loaded and supported to those for which the above constant ’’ has been 
determmsd by experiment, (but of no others). ^ 

This constant ’’ has been oommonly reoarded only for <m case for which 
it is called the “ Co-effiment of Rupture or Transverse Strength 
[MJ9.— There are two ** Constanta of Tmsverse Strength ” in common use, one 
of which is 18 times the other (A s 18 see Art. 217. 

ThI terms "Constant”, "Co-efficient”, " Modulns” of Rupture or Transverse 
Stinpgih ere nnfortnnately Miffereistly ^plied to these by difeient anthois. In 
this these terms will bO invtiriably used as h>UowB 

as Co-e$cient of Rupture,” or " Ce^effielent of Transverse Strength^ 
ate "Modulus of Rupiw,” or "Modalusof Transverse Strength” 

The term "Oonstant” wtR be used for eny nmtxlcA oo-effident derived from 
experiment (ft jn»» ^ C in Art. 161). 

Ilrmnmbe oaiufully n^sd that these Cmwtsnts (pb,/b), are diltormOly dedned, and 
ate deriifud dissimw definh^^ dm., of /a and 

that/to te£ 18 pb ^ 

The « Co^ciUnt ” |*e l» dfeftded spA asew^ed by experiment (as set ferii in the 
definition) below^ it fS XsiWUPlf leterded only for Timber^ for Its vatnea Ibr 
ln4ini V^oods, Its Apptiidliy kid 

pa may be^tahen aS of /i in tb AppendIxJ, / 
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pfc ass << Co-efficient of Bupture”, or Co-efficient of Transverse Strength’'. 

tsz Weight (in pounds) which^ applied 0 vefily across the middle of a 
straight horizontal uniform BeEm ofV^ >C I'"" scmtling^ simply laid 
on two supports 1 foot apart (in the clear)^ will just break it. 

Then, ,for such Beams (e. e., of unifom rectangular section, so loaded and 
supported). 

P =P^-T ^ (3)- 

It has also been found bg experiment that the ** Ultimate Transverse 
Strength,” or Breaking Weights of similar Beams differing as follows in 
the Load nni mode of Support are as shown in the following Table. The 
Table shows the ratios of the Breaking Weights of similar Beams (of any 
form), and also the actual value of the Breaking Weight (P) in pounds 
for Beams of uniform rectangular cross-section. 


Cfwa. 


i 

ii 

iii 

iv 
V 


vi 
vU 
viii 

159. Fbcod B0ai3du~Ii would appear from comparing Besults (5| 
7, $) with (9, 10, 11) respectively that the Ultimate Strength of a support- 
ed Beam was in each case of Loading set forth increased by &nhg its ends 
in the raio $ : 2. 

Vbm Besutts (0, l(K 11) sTe <)iiot6d from Barlow’s Btrength of Matsrism 
im. Besalt ifhs obtained by B. Barlow by aetml ^eriment on tSvtmjm 
gWlMsffn bet the evidence of ttcaults (10), (U) is not stated. 


Beam. 

Support. 

Load. 

•gfsi 

pa 

Bieakine WeipThts (P) 
in pounda for uniform 
rootaugular Beams. 

Cantilever 

or 

Semigirder, 

Fixed at 
one end. 

1 


At free end, 

Uniform, 

i 

^ i 






At middle, 

1 

' in.-M’-f-i* 

(6). 


Freely sup- 


Uniform, 


Beam, 

port^at 


2 


(7)- 


bothei^s. 


At point »% w*' 
from either end, 

1 L» 

4 55* 


(8) 




At middle, 


Jpb*W*-rI< 

' (9). 

Beam, 

Fixed at j 
both ends. 


Uniform, 



(W). 



At point 

feet from either 


|p^.5d*L*T-(»V) 

U 
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and (it) dlier temairkibl^ from the eomspottdihir fteshlto td^teiywii hj 
Mflfthod U to the WomNG thet k to say the Working Strength of 

J^easks does not appear to be conoeeted with the Ultimate Strength by any 
stioh simple relation as P as: sW, or 

tnUmato Strength Constant (factor of Safely) y Working Strength.*’ 

This will ftdly appear in ChtHp. IX., Method ii. As the Working (not the Ultimate) 
Strength is the most important question in Engineeiing, the real ntility of Besolta 
(9» 10, 11) seems questionable. 

[iV.JS.*^n investigktlon k gimn In Barlow’t iEssay on Strength and Stress o 
Materials (1826), and Treatise cm StIfSgth of Timber, Ac. (1845), purporting to show 
that the ratio onght to be 8 : 9 to Working Strength of Oases iii and vi, jbnt the 
proof k d<ifeciiti 0 , Por a fall dlscnssion of the evidence of Kesnlta (8, 10, to 
Paper UX of ’’Professional Papeni on Indian Engineering,'’ Second 
” On Beams Pixed and Snpported " by the present writer]. ^ 

160* Appiicatm to Timber.^Tbo Table gitea $i\ tbht ia re** 

quired for simple Wooden Beams of mifom reetdtn^lar qroas*se<Aon (the 
ustud form), t. e., it gives for the eight ordinary modes of l^oad and snpport. 

(1) .— The Breaking Weight (P) and WorUthg Load (W) for a given 
Beam (in whieh 5, d, L, are known). 

(2) .'^The value of htP a Beam to carry a given Load W (s: P s, 
$ m factor of safety, Art. 7), in which ease, 

l^.~The value 4t the ratio b: is usually Sxed from considering the 
form of Beam which will be sufficiently stiff, (see GhapSet on Deflexion). 

the value of either b or dy or of the ratio b : <2, may be fixed 
from other practical eousiderations, e, g., 

(a). In fiat roofs the breadth h of the Jcdsts on which the bricks or tiks rest is 
generally made 3 in. thus giving 1} in. bearing to eadh brick or tile resting on it. 

(by The ratio b : d may be convenienfly taken as 1 : V2 or as 2 : 8, d being 
taken > b because the Unima.^ STnaHora increases as the square of 
Itie depth* u e., much more rapidly with the depth, than with the breadth, see Bq. 2, 
Art i58. 

|[Tlieraflo5 t Vfi will be shown (Art 228) to fnrnkh the Strongest Beam 
(of ^tangnto atokm) obtainable ton a roand log]. 

Vhofi( ^ • 4hava bedn thus fixed the equations (4 to 

U) <4 ^ ^ 0 # 5, dr o| 5 and d, respectively. 

I6L ipf^eoppomd* Iron Beams. 

The foUowh^ daliv ed from the eiq^eiditot^^ of Msssrs. 

Bodgki4iM)ii and U useful for Cast- and Wrougdi^i*^» 

< Supported^ Beitoi4 fo fifose 


e »anbiim% pani m, Si, loe, m 
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P s Breakiog Wagbt (in pounds) applied etwdg sKros* th» middlt. 
At s: Am (in squaxe inches) of tension (lower) flange «( tht middle. 
At es Am (in square iaebes) of compmsion (appex) flange at (Ae middle. 
D = of girder of th middle, ~d in inches, P in feet 
I, L ss Lengtii or Span in the clear-- f in inches, L in feet 

Then Bmking Weight (in ton8)=P -j- 2240ssO . C • ...(12), 




1 

Etttiio of i.t» 

value of 0 to 
tons per iq. in. 

Cast-iron, 
Wronght-inm, | 

Oi ettongest form of cross-section, 
Tubtilar or Box Girder, ... ... ... 

BIxtKItttereny supported), 

PUte-Cnot laterally sopporled), 
Xiftttice Girder, •*. eo« ... 

ss dAg 
Ag a -JlAt 
Ac ^ 2At 
Ac 55 2At 
Ac s5i 2A| 

26 

80 

74*4 


des'^ltOf^lm each case. 

[A^A— As these farmnla contalD no factor to tnodify tiwm for diSereot dgnies of 
Beam, tbejr an only apptiosble to Beams of figwreaieBfl<medti.a,ra*Iiiehthentios 
d i { and At : Ac an iq^iosiniately as stated % m TSUe. Bnt note tiiat these are 
Ae figons which hare been asoettaiiied by esqwdinenl to be the beet in eaeJi oaee.J 

Formnia (12) evidently falls under Case iii of Art. 15fl, hence the Break- 
ing t^eight (P) of the IroB Beams here detailed, loaded and supported in 
any of the eight modes of the Table of Art 158, may be at <mce calculated 
by applying the proper ratio (given in that Table) to Eq. (12), so tl^at 
this formula with the T^e of Art 158, gives for Iron Besms^ ihe eight 
mwt us^ model of Load and Support, and for thoH figwnt whkh have 
ieen <m^tained hy etperiamt to he hist. 

1°. The Breakmg W^t (P) of a gives Beau (in whi(& therefore 
At, t, d, I m Iciwwn). 

2°. The areae (A«, A«) of the flanges at the middle geedbn of a Beam 
to carry a given Imd W sa P •{. (faetpr of safety). 

[Ar.Br-ttsboi{iId be nottced Bsit Bq.CU^ietiSllycndyamodlfleadoa«f %. (S) 
in • fom man suitsd to bwHraek i tee dnee the eoBUsMi (0 is spplissble #ly to 
miW Beaus kttbWhtbenloie the taUns of A«trAito)heiwtsiigiB(*bos»ana 
isW)cte(m scribi ngth»a» mi i« A »m*«eAi*ttMo^ 

P as aSM 0 . ^ ss (Omtnt) H ^ • the sstw as 09. 

fora eduplete hnontWi iunsttgadDnwf Bq, (iS)by Ibthed li,ss*|!nMaint^ 
Aiplicsthm ef |Nh to 

JEtouiqttos of Method i 

IBS. The of AtU Wmuo lupotMt, $iA is such 
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fre^itieut Qde, that it is ^visabto to become familiar with their tea/ use 
before proceeding farther* They are so simple that a very few examples 
should suffice. Hxamples of designiug Beams so as to be both Stiff aud 
Stboko enough, as indicated in Art. 160 *^ 1 ^ are deferred to the Chapter 
on Deflexion. 


Jh. 1 -—A flat balcony 20' x weighing 2£f Iba per sq ft , and liable to cany a 
girndy load of 75 lbs. per sq. ft. is to be earned on flve sil cantilevers fixed in a wall. 
Tmd their scantlmg* 

chiton, pb = 750, Table VIA* 5 « 10, Art 7 j Take rf = 5 V2, (Art. 160 5). 
Working Load (on each Cantilever), W J X (25 + 76) x 20' X 2J' k 1,000 lbs. 
Bq (5), Art. 158, is applicable since the Load is aniiorm. 

/. sW ss 1* ffls 4 pb 5d* -5- L pb 5* -r L. 

b SS S= 4/ioinOOOX 2*-i- 760 = ** S-S m. WMly. 

d sst sa dj in. yearly. 

J5?ir. 2. Find scantling ot the small joists, (•* kari or “ knrrie,** in Hindustani,) for 
a flat roof weighing 100 lbs* per sq ft , placed one foot apart, on beams 10 feet apart. 
Timber— sal 


Boluttwk* pb ft5 760 (Table VIA.), a « 10 (Art 7) ; 6 » 8" (Art 160, oX 
Working xioad(on each small }oist) cs$ 100 x 10' x 1^ » 1000 lbs. 

Eq. (7), Art 158, is applicable since Load is uniform. 

*% sWaisTa2i^.5d'-f-L. 


= a/10 X iooox10.j-2x7W x¥= VliTofrf. 

JSr. 8. Sind aectinnnl ana atmiddle of flange leqnind tot taro Iron gSders of 
I-sbape cdrtj^g d l>ndge of 86' clear span, weigUng t ton per toot ran, and liable 
to a lira loaA of 1 ton per foot mn. 

fMvtun, Make O s ^ apaa as 2,', and girder of aection aa in Ari 161. The 
lave Loedniny be reekoned ae eqnivalent to doable ite amount of ateady Xioad, ao that 
the Working Load la 8 tena pft footmn of bridge. 

Umform Working Load (on one Gitdear) ss , x (1 + 2) x 26 a 87‘6 tona. 

Uniform Breaking Weight (of one Girdei) es a x 87*6 tmia. 

/. Bqnivaleht leaking Weight (at middle) a , x a X 87 6 tone, Bq (7), Art. 168. 

[Jl^B.'^'The uetKof Breaking Weight moat in na^ Hodgkinsott’a formula (Art. 
161) be redneed to its eqnivalnnt at tie mddfe by appbug the ratioB of Art 168]. 
(1). Caa!MW>ir.~'Takeaa6,Art7s Atesfl A«,ds:^ t,Os86(Art.l61). 


¥ > 


’f* far BieMdiqt Weight (in tona) at itiUtdle m taoa. 


(2). dMai- (latently Tbkt tsai, Art 7. 

«XTP 


At a 8 A| i a* ^ C na 7A> lAif}. 

,% Ci Ai.rf midilt 



tona. 


0 . 


«Bl8||lg,llt tMWb. 



CHAPTER Vlt 
TRANSVERSE STRAIN. 

Method ii, 

163. /V^ac 0 .-«-The complete iaveetlgation of tilie Working StresM due to 
Transverse JjotA will oconpy several Chapters» as follows 

Cbapteh Vn. GenerjSl explanation. Investigation of general Formnlm for Shear* 
ing Force, and Bending Moment. Examples of their calculation. 

Cbaptbb YIIL^Transverse Strength of Flanged Girders— Longiindinal Stresses. 

Chaptbb IX.— Transverse Strength in general, Longitndlnal Stresses. 

Chafteb X.— Shearing Betistaace in Girders, 

104. iVeWmihafy.— Logds on Girders are generally nt/mmua when 
detached, and are fluently con^mt^otie. A concise notation is therefore 
absolntely necessary. The Student shMld familiarize himself with the 
notations of Summation and Int^ration^ which are remarkably simple and 
clear ^ven to those unacquainted with the Calculus of either), thus 

If there he a series of quantities x^iXi, x«, Xr, tkeeame 

kind^ the difference between any two euoeeteive quantities (a p., the fth pud 
is denoted by A (or tnore simply by a x if the differences are all equal), so long 
as this differmice ia finite, and by da when i^finitniml. Also the Sums of series 
are denoted thus, ^ ^ 

i* E ^ X|Or 2^ X css Xo Hh *4* d* Bn ^ 

ii. 2 X. A«, «Mf S* X. A . «a (*. + *1 + Xi +... .. if X,). A«> O). 

Si. as (Z, 4- X, 4- Xi + +X.).* J 

The symbol S is used when the dlffsmnceS AXr are finUe, and the symbol / 
when the differences are tasea^Ms, wheh hr fact x vaties gmdnally and oontimoueijf. 

a known function 

tf9,e,g,,x ax/(#), mthatXy^/Or^^andtimtsstiesiiiisthelimitoCaeriee ii 
when A a ia InfhdtMihniil. 

ib. TBiiiliile Ml iriiddi x AtfiiBd.iftittfa.il «ftd SI, ii« oHeA tbft<‘^niHSB^ ttl 
ib. MriMt ftftd i» «nu% ittfafaft to lb# liiUtt «i f* UMa tolnw aiid db#*#} lb# 
qnqboli a, J, II It'ttfalMd to axhiUt lb* limitt b«|ttiMirt#iRr 

hm ionMad wUm tMk fehmjiek Ii aiaieceeBeiy» ^ 
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jBar. Let y ssf (») be the equation of the curve AB referred to any axes 0®, Oy 
at right angles. 

Let (afo, yd)» («fn» yn) l>e the co-ordinates of any two points A, B on the curve, viz. 
Oo S25 jTo) A<^ yo » 0^ B^ s 
Project the portion AB of the 
curve on the (r-axis, and divide this 
projection ” or base on = (a^n— 

Wo) into n equal parts, each equal to 
(Wn — Wo) -r «j which being each 
the difference between two thccee- 
give abscissas (e. y., Wr+i — av) may 
be denoted by A Draw ordinates 
as in fignre. Then the ordinate yr 
corresponding to amy abscissa Wr 
may be calculated from the given 
equation of the curve. Hence the area of the (r + 1)^^ rectangle is clearly equal to 
yr • A ar. 

Area of stepped figure A3no rs 2 y . A w. 

When the number of divisions n is made indefinitely great, the difference a w be- 
comes the infinitesimal dx^ % becomes and the area of the stepped figure approxi- 
mates without limit to that of the curve ABno, so that nlUmately 


yn. Jfig. 2. 



Area of curve ABnr? s= / y dx^ 

•/ Wo * 

165. Notation. — The following notation will be need uniformly 
throughout Chapters VII.— X., (see Fig. 8, also any of the Figs, of Art. 182). 

Fig. 3, 



The Beam A'A* is supposed hommtal and loaded vertically^ so as to 
be under jwre Transrerse Strain,” Art. 151. 

The ends of a Beam are denoted by A', A^ ; its middle by 0. 

i. CAKTihBVEa ; A! the free end, A* the support. 

ii. SuPFOBTBD Beam : A', A^ the supports ; 0 the middle. 
Co-erimates. The origin of Oo-^ordinatea is assumed at A ^ or 0« 

. Cantilbyer : at tlie free end 
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ii. Supported Beam : at A', A", or 0 as convenient, 
a?, y, z are co-ordinates with origin at one end A' or A". 

y\ z* ; a:', y*\ are co-ordinates with origin at end A', A" rtzpecHvely. 
f, ty, f are co-ordinates with origin at middlle 0. 

The subscript figures 1, 2, 8 n under z^ £, Uf f indicate the 

co-ordinates of the 1st, 2nd, Srd nth point from origin. 

The system of co-ordinates is rectangular, the plane of zx or being 
either an arbitrary horizontal plane, or else the horizontal plane through 
the “neutral axis’* of any vertical section, or of the vertical section 
through the origin (A', A*, or 0) : the context will indicate its position. 
Vertical ordinates (y, r{) are measured positively upwards^ 

Horizontal abscissas (a:, J) are measured aixmg the Beam. 


Transverse ordinates (z, f) are measured across the Beam. 

N.B. For brevity the following periphrases which would frequently 

occur have been shortened as follows - 


PeripbriuiB. 

Short equivalent. 

Section whose abscissa is w ot £. . . . • • . • • 

Load at section whose abscissa is or or • • . . 

Point » or £. 

Section at x or t 

Load at w or £. 


Unit o/ measure.— Lengths, Areas, and Volumes will generally be mea- 
sured in Umar inches, square inches, and cubic inches, respectively. Forces 
(including Loads) will usually be measured in pounds avoirdupois. 

I =s clear length (in a Cantilever); 

I ss 2c clear length (in a Supported Beam). 
h ;= breadth, i of (vertical) rectangle droumscribing the cross- 
d s= depth, J section at x or 
d' = “ effective depth *’ of Girder. 
t s= thickness of flange or web, 

At =; area of Tension-flange section, 

Ac = area of Compression-flange section, 

A. = area of Web sectiom 
h, d, t will also be used in other sensed to be indicated by the context, 
thus I, d will be used for the hreadth and depth of Braces : 6 will also be 
used for * broadtk * of either Flange- 

is convenient to measure positive vertical forces upwards, 
so that all Weights must be reckoned negative Forces. 




at the cross-section 
at X or {. 


15C 


transverse: strain — method ii. 


— W =r the Total Load on a Beam. 


— w = any detached Load. 

-*Wn SB the detached Load at nth pointy t. e,^ at point Xn or 

— to SB the intensity of a continwm load per unit of length of 

Beam (e. in fts. per inch run, or tons per foot run 
&c.), at section x or (. 

the intensities of cmtinvms steady load, and of conttnu* 
OU8 live load, respectively, per unit of length of Beam. 

— w, w', id' are of coarse not necessarily uniformly distributed along the 
Beam, bat will nsaally vary (with m or |) aloTig the Beam. Bat all Loads whether 
detached ( — w), or continaoas (— w) are always supposed uniformly dietrihded 
across the breadth of the Beam (so as to produce no twisting). It is important 
to observe that iho symbols w, to, to" (as here used) contain impUcity one 
linear unit (the breadth of Beam), and that to, being load-intensities per unit 
of length differ altogether from the symbols in Art. 11, and from ordinary “ load- and 
stress-intensities” which are nsaally intensities per unit of area. 

Farther, in Bn^eering practice (especially in iron-work). Loads are often measur- 
ed in pounds, hundred^weights, tons, and in India in maunds per foot run, accord- 
ing to convenience. The application of the formnlie of this Chapter, in which it is 
convenient for conciseness to use inches and avoir dupm pounds as the invariable 
length and weighUmi\\&, will therefore require care in saitabiy modifying them for 
practical use.] % 


B', R'' = The Be-actions (both positive upwards) at eiids A', 

F SB Shearing Force, in pounds, ... 1 Atthe cross-section a: or ( 
M s= Bending moment, in inch-pounds, J under a^arficw/ar Load. 
Fa ss Maximum Shearing Force (of the Beam), 1 Under a particu^ 
Mm = Maximum Bending Moment (of the Beam),/ ^ar Load. 

F SB Greatest Shearing Force, 

H Bs Greatest Bending Moment, •*. / 

Fa =s Maximum maximorum Sheariug 
Force (of the Beam), 

Ma =3 Maximum maximorum Bending 
Moment (of the Beam), 

raf, s: Absmssa of the section of Maximum Shear.” 

lab Absdssa of the section of Maximum Bending Moment.” 
df SB Shearing Resistance, 

At section x 
or 4. 


^ At cross-section a: or { 
under Travelling Load. 


y Under Travelling Load. 


df SB Shearing Besistanoe, ••• 

^ SB Moment of Resistance (to Bending), C 

C,G b: Total Longl. Stresses (Tension, Compression), J 


[iV.B.— «lt will be showN ^t F, M have unique d^nite valnes for each croSs- 
sectionybr a particular Load* The greatest valoes of these F, U throughout the 
whole Beam (under that partmater tMi) is denoted by Wm$ Mm* 



TBANSVBRSB STSAIN— METHOD U. 


157 


But ww^er mving Load^ F, M vary (not only from section to seqtion but) even at 
the same section as the Load varies : the greatest value of F, M at the particular 
section a; or ( is denoted by F or M ; the greatest value of these F or M — or 
" maximum maximorum /or the tohole Beam is denoted by 

166. Total Load, — W, — It is evident from the Notation (Art, 165) 
that 


W s Wn for detached Loads, (2a), 

=/ I wdx for continuous loads, (25). 

s= wl for continuous uniform load, * (2(r), 

167. Re-actions at Supports, B'^ — These are to be found pre-^ 

cisely as at Arts. 1 19, 120, for when the straining (bending) action is com- 
plete, equilibrium is established, and the principles of elementary Statics ” 
(of rigid bodies) are applicable, (Art, 12). For Notation (see Art. 165). 
The results are (see Art. 119), observing thatB', B^^ are necessarily both 


positive or upwards, 

i. Cani'ilbvbb, B'" ss 0, B"^ ss W, (3), 

ii. Supported Beam. 

R' = 2* R" = 2] ^ for detached Loads, (4a). 

E' = f‘ dx, R" = fl . dx for continuotiB loads, ... (46). 

B^ + B'''^ == W, (in all cases), (4). 

jEx, — Load symmetrical about middle of a Supported Beam.’’ 

R•«W^2»R^ (4c). 


Thisresult is true both for detached Loads and for continuous load, including there- 
fore the important case of uniform load.” Other examples will be found in Art. 
182 . 

[JV.B.— The investigation of the Re-actions at Supports of lixed Beams” and 
’ Continuous Beams ” is muck more complex, and can only be determined after study 
of the ** Mastic curve.”]. 

168. Method of Beotioa8.^Tha following very important principle 
styled the Method of Sections will be largely used in Method ii. 
Theorem. If an ideal section be made through any structure, thenr— 
i. The Algebraio sunt^ of the External Forces on one side of that 
section parallel to any three axes at right angles (or otherwise) must be 

* TfaU diBtinottou in lua of the Umu 'Greatest,* ' Maximum,* 'Maximiun mazhnanun* is 
propoeed by the author : some such dlstinetion is really urgently needed to dlstingal A ootudseiy yet 
with preoision these three Important olaiies of maxima. Most authors apply ttw terms Grestest '* 

and "MaSfiwum” to all three dasses inditeeat^ t the wantof diitin^t^teconlushis to aStoto^ 
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separately balanced by the algebraic sums of the paralUl Resistances (or 
internal Stresses) on the other side of that section. 

ii. The Algebraic sums of the Moments of the External Forces on one 
side of that section about any three axes at right angles (or otherwise) 
must be separately balanced by the algebraic sums of the Moments (about 
those axes of the Resistances (internal Stresses) on the other side of that 
section.” 

These are in fact the Conditions of Strength ” (Art. 14), stated in a form 
more suited to calculation. These conditions eridently furnish in general 
three independent equations each, (one for each axis), t.e., six equations in 
all, but in cases of “pure Transverse Strain” to which this Chapter is 
limited, 6.^., in Horizontal Beams under Vertical Loads, these are reduced 
to three equations, which will be styled for reasons explained hereafter 
the ‘ Equations of Shear *, ^ of Longitudinal Stress,* and ‘ of Bending.’ 
The equations are; — 

i. Equation of Shear, “Shearing Forces: ‘Shearing Kesistance”. } 

ii. Equation of longitudinal Streso, “ Besultant Longitudinal Stress js V (5). 

iii. Equation of Bending, ... “ Bending Moment ss Moment of Bosistance/’ ) 

Instances of their application will repeatedly occur. 

169. Shearing Force and BeBistance^ Equation of Shear.— 
The experiment in Art. 154, proves the existence of a tendency to shear 
or slide, and therefore of a pair of equal opposite vertical Forces which 
cause and resist this shearing. 

Dbf. The Force which tends to cause shearing at any section is styled 
simply the SHBAEtNo Foeob at that section, and will be denoted by F. 
It is obviously equal (iu magnitude) to the < Be8ultan|;^qf all the External 
(vertical) Forces ’ on either side of the section. 

[This equality may be inferred from the experiment of Art. 154, or from general 
reasoning similar to that of die experiment, W of Ikg, 1 being taken to represent the 
* Biesultant Vertical Force ' (of all kinds) to the right of the section. The SaEABiNU 
Fobcb (F) is of coarse only equal to not identical with that Resultant]. 

Dbf. The Besultant (vertical) Resistance on the other side of that 
section, — ^being in fact the Total Resistance to shearing at the 6ectioii-<^is 
styled simply the Shbaeino Besistancb at that section i it will be 
denoted by 

[iV.R.— Both of these Forces are of coarse equally “ shearing foroes,” but for sake 
of distinction it is conttenmt to restrict the tsm Shearing Force to (hat of the Ex- 
temid Forces.] 

These Forces (F, 0) ate of coutse equal and opposite, when the stnuH'^ 



TnANSVBRSK STRAJK— METHOD ii. 


ir)9 

ing action is complete, (Art 168). Hence the important ** Equation of 
Shear;* . 

Shearing Force, (F) = Shearing Besistance (JP), (5 — i). 

The application of this eqnation consists in calculating each quantity 
(F, iF) separately; the latter ivill usually involve d, d, t; the equation 
therefore gives the means of calculating om of these h, d, (the others 
being otherwise fixed) so as to give a scantling of sufficient strength 
to bear the shearing action at the section, $ee Chap. X. 

170. Direction of Shearing Force and Fesiatance.^^It will be easily 
seen that the two Resultants of External Vertical Forces on the opposite 
sides of a section are equal opposite forces ; the * Shearing Force * at a 
section (as just defined) is therefore either of two equal opposite Forces ; 
so that its direction is undetermined : this ambiguity of direction is in- 
Jierent in the nature of the problem : the * Shearing Resistance * at a 
section is for the same reason either of two equal opposite forces, but 
its direction is always opposite to the corresponding ‘ Shearing Force.* 
For the sake of distinctness in graphic illustration the ‘ Shearing Force* 
(F) at a section will be held to be that one of the pair of Shearing Forces 
which is on the right hand side of the section ; and (consequently) the 
‘ Shearing Besistance * (dT) at a section will be held to be that one of the 

Fig. 4. pair of Shearing Resistances which 

is on the left hand side of the sec- 
tion. Thus in the figures the 
‘ Shearing Force ’ (F) and * Shear- 
ing Besistance ’ i^) at a section 
will appear as a pair of equal opposite forces, F to the rights S to the left 
of the section. 

171. Equation of Iiongitudinal Stress.— The experiment in Art. 
154, proves the existence of a pair of opposite horizontal longitudinal 
stresses at every section, viz., 

i. Oantilbvbe. Tension above, Compression below. 

ii. SuPPOETBD Beam. Compression above, Tension below. 

Now as “pure Transverse Strain” (alone considered here) involves that 
there be wo External Ltmgitudmal Forces, it follows from the equilibrium 
that the Internal (Longitudinal) Stresses at every section must separately 
balance. The expression of this is the “ Equation of Longitudinal Stress,** 
viz., that at any aaciion. 
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Total Tension (T) = Total Compression (C), (5— ii)- 

This. Equation is used to find the position of the ' neutral axis see 
«A.rt* 202* 

172. Bending Moment^ Moment of ReBlstance (to bending), 
Equation of Moments, Bending and Resisting Couples —The 
experiment in Art. 154, proves the existence of a tendency to rotation, 
and shows the “couples” which tend to cause and resist it. The visible 
effect (strain) produced by a very slight rotation which does actually take 
place at every section in all Beams is a slight Bending, Flexure, or De- 
flexion. Hence the application of these last terms to the Moments of 
rotation. 

Def. The Resultant Moment of the External (vertical) Forces on one 
side of any section, or (which is the same thing), the Moment of the 
Resultant of the External (vertical) Forces on one side of any section,^ 
—being in fact the Total Moment which tends to cause rotation, (and 
therefore Bending) at that section — ^is styled simply the Bendino Mo- 
ment, or Moment of Flexure. 

Def. The Resultant Moment of Resistances (internal Stresses) to 
rotation (Bending) on the other side of that section is styled simply the 
Moment of Rbsistanoe (to bending or flexure, being understood). 

Def. The following pair of equal opposite Vertical Forces, viz., the 
‘ Resultant of External (Vertical) Forces ' on one side, and ‘ Shearing 
Resistance ’ on the other side of a section being In fact the couple whose 
Moment is the Bending Moment, is styled simply the “Bending Couple.” 

Def. The pair of equal opposite (horizontal) Longitudinal Stresses, 
(G, T) being in fact the couple which resists the rotatory (Bending) action 
and whose Moment is therefore the Moment of Rbsistance, is styled 
simply the Resisting Couple. 

[iV. J?.— Both of the Moments and Couples described are of course equally ** Bend- 
ing Moments/’ and ** Bending Couples,'’ respectirely, but for sake of distinction it is 
emvenient to restrict the term Bending” to the action of the Extemid Forces. 
Compare Art 169]. 

These Moments are of course equal and opposite, (Art. 168,) when the 
straining action is complete. Hence the important “ Equation ofMoments.” 

Bending Moment (M) ss Moment of Resistance, (iS),. (5— iii). 

The application of this equation consists in calctdaiing each quantity 
(M, iW) separately: the latter will usually involve 5, dj t; the equation 
therefore gives the means of calculating one of these ^ d, % (the others 
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being otherwise fixed) 6o as to give a scantling ” of sufficient Trans- 
verse Strength at each section, see Chap. VIII., IX. 

[V.B. — The whole of the results in Arts. 158, 161, of Method i, will be found to be 
only particular instances of the application of this equation ]. 

Here follow General Formulae for F, M. The Student is recommended 
to commit to memory only the Results ae expressed in words. The general formulas 
are intended for reference. On a first reading the Student should read the results 
(as expressed in wm'ds) of Art 173—180, then pass on to Art 181, and the 
Examples in Art 182, and then return to read the investigation of the g(‘neral 
formula: of Art. 173 — 180, which will be better understood after reading the Ex- 
amples.] 

173. Shearing Force, P ; Calculation , — By the definition, Art. 169, 


Shearing Force ) ( Kosnltant (i. c., algebraic snm) o£ all . 

at any section, f = ] External (vertical) Forces tw a«e siVfc I (gj. 

1 ^ of that section, ) 

Henco the general formulas: — 

i. Cantilever, F always negative, i, downwards, 

• F = Sum of all the Loads from the free end A' to the section, (7). 

= S J (— Wx), for detached Loads, (7a), 

= --- w dXj for continuous (7i»). 

ii. Supported Beam. 


F =1 Excess of either Rc-action (R' or R", Art 167), over the sum of all i -g. 
the Loads from the corresponding support (A' or A*) to the section, | *** 


=r II' — S (Wj/), or R" — (Wx*), for detached Loads, (8a). 

= R' -* /**' w dx^ or R" — w dx^ for continuous load, (8i>). 

9/0 fj o 


174. Maximum Shearing Force. — By mere inspection of Results 
(7), it is easily seen that the “ Maximum Shearing Force ” (of the whole 
Beam), i, e., the greatest value of F always occurs at one of the supports, 
and is equal to the Re-action at that support, thus — 

i. Cantilever. Fa = — W (the whole Load), and occurs at A", (9^). 

ii. Supported Beam. Fa =5 the greater of R', R', and occurs at A' or A" , (9i) 

176. Section of no Shear . — It is easily seen that 

i. Cantilever. F = 0, at the free end A', (lOa). 



162 


TRANSVERSE STRAIN — METHOD 11. 


ii. Supported Beam. — The abscissa of the section of no shear ” is 
found bj solving for a; or ^ the algebraic equation 

F = o, (lOJ), 

in which F has the value in Eq. (7) to (8), 

176. Bending Moment^ M ; Calculation,— By the def. Art. 172, 

) f Resultant (i.f., algebraic sum) of the Moments ] 

^at^any seTioul [ ~ | External (Vertical) Forces on one I ...(llrt). 

, Ml side of the section, about an axis in the section, ) 

r Moment of Resultant of all the External 
c= < (Vertical) Forces on one side of the section, 

I about an axis in the section, 

Moment of the Shearing Force about an axis 
in the section, see Eq. (6), 

Now the Moments of the Re-actions R', R" about an axis in any section 
whose distances from A', A' are a;', x'' are clearly (see Fig. 9, et seq.) 

Moment of R' = R' x ' ; Moment of R" = R'^ a;", (12). 

Also the arm of leverage of a7ig cue of the Loads (external vertical 
forces — Wn) whose distances from A', A" are r .T^n, about an axis in 
that section is clearly x* — x'n = — a?" (see Fig, 9). 

/. Moment of — Wn = — \Vn.(.r' — x'n) = — Wj (.v\ — a;"),... (13). 
Hence, by the preceding (11 a, b, c) there result the general foTmulaj, 



I ..,(114). 
} ...( 110 . 


i. Cantilever. (Observe that R' = o. Art. 167). 

M = Sum of all the partial Moments due to each Load — Wn 
from the free end A' to the section at a?', 

s=: S — w (»' — O’), (for detached Loads), .. 


X 0 


I 


....( 14 ). 

(14a). 


=y — It; (a;' — a) dx^ (for continuous load), (1^^). 

= F . X (where x is distance of the Resultant P from the section), (14c). 


ii. Supported Beam. 

M = Excess of Moment of either Re-action (R', R") over sum of 
partial Moments due to each Load — Wn from the correspond- 
ing support (A', A") to the section at « or ar", ........... 


!| 415). 


= R' y - S V = vv, . (x' - »',) ) 

» n = o ^ 

n = o ^ ^ J 


for detached Loads, ...(15«). 
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= U' x' 
= R' x" 



n) • n / 

J-for continuous load, ... (15^»). 


f lor any Load ; R„ R,, being the sums of all Loads j 
between the section, and A! or A* ; and x, x, be- 1 (I5c). 
ing the distanees of these Resultant Loads (R, R,) j 

from the section, ' 

[It may seem that an unnecessary number of forroulm have been given : each has 
however its pjirticular convenience, and is therefore useful in a “Work of reference ”• 
The Results as erpressvd in words arc the beat to commit to memory], 

177. Mutual relation of F, M.—By the Notation explained in Art. 1G4, M 
and M -f- aM denote the Bending Moments at t\w svcerssivr sections whoq^ al^cis- 
sas are s', and x + respectively. Now, it is easily seen that Results (Hr, 
14c, ir»r,) Art. 170, arc all expressible in form 


_ J, ~ ( whore x = distance of the Resultant Force F from the 
\ section at 




lienee at the successive section, (the segment A x being unloaded), F docs not vary, 
and X becomes x -h Ax) 

M 4- aM = F (x + Ax) = F X 4- F. Aa*, (for AX = Ax) 


/, aM = F . A*r, and 


= F, for detached Loads, 

AX 


(17^). 


Hence ultimately if A be infinitesimal 

s= F (for continuous load), .... 
dx 

Also integrating results (17— a, V) between proper limits 
M = 2 F . Air for detached Loads, 


=/ 


Ydx for continuous load, 


{yih). 


(18a). 

.(18ft). 


[iV.T?. — The expressions of this Article arc obviously true wherever the origin be 
— the a>axis being horizontal]. 

From the expression aM = F . A ^r, it is obvious that 
“ If the Shearing Force F = o throughout any finite segment Ax^ the 1 «v 

Bending Moment is constant throughout that segment ”, j ^ 


178. Maximum Bending Moment, Mm. — This is the most import- 
ant quantity in the Theory of Transverse Strain, as its magnitude and 
position will be found to determine the proper magnitude and position of 
the greatest scantling of a Beam. 

i. Cantilever. It is not difficult to see by elementary Statics that 
hoik factors F, x of the expression M = F . x , (Eq. 14c) are in a Canti- 
lever greatest at the support, and that therefore M attains its greatest 
value (Mm) at the support, or 

Maximum Bending Moment,” Mm occurs at the support A",... (20). 
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M„ = - w . x' for detached Loads, (20a). 

= — wxdxior continuous load, (20&). 

= Fni . X, ) for any load, x being the distance of the centre of | ^20c) 
= W . X, i gravity of the load W from the support A", i 

[These formulae are obtained by making x = 1! the upper limit in the 
general formulae (14a, h, c,)]. 

ii. SurroRTED Beam. In the simpler casps of Engineering practice, 
the value of Mm, and the abscissae (x'mhy fmb) of the “ section of maxi- 
mum flexure ” can sometimes bl found by elementary algebra in each ]>arti- 
cular case, (as -will be seen in the Examples,) but it is not easy to express 
this in a general formula. 

In all cases, however, by the principles of maxima and minima, 
= 0, or = o, when M is a maximum, and it has been shown 

(Art, 1 77) that in all cases = F, and ~~ ~ F. Hence the abscissa 

^ d.r 

(rmh orimh) of the “section of maximum bending” may be found by solv- 
ing the equation in x or ( 

F = o, (21). 

This important result may be thus expressed : — 

“ The Bending Moment is a maximum when the Shearing Force vanishes ”, ...(22). 

The magnitude of the Maximum Bending Moment M^ will of course be 
found by substituting that value of x or ( as the upper limit of the gen- 
eral formulae for M (Eq. 15a, h, c). 

[Thus the Maximum Bending Moment (Mn,) and its position ran always be found 
b / solving the Equation F = o, a purely algebraic process (not requiring u knowledge 
of Infinitesimals), and in — the simple cases — a very simple equation]. 

179 . Least Bending Moment, — Section of no Flexure, — It seems ob- 
vious from elementary Statics that the Bending Moment vanishes 

i. Cantilever. M = o> at the free end A', (23a). 

ii. Supported Beam. M = o, at both Supports A', A", (23&). 

180 . Longitudinal variation of Shearing Force^ and Bending Moment,— 
From the preceding articles, it is clear that — 

i. Cantilever. “ The Shearing Force and Bending Moment are both 
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Kcro (P == 0 , M =: o) at the free end A', and that b^oth increase thence 
towards the support A", and attain their maxima (F = Fm, M = Mm) at 
the Support (a?mf = = 0* 

ii. SuiTORTED Beam. The Shearing Force (F) and Bending Mo- 
ment (M) arc in opposite states of variation^ viz. 

“ At both supports A', A" the Bending Moment is zero (M = o), and at 
one of them the Shearing Force is at a maximum (F =z Fm = the greater 
of R/ R'^), and that the Bending Moment iiicrcaBes, and the Shearing Force 
decreases from both supports towards some section at which the Shearing 
Force vanishes, and the Bending Moment is a maximum (F = o, M = 
Mm).” # 

[This will appear in nil the Examples— Art 1 82— and is especially evident from 
the “graphic representations ” which accompany]. 

181. Graphic representation of “ Shearing Force” and “ Bending 
Moment”. — The general expressions [7, 8, 14, 15), for F and M exhibit 
both these quantities (F, M) as functions of a: or 5 (the abscissa of the 
section). Hence, if ordinates (y, ??) be plotted representing on any scales 
of Loads (Force) and Moments the values of F, M, respectively, at each 
section throughout the span, the locus of their extremities is a curve or 
irregular line whose ordinates represent the values of the Shearing Force 
(F), and Bending Moment (M), respectively. This curve or line is called 
the graphic representation ” of the Shearing Force or Bending Moment 
(as the case may be). 

The peculiar use of these curves (“ graphic representations ”) is that they 
exhibit graphically to the eye at one glance the direction^ magnitude^ and 
variation of the Shearing Force and Bending Moment: further they 
enable the magnitudes of either quantity to be ascertained by direct 
measurement from the scales employed instead of by calculation from the 
formulae, and thus often greatly save labor. 

It will be observed that the graphic representation” thus defined is 
the ‘‘locus of the equation” 7, 8, 14, 15 of Arts. 173, 176, in which y 
or 7f represent F, M. A knowledge of co-ordinate geometry will therefore 
greatly help in constructing the curves. 

[The habitual use of “ graphic reproseutatiou ” of any varying quantity under in- 
vostigatiou is of the greatest use to the Student in conveying a clear idea of its 
variation in magnitude and direction. Its (now universal) introduction for repre* 
benling the fl actuations of the Barometer, Thermometer, &c., renders it possible for 
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any one to examine in few minutes the meteorological Records of years, which with- 
out such artificial aid would have necessitated a most laborious examination of 
masses of figures]. 

The scales adopted for “ graphic representation ” must of course be 
suited to the quantity represented, thus 

(a) for curves of Shearing Force, Scales of Load (e, g,j pounds 
or tons). 

(If) for curves of Bending Moment, Scales of Moments (e .g,, inch 
pounds, foot-pounds, foot-tons, A:c.) 

Tv draw a paralola . — As the “graphic representations ” of Shearing Force, Bend- 
ing Moment, and (Longitudinal) ^rcs^ arc often a simple mode of 

mg a parabola is useful. Several methods arc usually given in works on Practical 
Gef)mctry ; the simplest is perhaps the following, deiivcd immediately from the 
fundamental property of the curve (FP = MI)). 

Comiruciion {Fig. fi). Find the focus F and directrix D'DD' of the reriuired 
Fig. 5. parabola from the data of the i)rol)lom 

by any method. [Special conti iictionts 
will beghen for finding these in the 
problems as required]. 

Draw perpendicular to D'D', 
biacct FD in A ; and draw' Av parallel 
to D I) : then DA./’ is the axis, A the 
vertex, and i/Ay the tangent at vertex 
to the requi'u'd curve. 

Draw a number of lines, as PMP 
parallel to D'D'; with centre F, strike 
arcs as PP, cutting these lines twice as at 
P , P — with radius FP, in each case equal 
to the distance MD (i.e., FP = MD) of 
the particular line PP from the directrix. 

Then P, P are points on the required 
parabola. 

Lay down as many points as convenient in this manner, and join them by a free- 
hand curve, this will be the required parabola. 

If.B.- -Co draw the eurve neatl!/, the parallel lines PP should bo ehs>> together near 
the vertex A (where the curvature is sharpest), and may gradually open out as they 
roecae from A. One of these lines should pass through F : its length LL is called the 
“ latus rectum and obviously LL = 2L1<' = 2FD = 4FA. 

The curve near A is best imitated by drawing an arc with centre a and radius 
a A = FD = 2FA a short distance on either side of A : this arc is part of the “ circle 
of curvature at A, to which the curve itself is of course very close near A. This 
suggests the following:— 

Approximate {small) parabolic are.^U the abscissa of the required parabolic arc 
be not gn*ater than one-eighth of the greatest double ordinate (/.c., AM not > J PP) 
or rist not ^ ^ &[»an oi chord \ then it is easily seen that the i/urubolic arc is really 
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a small arc (i #?., small in arc, not in length) ahovt the vertex, and sensibly co-incident 
with the circle of curvature at the vertex. 

Hence in such a case the arc of circle thronj^h the three points (ends of greatest 
double ordinate PJ’, and vertex A) is a sufficient approximation in practical geometry. 

\_N.B . — ^Whenever therefore the scale for ordinates can bo so chosen as to fulfil 
above condition, it is advisable for simplicity of drawing so to choose it]. 


Examples of calculating F, M. 


182. As in the design of Beams, the calculation of the Shearing Force 
and Bending Moment at a series of sections is constantly required, the Stu- 
dent should familiarize himself with the apj^icatioa of the preceding general 
principles both of calculation and of “ graphic representation, as in the 
following Examples which are all ordinary practical cases. Many of the 
cases are so simple that the Results are most readily obtained by applying 
directly the general results of Art. 173 to 178, as expressed in words, 
without using the general f^rn^lso. 

[Although these Examples are printed in small type the methods used 
and Results arrived at arc so important and of such frequent use, that 
they require careful study. An extract of the Results, which should be 
committed to memory is given in Art. 183, after the Examples]. 


Ex, 1. Cantilever under single Load (— W) at free end A', (fig, G.) The 
Shearing Force (F) at amj section V is simply the sum of Loads from A' to P (Result 


Fig, 6. 


W 


CC 


7), and is therefore in this case equal to and in same 
direction (downwards) as the Load itself, i. e,, 

F = — W at every section, (constant,) (24). 

Also, this being a constant, the curve whose ordinates 
will represent F in magnitude and direction will be 
simply a straight line Y'Y" parallel to the a?-axis (A'A"), 
at a distance A'Y' helow it taken so as to represent 
— W on any scale of Loads. (See Eig. 6 F;. 

Agaitt the Bending Moment (M) at any section F is 
simply the Moment of the Resultant Load between A' 
and P about an axis in the section — (Result 116)— the 
Resultant Load is in this case — W, and the leverage 
A'P = 


/.M=-W.a?^ (25). 

And since M oc a?', it attains its maximum (M^). 
when x' is greatest, i. e., when x ' s I, 

Mn, = - W. f, a?'mb = /, (20). 

Also since M x x, if the ordinate A'Y be plotted downwards at A* to represent 
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— W/ on any scale of Moments (e. g., foot-pounds), the strait^ht line AT (joining 
its tip Y to the origin A') is tlie curve whose ordinates represent M, (^Fig. CM). 


Ex. 2. Cantilever under uniform load — m per length-unit. {,Flg. 7). 


The Total Load is clearly — W = — w/, and R" = W. 


7. 



The Resultant Load over any segment A'P = a?' is 
clearly— laa?', and the distance of its centre of gravity 
from the section P is clearly a;' 2. 

Ilcncc, see Results 7, 114, 14, 

F = - wx' (27). 


M = — rex'- - = — w 


.(28). 


Mo»=~: 


Obviously F oc x\ and M oc a?'*, so that F, M 
both attain their maxima when a?' is greatest (/. c., when 
a?' = /), or at A", 

/. Fn, = - = - W, (20). 

= - W ? 2, (30). 

Also since F oc x\ if the cidinate A'T bo plotted 
downwards at A" to represent — W on any scale of 
loads, the straight lino A'Y (joining its tip Y to the 
origin) is the curve whose ordinates represent F, 
{Fig. 7 F). 

And since M oc <r'’, the curve whose ordinates y 
represent M is a semi-parabola {Fig. 7 M), with vertex 


at A', axis vertical (i. c., is the y-axis), and A' A" the tangent at vertex. 

To construct this parabola, the focus and directrix may be found either, 1° by cal- 
culating the Intus rectum, or 2° by graphic construction. Fig. 7 M. 

1®. By calculating the lotus rectfumy {ia in formula a* = 4ay). Let Y be the 
length of A"Y which represents M^ (or — W/ 2) on the scale of Moments chosen, 
the corresponding abscissa is clearly ar = 1, and the equation of the curve {x^ = 
Aay) gives Z* = 4aYj whence a = /’ -p- 4Y, which being calculated, any otIlW ordi- 
nate may be calculated from the equation y = a?* 4a. 

By graphio construction. Plot the ordinate A"Y which represents M„, 
downwardly (for Mm = — W/ -r- 2). Join its tip Y to w the middle of A'A". 
Draw FtwD" perpendicular to Y?;^ to cut the y-axis in F and YA" in D'. Draw 
D^D' parallel to A" A', 

Then since D"»iY is a right angle, and mA" perpendicular to YD", 


A D'A' = AT = A"D' = 


AV 


= 4Y = “- 


This shows that F is the focus, and D'D" the directrix of required parabola, which 
can now be graphically constructed as in Art. 181 . Observe that Ym is the tangent 
at Y. * . " 
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3. Canfihver %fndev Bingle Load at free end and uniform had w (Fig 8)^ 
8. This case is most easily treated by combining the 



results of Ex, 1 and 2, 

-W - (w + w/), B*' a W, ^ 

F r= - (W + wx) 

M s -(w<p'+«j^), ,m(81). 

Fn, as -p- W, h 

Mm a (w/ 4“ W i)» fl?mb ^ 

Qraphie representation of F. Plot the ordinatoa 
downieards at A', A", viz., A'Y' to represent — W, 
A'T" to represent — (w + w/) *“ W. The straight 

line Y Y" is the graphic representation. Fig. 8 P. 

Graphic n presentation of M. A curve may be drawn 



whose ordinates shall bo the sum of those in Ex. 1 and 
2, thus representing — (wa?' + w ; this would be 
a certain parabola, bnt as this figure would be trouble- 
some to construct, it is usual (though less exact) to pro- 
ceed thus .—Construct the two figures, lug. 8M (the 
oblique line A*y and parabola A Y") of Ex. 1 and 2 on, 
opposite Sides of the ar-axis. Then the sum of the ordin- 
ates of the twofigmesf A'y\ A Y")repre8ent8 the quantity 
M at every point in magnitude^ (but not in direction), 
[This construction is adopted solely as being very 
easy, and also convenient as admitting of measure^ 


ment of M by one stretch of the compasses : it will be seen that it is not a perfect 
‘‘graphic representation”, as it does not properly represent M indirection, and no 

part of it is the locus of the equation M = — (Wa? 4- w^)]. ^ 


Ex A, SiipportedBeamundtr single lA)ad~-yiv6xmxiix{,<B{ivomK\X\ Fig A. 



•w 
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Prom A» to q, F = IV = w . -f - 1 

At Q, K = 0, 1 

From Q to A", F = — )l" = - W . x^ -f- /, | 

Also Fu, — the fi^rctttcr of K', — 11", ^ (33), 

From A' to Q, M = | 

At Q, M = ir . j:,' = W . .r,' ^ = K" • \ 

From Q to A", M = K V' J 

Also, sinco M x a*' from A' to Q, and x sp" from A" to Q, it is clearly a maximum at 
Q, i. e., 

Mm = W . a*| V' -7- I, ir'mb = iP/, (34). 

Since F = R' (a constant) from A' to Q, and F = — R^ (a constant from A" to 
Q, two straight lines Y'</', (/"Y" parallel to the ir-axis at distances A Y', A"Y" above 
and below it rei)re&enting R', — R" on any scale ot load ifitlie figme whose ordinates 
rcj)resont F. Ftff. 0 F. 

Also since M >: «•' from A' to Q, and x a?" from A" to Q, if the ordinate QY he plot- 
ted vpwnvds at Q to represent or W . a*/ irj" / on any scale of Moments, the 
crooked line AY A" is the figure whose ordinates represent M. lug, 0 Al. 

Ex 5. Supported Jieani nndcr single Load -- W nt its widdlc. J^ig. 9. 

This is obviously only a ]) irticuhir case of Ex 4, making a?/ = ? -f- 2 = x", but 
as it is nn important case, it ia useful to recoid the results. 

— W = - w, R' =r + w -f- 2 = R", ^ 

From A' to O, F = R' = w -f- 2, 

At O, F = 0 

From A" to O, F = — R" = — W -f- 2, 

Also Fra s= + w-r 2 at A', or — w 2 at A"> ^ (36). 

From A' to O, hi = R V =; Wa*' 2, 

At 0, AI = J w/, 

From O to A", M =RV«Wir"-s-2 

Also Mm = i WZ, ai\d occurs at middle, ^ 

The graphic representations of F, M only require the point Q in the figures {^Fig, 
9) of Ex. 4 to be shifted to the middle of A'A". 



IK 

r,', flfa* are the distanoeil of W|, Wg from A' ) «•/ from A'' j 

if ore tiho distimeet of soctloR P from AS A*. 
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Applying the reealts of Ex. 4 to W], Wg separately, the parthl Redactions, Shearing 
Forces, Bending Momenta due to each separate Load are obtained. The (algebrmc) 
sums of each of these are the Re-actions, Shearing Forces, Bending Moments required. 


- W = - (W, + Wa) } H' 4- R" = W 
R' s w, flr/ 4- / 4- Wy Wi 4- / 1 li* = Wj 4- 1 4* 4* 1 


} (86). 


From A' to Wj, 
From w, to Wj, 
From Wj to A", 
Also 
And 

From A' to W|, 
At w„ 

From Wj to Wy, 
At Wj, 

From w, to A", 
Also 


^ «R', ^ 

F s= U' - w, =s — R" 4* w 

F =5 — R", 

F,u s= the greater of R', — R", 

F s= 0 at w_,, or w,, according as R' >< Wj, 

M 5= K' <r', 

M =R;.<ri', J- 

M 




.(37). 


M = U".a", 

M = R' . ®", . 

Mm = the creator of R' . sr,', R" . and occurs | 

at W, or Wy, J 

. Since F is constant throughout each of the segments A'Qj, QiQj, Q^A", the figure 
^\liosc onlinatcs represent F \\Ul consist of three straight lines |)arallel to A'A", viz.» 
alove A'Q at a distance A'Y' representing R' on any scale of load, — above or lelotv 
QiQ, (according as R' >< w,) at a distance representing (R' — Wi),^below Q 2 A' at a 
distance representing — R", see Fig. 10 F, 

Since M involves x' or x' in first degree only, the figure which is the locus of the 
e<iUHtion of M consists of straight lines* only ; also since M x a?' from A' to Q|, and 
X jr" from A" to Q^, if the ordinates Q,Y„ QYj be plotted njtwards at QijQa re- 
presenting R' a?,', R" .i?."(tho values of M at those sections) on any scale of moments 
the crooked lino A'Y,YyA" is the figure whoso ordinates represent M. Fig. 10 M, 


Ex, 7. Su 2 )j>orted Eeain ; equal opposite couples applied to its end scgmeJits. (Fig. 


rV 


Fig. 10a. 


Qa r=o 


Y, 


Qi 


Y« 


Yp M Cmsb 



lOa). If in the preceding ex- 
ample the positions of the Loads 
be Bucli that W, ar/ = W_> a?/, 
then it is easily seen that 
R' = Wj, R" = Wj, so that 
(K', — W,), (K", — Wj) form 
a pair of coujdes of moment 
Wjar,', ip wupj" respectively, 
1 . e., a imir of “ equal opposite 
coui)les 

The Fonnulye of Ex. G jnodi- 
ficcl for this important case are 


— W = — (Wi 4- Wj) ; U' = Wj ; R" = Wj ; R' 4* 1^" = 1 

From A' to Wj, F = R' = 

From W| to W., F = 0, 

From Wj to A", F = — R" — 

Also F,n = the greater of w„— Wj, *** 

From A' to W^i M s= R*. x' s= W, x\ * 

From Wj to Wa* M as R'. a?/ = W,a?j' = a: R* 

From W 2 to A^ . M ss R". x" ss 

» Bacatifio au equation of first dagroe in the co-oidinateia «, n i-eproseata a straight Uno* 
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Observe the important results that throughout the middlo segment i . 

F «s 0 and M a Mn» =s W, a W, it/ a co7wto»e quantity f 

The graphic representations of F, M are shown in Fig. lOaM. For explanation of 
construction, tee Ex. 6. 

iV.a— The relation w, a?,' a w. itj^ of course obtains if the Loads are equal and 
6 quidistant from the ends (Wj = W), «i' a a?/). 

Meamplo* This manner of loading occurs on most axles, o. p., 

I*. In Road-carriages the Weight of the carriage is applied to the axle equal* 


ly at two points equidistant from the wheels (which are 
the “ supports "), Fig, 1 la. 

2*. In Railway-carriages the Load is applied to 
the axle (viewed as a “Supported Beam’*) by the wp- 
ward pressure of the wheels at points equidistant from 
the ends on which the Weight of the carriage rests, 
and there supplies the necessary downward Ke-actions, 
Fig. Hi. 


i 


Ftg, lla^ 


T 

1 


T 

1 


J 


Fig. IIA 


Bso. 8. Supported Beam under uniform load Wy Fig. 12. 


Fig. 12. 



. ^ 

tR' 

xL-J 


P 1 





’‘Wim 

i 4 











afy % are the distances cf ang section P from 0. 

- W M - ip/. R» » W -1. 2 s R^ (40), 

Load on A'P ss — wef j distance of its C 0. from P is -r* 2, ) 
LoadonA'Pss^ lew* $ distimce of itsCl 0* firom F is -r ) 
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By tho Hesttlts (8, 15, or 15c) 

F « R' — wa>' « to s to . I, (42). 

/. F = 0, when ^ as 0, i. e., at 0, and increases gradually (+ towards A', — to- 
wards A") as $ increases, attaining a maximum 

I'm = ± W 2, when ^ = ‘± / ^ 2, (42tf). 

tt 

Also M sa RV — wx' * — = wx' * ss w 

2 A 2 

= «.C£jliI(£JlO=..£l^, 

/, M is at a maximum when i? = o, i. a, at the middle (0). 

/»2 72 

Mni = to . = to •— =s I W^, at the middle, (44). 

« o 

Since F oc its graphic representation is clearly the straight line Y"OY' through O, 
whose extreme ordinates A' Y', A" Y" represent Fm = dhW -j- 2 on any scale of loads, 
{Fig, 12 F). 

Since JNI oc a'a;", the ordinate which represents M will vary as the rectangle of the 
segments A'P, PA" which is a property of a parabola symmetrical about OY (the 
vertical through 0), which is therefore its axis j tho vertex of the parabola is Y if OY 
bo taken to represent Mm or | W/ on any scale of moments, Fig. 12 M. Or thus, 

observing that M s= to — - to-— = Mm if »?, Y represent M, Mm respec- 

w » 2 

tively on any scale of moments, then ij sszY — ^ and = — (Y — »j) which is 

the equation to the curve which is the graphic representation of M. It is obviously a 
parabola whose axis is OY and vertex Y, Fig. 12 M. 

To construct this parabola, the focus and directrix may be formed either (1) by 
calculating the latus rectum, or (2) by graphic construction. 

(1) . Bg calculating the latus rectum (= 4a), The equation to the curve is of 

course ^ 4 o Now OA' = 2 -r 2 is clearly the abscissa corresponding to the 

P P 

ordinate fj — 0, hence from the equation to the curve, OA'* or j = 4a Y, and a = — ^ > 

which being calculated, any other ordinate ij may of course be calculated from the 
equation 4“ « 4a (Y — ij). 

(2) , Bg graphic construction, ^lot tho greatest ordinate, viz., Y whose length 
represents Mm (OY in Fig, 12M). Complete the rectangle A'B'YB^A". Then Y 
is tho vertex of the parabola, and B'YB** the tangent at the vertex. 

Hence a construction similar to Ex. 2 may be used. Bisect B Y, B'Y in w". Join 
A'm', A V. Draw Fm'H’, Fm'D" perpendicular to Am', A^nT to cut A'B', A"?" pro- 
duced in ly , D". and to intersect in F (this point will fall on OY). J oin D‘I)^ Then 
bj^^^ame raaBoning^ as in Ex» 2, F is the focus and D'D" is the directrix of the parabola 
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required, which may now be graphically constructed. Observe that A'm'f A*m” are 
the tangents at A', A" 

JSb. 9* Supported Beam mder uniform partial load at end. Fig. 19. 


Fig» 18. 



^ * 0 a?. 

R' 








from A' is I ' 


The Beam is supposed 
loaded o\er a length a-j 
nearest the end A, and 
unloaded over the remain- 
ing length Xi nearest the 
end A". 

Hence arj + — h 

— W =s — wxif (44). 

1 


Distance of C G. j gection (at a*') is a: = a?' — } 

of Load ^ 9. i 


. (45). 


from A' 


£! 

! is iTj + -^ = i - ^|r 


.•.E' = w(/--^)-=-Z = W.(l-|l-)iE' = W.|j-:Ii'+R'=W, (46). 

Throughout loaded segment {s' < Xj), F =s R' — =. — B 4- ^ 

Throughout unloaded segment («" < fj* ^ 

.\F = 0,wbonx'=:B'-~n’,i.e,j-‘^*= (l - . a>,, 

= greater of E', E , = E', (since A'Q is loaded) 

= "'(■-!?) 


Throughout loaded segment (x' < xj), M = R' a;' — ?i* j?' . . 

J 

At Q the end ot the load, M = R" a; 

Throughout unloaded segment (x < x ), M =» R" ar*, 


>(48). 


Since M is a maximum where F = o, i. e., where or' =» ajj ^ 1 — . 

I f f ®1 \ \r _ TJ' ' an n ab 13 r ^ otb ! 

a . J mb = a?i ( 1 ““ "ST / ’ ^ a? mb — ^ J 

Since F as. li’ — from A' to Q, and = — R^ from A" to Q which equations m- 
Ftg, 13 F. volvc ar' only in degree, the 

locus of these equations must be 
^ two straight lines, which may be 
drawn by plotting the extreme 
ordinates A'Y', upwards 
and downwards to represent R', 
— R" on any scale of loads. Next draw yY* parallel to A'A^ Then the crooked 
line Y'gY" IS the figure which by its ordinates represents F, L‘3 F ; and at O', F « 0. 



* ttmm * absdBsa ol Least Shaarhig Force*. 
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Since M = R'a?' — w -:r -A.' to Q, and oc a?" from A" to Q, the loons of these 

equations is clearly a parabola 
from A' to Q, and a straight 
lino from A" to Q. Plot 9Q 
upwards to represent 
(the value of M at Q), and 
join A"^, Fig. 13 M. 

Plot O'Y upwards to re- 
present Mm = R' ^ a?! — 

at O' (the point where F = 0, 
ovwheioY q cuts A' A "in the 
graphic representation of F). Then Y is the vertex of the iinraboln, and VO' its axis. 
Also A', q me given points on the curve. The focus and diivctiix (F, D'D") may now 
he fomd by constrnctiou quite similar to that of Kx. 8, as shown in figure, the slight 
modification due to the axis not bisecting A'^ will be easily understood without 
repeating the construction. 


Fig. 13 M. 



Ex. 10. Supported Beam under travelling .single Load — W,, Fig. 14. 
The distances a?/, a?/' of the Load from A', A" vary in this case — 


Fig. 14 F. 


AW 




(xj' -f xi' s= f however always). 
Of course R', R" vary as the Load 
moves, also F, M both vary for any 
particular section (a? , a?" constant) 
as the Load moves. The object is 
to discover 7, M the greatest 


values^ of F, M at each section, 

_ W = - Wii B' = R" = w, sB' + B"=W, (49). 

Now it is clear from the results established for F, M, in Ex, 4. 

If xi < x*\ or the section be to the right of the Load, 

X 

F s= R' = Wj -j- , and is therefore greatest when Xi =: a?", (50a). 

If Xj' < x\ or the section be to the left of the Load, 

F = — R" = — Wj , and is therefore greatest when a?/ =s x\ (60J). 

In either case, F is greatest when the Load is at the section (z{ = x\ and x{ = x"). 
Hence since P is to be the greatest value of F at each particular section, 

x'* X 

P as the greater of Wj -j* , — 

as wj from A' to 0,and — W| j from A" to 0,..* 

Thus in passing fr3b section to section p cac between O and A', and oc x* 
between 0 and A^, and consequently attains a maximum when si ' s /, and x' as f, 
(their greatest values). 



' Sts Explanation at end of Art, 165. 
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Thus for the ** maximum maximorum shearing force”, (Art. 165, Note), 

= ± W| and ocelli s at A', A". 

Clearly, if the ordinates A'Y , A'Y" be plotted ahove and below A' A" to represent 
ji or ± Wj on any scale of loads, and A'T', A'Y" joined, and a vertical 
drawn through O cutting tliem, the two lines YW', m“Y“ will be the figure represent- 
ing p by its ordinates, for its ordinates oc a?" between OA' and QC between OA^ 
as required. 

Again, if Xi < or the section be to the right of the Load, 

M ss R'a?' = Wj "I* . x', and is therefore greatest when a?/' as a?", (52a), 

If a?/ < x'j or the section be to the left of the Load, 

M = RV' = Wj. . a;", and is therefore greatest when s= x' .....(525). 

In either case M is greatest when the Load is at the section (xj' = x\ = x"), 
.rV" 

and is then = w^. — : hence since M is to be the grtatest value of M at each parti- 

cular section, 

M = Wj. — , 

= Wj. ^ =Wi. ^ (taking O as origin), 

t I 

Obviously in passing from section to section, M is a maximum when ^ = o, 
V. c., the “ maximum maximorum Bending Moment ” occurs at the viidillCt and is 

= W,. -y = i . w, I, (54). 

Since Eq. (63) is of same form as Eq. 43 in Ex 8, the graphic representation of M 
of this Example is the same as tha||Of M in Ex. 8, {Fig, 12 M,) and the parabola 
may bo similarly constructed (plotting of course OY to represent in- 

stead of I W/ as in Ex, 8), 

The results of this Example may be thus summed up : 

** In a Supported Beam under a single travelling Load, the Greatest Shear- \ 

ing Force and Greatest Bending Moment both occur at each section / (55). 
when the lioad is at the section^\ / 

Ex, 11. Supported Beam under uniform travelling had^ — w, Fig 15. 

The Load is supposed to move over the span from either end A', or A", gradually 
cover the whole span and move off at the further end. 

[.^A A railway train gradually covering and then leaving a span shorter than its 
own length is a very important practical instance of thisj. 

The expressions in Ex. 9, are applicable to this case with the modification on ac- 
count of either segment x,, being loaded, also making x^ Xj which refer to the 
Load to vary j x', x" which refer to the section being constant. Of course B', B^ 
vary as the Load moves, also F, M both vary for any particular section as the Load 
moves. The object is to discover Jff. the greatest values of F, M at each section* 

Now the shearing force (F) throughout an unloaded segment is known to be constant 
(for the same load) and equal to She Be-action at the further support, os in 

i. Segment Xj loaddd ; then at any section in the unloaded segment xj, (xx* < 

F = — B' s= and is thetefore greatest when es x', ^56<t). 




EXAMPLES OP P, M. 


177 


it Segment loaded ; then at any section in the unloaded segment a?i, < a?") 

F sss B' = w and is therefore greatest when a?, = 4f', (5G5). 

Fig. 15 F. 



Hence in both cases (i. e., in all cases in an unloaded segment), 

F is greatest when the segment is fully loaded^ and the greater of these | . 

two maxima oeeurs when the longer segment is fully loaded^ j 

Next (to meet the case of a loaded segment), suppose the Load to advance beyond the 
section at or a:" so as to cover a segment (a?' + A®') or (ar* + Aa^') respectively in 
the Cases i, ii above. Then it is easy to see that of the respective Re-actions, 

i. R" in Case i is increased by only a "part of the Load-increment vs . A®'* 

ii, R' in Case ii is increased by only a part of the Load-increment w , A®*« 
whereas the usual formula for F {see Eq. 8) requires that the whole Load increment 
w , A*', or u; , A be deducted from the respective Re-actions R" or R*, so that 
the Shearing Force F is actually diminisJted by an advance of the Load beyond 
the section. 

Combining this with the preceding, the important result follows, 

“ The Greatest Shearing Force (under uniform travelling load) at any par- 1 

ticnlar section occurs when the longer segment is fully loaded ”, ) ’ 

and has for its algebraic formula 

F « the greater of w — , - w — I 

gglO (57fl&). 

w -gj- from A* to 0, and — ^ ^ A* to 0, J 

These clearly attain their maxima at the supports A', A* where 4 ?'^ » 2 »» j;' (theix 
greatest values) so that the 

** Maximum maximorum Shearing Force ”, « ± y ± (67i), 
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and they are clearly least at the middle O, » 4* ^ so that the 

2a 

lieast or ^ Minimum maximorum * 1 — . I 

Shearing Force”, }.P,=-±» 8 = ("'’)• 

Since F oc a?*® from 0 to A'', and oc from 0 to A', and since y £=» — repre- 
sents a parabola^ the graphic representation of F is a portion of a pair of equal opposite 
parabolBB touching A'A" at A', A" which are their vertices, their axes being the 
verticals through A', A', (,Flg, 15P). Then if the ordinates AT', AT"' be plotted 
above and below A A" to represent = ± i W on any scale of load, and F OF" be 
drawn through 0 perpendicular to ¥'OY" to cut AT" in F', AT' in F" ; and F'D", 
F"D' be drawn parallel to A'A" ; then F',F" M'ill be the foci, and D'F", 1)"F' the direc- 
trices of the required paraboles which may now be graphically constructed. The 
latus rectum of the parabolas may also be calculated from the equation, 

A'A"» 

Latus rectum = 2 F"A' == 2 F'A" * = Y (where Y = AT'). 


Observe that Y'OY" is a tangent to both parabolse, and that Om' =! J Y 
S3 — Om". Compare the construction in Ex. 2. 

Observe also that the pair of parabolae are together a complete graphic representa- 
tion of the various phases of Greatest Shear, thus — 

The upper parabola represents (by its ordinates) the Greatest Shear at each section 
as the Load moving on from the left (as in Eq. 566) gradually covers the span, and 
that the lower parabola represents the same at eaeh section as the Load moves off the 
span towards the right (as in Eq. 56fl): again if the Load move on from the right 
and leave by the left these effects are reversed. Lastly, the 6gurc Y'm\ «i-"Y* (a part 
of both parabolae) represents what has been denoted by F, the Greatest Shear at each 
section under all circumstances of the Load. (Eq. 67a). 

Either from these curves or from the equations for F (i and ii) may be seen the 
important result. 

In a supported Beam under uniform moving load, the Shear changes in 
direction at all sections during the passage of the Load’^ 

Again for the Bending Moment, suppose the segment gj loaded, or the Load mov- 
ing on to the span from the rights then 

i. At any section in the unloaded segment < x') see Eq. (48), Ex. 9,— 

Jd ss R\ a/' =i and therefore at any particular section (a>" constant) in- 

creases withs?|,i. a, as the Load increases, and is greatest when Xi sc tt', i. e., when the 
Load is greatest or reaches the section. 

ii. When the Load has advanced hegond the section, which thus falls in the loaded 
segment, see Eq. (48), Ex. 9, — 

M ss B' s;' ttr , w Ex. 9, and therefore at a particular section («' constant) 



increases with R*, and is greatest when B' is greatest. Now it is easy to see (from 
elementary Statics) that B* increases with the Load, and is greatest when the Load 
covers the span (tMs is the greatest Load). 

Thus in loth cases at any particolar section M increases with the Load, so that the 


important results follow, 
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(1) . ** The Greatest Bending Moment (under uniform travelling load) i . . 
occurs at every section eimultaneously^ viz., when the span is fully loaded f ^ 

(2) . *< If a Beam be strong enough to stand the Bending action of a uniform i , 

load all over it, it irill also bear it if any portion be removed from one end ”, } ^ 

From these results it follows that the expression for the ** Greatest Bending Mo- 
ment ” M in this Example is the same as for the ** Bending Moment ” in Ex. 8, viz.| 


M = «' — = 


Also the ** Maximum maximorum Bending Moment ” occurs at the middle 0, or 

^ j = 1 = 0 , (69d). 

The graphic representation of M is the same as for M in Ex. 8, see Fig. 12 M. 

JEx, 12. Supported Beam under uniform load^ steady and moving ( — “w*', — 

Fig. 16. — This case is best treated bv c«>iiibining the results of Ex. 8 and 11 
The object is to find the Greatest Shear p and Greatest Bending Moment M- 
\_Ex. A railway bridge loaded both with its own weight and with a rapidly niov’ng 
train longer than its own length is a very important practical instance of this]. 

By the results of Ex. 8 and 11, 


P = w’ ^ j + w^^from A' to 0, . 


= w' € 4“ ^ A from A' to 0, 

P s= lo' from A* to O, . 




from A." to 0, , 


— . I W 

P„ = ±(»'+ w") jsr ±Yat AorA",. 

P; “ ±: occurs at O; = 0, . 


M„ = (w' + «0 + 


N.B . — These P are of course only the ** Greatest Shearing'^Forces ” and are + 
(upwards) from A’ to 0, and — (downwards) from A" to 0. It must be remembered 
that the Shearing Force has a lesser maximum which may be of opposite oign to the 
previous P^ viz. 




-»'« + »*. from A' to 0,., 



180 


TBANSVERSE BTBAIN — ^METHOD lU 


ThB graphic representation of p r= + + w" . } • is clearly part of 

two equal opposite parabolae, whose ordinates are the sum of corresponding ordinates 
of the CFigs, 12 F, 15 F)for F in Ex, 8, and p in Ex. 11, but as these curves would 
be troublesome to construct, it is usual (though less exact) to proceed as follows, 
iJ'ig. 16 F) 


Pig. UF. 



Plot the pair of parabolaj representing the part of p due to the moving load w'* 
precisely as in Ex. II, iFlg. 15 F,) also plot the oblique line y'y" representing the part 
of P due to the steady load w' as in Ex. 8, iFig. 12 F,) except that it is to be plotted 
on the cg}j>osite side of A'A" (to the plotting of Ex. 8). Then the breadth of the 
figure enclosed between the parabolae and the line yy represents p at every section. 
Widths measured above and below this line y'y' are to be considered + and — res- 
pectively'. 

[Tto construction is adopted solely as being easy, and also convenient as admit- 
ting of meamrement of F by one stretch of the compasses : it will be observed that no 
part of the figure is the locus of the equation for F, so that it is an imperfect * graphic 
representation \ compare Fig. 8 M of Ex. 31* 

Observe that the figures enclosed between the parabolm and oblique line y'y are 
together a complete graphic representation of the various phases of Greatest Shear, 
thus The widths of the space between the upper parabola and oblique line yy 
represent the Greatest Shear at each section as the Load moving on from the left 
gradually covers the span ; thns this shear is — and decreasing from A^ to Q* where 
it vanishes, and is then -f- and increasing towards A'. Also the widths of the space 
between the lower parabola and oblique line represent the Greatest Shear at each sec- 




EXAMPLES OF F, M. 


181 


tion as the Load moves off the span towards the right : thus this shear is — and de- 
creasing from A* to Q", where it vanishes^ and is then + w^d increasing towards 
A'. Again if the Load move on from the right and leave by the left^ the figures 
must bo taken in reverse yrder. 

Observe also that the Shear is always 4* from A' to Q" and — from Q' to A", also 
that the * Greatest Shear * will vary even in direction throughout the segment Q'Q" 
during the passage of the Load, thus — 




Direction of actual Greatest Shear. 


Load. 

1 

Prom A' 
to Q". 

1 

iFrom Q'^ 
toO. 

Prom 0 
toQ'. 

From Q' 
to A''. 

1 

0) 

Steady Load only, ... 

+ 

+ 

, . 


(2). 

Steady Load, and Moving Load coming from the 
left or leaving towards the right, 

+ 

+ 

+ 


(8). 

Steady Load, and Moving Load, leaving to- 
wards the left or coming from the right, ... 

+ 

- 

- 

- 


This establishes the important result (which can of course bo seen from the ex- 
pressions for the Shearing Force), 

** In a supported Beam under both Steady and moving load, the Shear changes^ 

in direction throughout a certain middle segment during the passage of \ (62). 

the Load,” 3 

The “ sections of no shear ” Q', Q" are of course found by solving the equation 


p = w' 5 - ~ = 0, (»ee Eq. eOa*). 

whence OQ' or OQ" = (V 1 + M - V !»). where n = u>'-i- u>" (68). 


[In solving this quadratic one root will be found > c ; this is of course rejected as 
noL physically applicable,] 

This shows that the segment Q'Q" throughout which the shear is of variable direc- 
tion increases with the ratio 4- w', i, e., with the ratio of moving load to steady 
load, (as is also evident from the figure). 

Lastly, the widths of the space between the upper parabola YW and oblique line 
yO, and between the lower parabola Y"m" and oblique line y"0 represent the Great- 
est Shear p at each section under all circumstanoes of the Load. 

Next for the * Greatest Bending Moment ’ M> the expression (Qla) being of same 
form as that for M in Ex. 8, (Result 48,) the graphic representation will be the same 
as in Ex, 8, and may be similarly constructed, taking OY (in Fig, 12 M of Ex. 8) to 
represent Mp, 4 on any scale of moments. 

[The results of this Example are so important in practice that it will be well to 
give a numerical Example, which the Student is recommended to verify], 

JEa, 12a. A Girder of 100 feet clear span is to cany a uniform steady load of i ton 
per foot run, and a uniform travelling load (of a train longer than 1 00') of h ton per 
foot run. Find the Greatest Shearing Forces (P) and Greatest Bending Moments 
IS at every ten feet along it 
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SoluHon, Here I as 100', o as 50', fv' as ) ton, w" as | ton. Hence using formula 
(60) for F, and (61) for M» measuring abscisses (() in feet on either side of middle, 


^ Values of % 



n 

W I 20' 

80' 40' 1 

Greatest Shearing Force F tons^ 

Greatest Bending Moment M in foot-tonSt ... 

6* 

1250 




B 


Ex, 18. Supported Beam under any Symmetric Load, 

By symmetric load is meant Load distributed m any manner symmetrically about 
the middle of the span. 

[Ex. Pairs of equal detached Loads equidistant from the middle, and uniform load 
are common instances of this see Ex. 14 and 8.] 

Although general formulae for P and M can only be expressed by aid of use of symbols 
2 and f ; and would be of no more Immediate use than those already given, (Re- 
sults 7, 8, 14, 15), still certain important relations between F and M at points equi- 
distant from the middle (whose abscissas are therefore +: are easily established. 
Thus taking F_^ ^ represent F, M at SectionsQ, Q* equidistant 

from the middle, it is easily seen that, 

B's W-^.2 srB", (64). 

Load on A'Q' = Load on A^Q"^ I 

Load on OQ' = Load on OQ",’ I 

Also that the centres of gravity of the Loads on A'Q', A"Q" are equidistant from the 
middle, and also those of the Loads on OQ', OQ", 

Hence F^^ = F^^ and =: M or in words (66a). 

** The pair of Shearing Forces and also the pair of Bending Moments at | v 

Sections equidistant from the middle are equal f ^ 

Also the Shear vanishes (F ss 0) at, and therefore the ‘ Maximum Bending ) ^g-v 
Moment ’ (Mm) occurs at the middle, I ^ 

Ex. 14. Supported Beam divided into n equal hays* : each joint (or point of divi- 
sion) loaded with equal detached Loads •— W, Ligs. 17, 18, 

[Ex. Large Girders in which the weight of a heavy platform rests on equidistant 
Cross- (Hrders, which transfer the weight to the Main Girders fall under this Case.] 
Obviously, being it bays, there are (a — 1) loaded joints, 

W *3 (^ - 1) W; R W ^ 2 « R", (68). 

It is easy to see from the definitions and expressions for Shearing Force that 
(a),^tbe Shearing Force is constant throughout a hay^ 

(5),— 4ecreases abruptly by the eonstaitt decrement w from hay to bay from the 


supports towards the middle 

At A' or A'', Fai d: W -5- 2 (its maximum valae),.«.4....,..*o« (69a). 

yq- ^ 

Throughout rth bay from ehdi, F «“ ± (-j- — r— 1 . (695) 

* A* Bay* is the space between tweMoititi\ 
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ESAurLBS or r, h. 


Thronghout rth bay from middle / even,! 

( F as i; r w, if n is odd, j 

At middle, F ** 0, if n is even, ) 

Throughout;middle bay, F sa 0, if is odd, j 

Hence the “ graphic representation ** of F is a ^‘jstepped figure Fig. 17 F if n is even, 

Ftg 18 F if is odd, 

[A J5.— The “ stepped figures ” obviously lie symmetrically about the oblique 
straight line YOT" (dotted in Pigs, 17 F, 18 F) which represents the Shearing Force 
due to an equivalent uniform load : and approximate more to and ultimately coincide 
with that line as the number of divisions (a) is increased]. 

Fig. 17. Fig. 18. 


{Number of lays even). 


{Number of lays odd). 



Again, as aM = F . or F . (Art. 177,) it is easy to see that- 
(c)-the Shearing Force being cmtdnt throughout a lay, the Bending Moment- 
variation (throughout a bay) will involve the first power only of « or ^ so that the 
* graphic representation’ of the Bending Moment will be seaie straight line through- 
ont each bay. 
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— the Shearing Force decrement being constant from lay to lay, i. e., propor- 
tional at ea^h joint to the number of bays* distance from the nearest support, i, e., to 
the abscissa so' or x*', the Bending Moment-increment at each joint will involve the 
square of the same abscissa (je' or «*), — (viz., once as entering into the expression 
for ** sum of loads between the section and nearest support *’ of Art. 176, Eq. 15c, and 
once as entenng into the expression for the arm of leverage of the same),— so that 
the “ graphic representation ** of the Bending Moment at each joint is the ordinate 
of a parabola. 

Hence by (c) and {d) the " graphic representation '' of the Bending Moment is 
a rectilinear polygon^ see Fig. 17 M, 18M, inscribed in a parabola, viz., in that para- 
bola which is the ‘ graphic representation * of the equivalent uniform load, see Fig, 12 M, 
Ex. 8. This polygon approximates to and ultimately coincides with the parabola 
as the number of divisions is increased. 

Let so' = abscissa of a section at P letween and r-f 1“‘ joint from A*, *. e., in 
the r-fl*** bay from A*. 

Now, Length of r bays = r . i 

a?' > r ~ < (r -1- 1) ^ , or = (r -t- p) ~ where p is some fraction, (70). 


Also Load on segment a?' (which includes r joints) =s — r W, (71). 

I 

Space included (between 1*‘ and H** joint) — 1) » ^ (72a). 

Distance of joint from section P is ~ (725). 

Distance of centre of gravity of Load ( — rw) 1 _ ^ i r i \ ^ /TO ^ 

on the segment from the section i '' 

By Result (15c), (70— 72c) 


Bending Moment ^ (p + :j^)L 

at section J 2 / n 

- 1) _ , . ^ i _ / . r -1\ I 

= W(r + p) - _ rw . (p + _) - 

w— r — 1 \ 


r ? . rw - -f — rw ^ . p - , 

2 « V ) ^ % 


(78). 


This expression consists of two portions — 

(e),— -the left hand portion depending on the rmnler (r) of complete hays between 
the section and support A', 

(/),— the right hand portion alone depending on tbe/ractic» of a hay ^p ^ between 

the section and joint— and vanishing at ajonnu 

It is usual (in practice) to calculate the Bending Moments only ect the joints^ (for 
which (/) vanishes), thus 

Bending Momentf cwf joint is M «» 2:-^ . rw - , (78<»). 

jS n 
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This quantity K^greaUtt when (n-^r)r is greatest, I. a., when 


(T-a-')’! 


fi* “ft 

is greatest, which clearly has for its absolutely greatest value -j*, viz., when r s= - 
which is possible if nis even. If ft be odd, the greatest admissible value of (n r) r 
is that when r is the next integer to ^ , i. e., r =; 


maximum value of (ft 


0r< 


= -j- , if « is even 

= — -“,if fti8{M?<?,| 


(74). 


= =l„w/ = i(W + w); 

and this occurs at the middle joints 

W- = W/, at the two) 

2 4 » 8 n V -t • HA nK\ 

joints on either side of the middle, and has therefore, j •••• 

by (a), this constant value throughout middle bay, \ 


if n is even, (75), 


Observe that when the bays are short, or the joints numerous, 1. e,, when n is very 
large, all the Results of this example tend to coincide with those of Ex. 8, (as they clearly 

should), e.g., (75) becomes Mm a= - Wi when n =s oo , 

o 

JShr. 15. Supported Beam divided into n equal bays : under uniform travelling 
Load applied only at thejointSf and longer than the span. 

The Load is supposed to come on to the span from one end, gradually cover it, 
(being longer than the span,) and leave by the other end. . 

[Large Girders in which the weight of moving load is applied by a platform rest- 
ing on equidistant Cross-Girders, which transfer the weight to the Main Girders fall 
under this Case.] 

Obviously, being n bays, there are (n— 1) joints. 

Load on each bay s=: — w ^ = — w (suppose) = Load on each joint 

It is easy to see from the definition of Shearing Force that as in Ex. 14. 

(а) . The Shearing Force is constant throughout a bay. 

(б) . Decreases abruptly by the constant decrement w from joint to joint 

throughout the loaded segment 

(o). Is constant throughout the unloaded segment, and equal to the corres* 
ponding re-action (R' or — R'). 

Again reasoning similar to that in Ee, 11 would show that 

(d). The * Greatest Shearing Force * (D occurs throughout the rth hay from 
the nearest support when all the joints of the longer segment are 
leaded, in which case 


• These two Beialts are misprinted in Eanldne’s OivU Engineering, {smtel editions), page 247. 
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(n f •- 2) joints axQ loaded, and (r — 1) joints are unloaded. 

,% Dotal Load ss - — r — 2) W, and covers (» - r — S) bays, (76). 

Distance of centre of gravity t _ ^ , (n - r - 8> t r 1 I 

of Load from the support, 2 n 2 fi'-'’ 


Beaction at support { (n ^ r 2) w n — r ^ 1 £ 
nearest the section, j } • 2 *n* 

Greatest Shearing Force 
throughout rth bay from 
nearest end, t* e., between 
(r-^l)th and rth joints 
from nearest end, 

By reasoning similar to that in Ex. 14, it is easy to see that the ** graphic repre- 
sentation ” of this ‘ Greatest Shearing ^'orce ’ F is a ' stepped figure * lying about 
the parabolic arcs Y'm' m"Y'^ of Fig. 15F, Ex. 11, — in the same way that the ‘stepped 
figures* 17F, 18F, lie about the oblique straight lines Y'Y‘', and approximating 
more to and ultimately coinciding with those parabolic arcs as the number of divisions 
(^) is increased. 

Again as to the Greatest Bending Moment (M)> reasoning similar to that in Ex. 11, 
would show that 

(s). The Greatest Bending Moment (M), occurs at all sections simultaneously^ 
via., when the joints are all loaded. 

Thus the expressions and ‘graphic representation ’ for the Greatest Bending Mo- 
ment (]!ll}i Aiid ‘JVfaximum maximorum Bending Moment* ^ 

exactly the same as for M and Mn> respectively in Ex. 14, q. v. 

Ex. 16. Supported Beam divided into n e^tia^ hays : under uniform load steady 
and moving ( — la*, -* m'), applied at the joints. 

The moving load is supposed to come on to the span at one end, gradually cover 
the span, (being longer than the span) and leave by the other end. 

[Large Girders loaded by a heavy platform and moving load as of a train resting 
on equidisUnt Oross*Girders which transfer the weight to the Main Girders fall un- 
der this Case]. 

Dead Load on each bay s; ~ ss — W*, (suppose) ss Dead Load on each joint 

Live Load on each bay = — tr" =c — tv*', (suppoae) ss Live Load on eaeh joint. 

n 

This case is noiv easily treated by substituting w*, tv' for the w in Ex. 14 and 15, 
and conjibiniog the Hesults to yield the Total Greatest Force and Bonding 

Moments (F And M}» 


F: 


(n-.r-l)(n-r -2) 
2a 


tv. . 


(72> 


of p^eoediug Exdn^eO. 

183. The Besults of many of these Examples are so important, and in such fre- 
quent use that they should H committed to memoiy, ^ most important are 
collected for refmncc in Idttoiriw TlUa 
















CHAPTER VIII. 

TRANSVERSE STRENGTH— FLANGED GIRDERS. 

Preface. — [In this Chapter the approximate laws of TRANSVEESB Stbenoth 
and Bbsistanob (to Transverse Strain) in Flanged Gibdebs will be investigated^ 
and approximate expressions will bo found for the Longitudinal Stresses (Re- 
istancos C, T), and for their Moment (i. e., the Moment of Resistance, ^). The 
consideration of Resistance to Shearing is deferred to Chapter X. 

185 . Moment of Resistance (to bending). — It has been explained 
Arts. 171, 172, that the pair of Longitudinal Stresses (0, T) developed 
under pure Transverse Strain are equal and opposite, and therefore form 
a ^ couple —the ‘ Resisting couple ' of Art. 172,— whose effect is measur- 
ed by the Moment of the Couple. 

Let d' s= distance between ‘ centres of stress ’ of the Stresses 0, T, 
sr < arm * of the Couple 0, T. 

Then by Art. 172, 

‘ Moment of Resistance*, = Moment of Couple 0, T 

= Cd', or Td', (1). 

* Effective Depth^ of section. The quantity d^ which is the effective 
length of the * arm ’ of the ‘ Bending * and * Resisting Couples ’ at any 
section is called the * effective depth ’ of that section. In a Girder of 
njpiform section, the * effective depth ' of the sections is constant, and it is 
thfiju often called the < effective depth of the Girder*. 

[In a Girder of varying cross-section the tem^ effective depth of the Girder ’ is for 
brevity often applied to the * effective depth ’ (d*) of the most important section, viz., 
of the section of Maximum Bending Moment]. 

186 , Longitudinal Stresses, 0, T.— By Art. 185, « » Cd' « TiT, 
an4 by the * Eijuation of Home&te,’ Art. 172, M s whence 


( 2 ). 
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from which equation, M harkig been previously found by Art. 176, et seq,, 
the Longitudinal Stresses (Resistance) may be found. This important 
result may be expressed thus— 

** The Longitudinal Stresses (Tension or Congif ression) at each section ss 
Bending Moment (at that section) ^ * effective depth * of girder at 
that section’', 

187. Applicability of Result (2). — The above result is true of all Girders^ 
but from the difficulty of finding the quantity d‘ — in general — its prac-* 
tical utility is limited to those cases in which this quantity can be easily 
determined. Now it is found by experiment that the Longitudinal Stress- 
es are developed with greatest intensity in the material near the under 
and upper surfaces of the Girder (see also Art. 200). Hence in large 
Girders — especially in ironwork in which economy of material is im- 
portant — the material is massed near the top and bottom throughout 
the Girder into longitudinal masses which are called * flanges* or 
* booms.’ 

[£ar. — Lattice-, Warren-, and Plate-Girders are familiar instances of this]. 

Dbf. — A Girder or Beam, in which the material is massed into two 
longitudinal * flanges ’ connected by a thin * web,* or by light * bracing ^ 
—the depth or thickness of flange being very small compared with the 
full depth of the girder— will be called a ‘ Flanged Girder,* (^ Fig ^ 
19, 20 are cross-sections of this typo of Girder.) 

As the * centres of stress * must of course fall ^within the material of 
the ‘ flanges,’ it follows that in such a Girder, the ‘ effective depth * d* 
at each cross-section — being the distance between the two * centres of 
stress * — cannot differ much from either the * full depth ’ (of Girder) or 
^ clear depth ’ (between flanges) at that section. Hence 

“ Effective depth, ” ss J (Full depth + Clear depth), approxinnettlyy \ 

cr clear depth, (as a rough approximation). / ^ 

188. Longitudinal Stresses at Section of Maxmum Bending 
The value of the Maximum Bending Moment being denoted (Art. 1^5) 
by Mn, and calculated as in A4. 178 and Examples, Art. 182, Equation 
(2) takes the form 

= (2a), 

£ being the effectire depth of this section. 

Hence the following Besults are easily obtained, the Talnes oTllI. 
biTing been already oalcolated in the Examples, Art. 182. 
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LoKoifiTPiEAL Stresses at Sbotioe of MAxmmc Bendimo Moment. 


1 

Load. 

Rffiferenoe 

to 

Art. 132. 

Values of C, T. 

i 

I 

i 

Single Load at A', • • • • • • • • 

Kx. 1 


(2a). 

P 

Uniform load, .. •• »• •• 

Bx. 2 


(2&). 

o 

Single Load at A', and Uniform load, * • | 

Ex. 8 

p 

(w ? + » 

(2a). 


Single Load Xi, Xi from A', A* • • • . 

Ex. 4 

m • tm ^ 1 

W. 5-^1- 
la 

m 

PO 

Single Load at middle, «• #« •• 

Single Travelling Load, • • • • • • 

Ex. 5 

Ex. 10 

} 

(2a). 

o 

§ 

Equal oppoBito couples (of Moment s M) 

Ex. 7 

M-i-d' 

(2/). 

& 

GQ 

1 Uniform (Steady) Load, • • , • • • 

Uniform Travelling Load, • • t # • • 

Ex. 8 

Ex. U 

1 ‘"f-r 

(2y). 


Uniform Load (Steady and Moving), • • 

Ex. 12 



[These Kcsults (especially 6, e, ff) are often quoted in calculations for Girders : 
they are hardly worth committing to memory as with aid of Eq, (2A) they arc imme- 
diately derived from the values of Mq,^ which last alone (Art 183) should be com- 
mitted to memory. For examples, see Art. 198]. 

189. Longitudiml jStresS'-variation in girder of unijorm ^effective 
depth ' — Since 0 == M -r T, (Eq. 2,) it follows that, if d' be constant 

— ae here defined^-*-, C *=* T oc M. Hence in such a girder, e, j., 

(a) . In all girders of uniform cross section^ 

(b) . (Approximately) in all ^paralld ^an^cd-girders 

the longitudinal vadation of the (longitudinal) Stresses (0, T) is the same 
as that of M. Hence the ‘graphic representations’ of 0, T (or ‘ Longi- 
tudinal Stress- Diagrams ’) will be the same curves as those of the Bending 
Moment (ll), and the section of Maximum Bending Moment will also he 
that of* maximum (longitudinal) Stress and these ‘ maximum longitudinal 
Stresses* will be those of kst article, Eesults 2a to ig, C Mm -r d' T. 

[Of course C, T being Stresses must be measured off a Scale of Loads, c.p., pounds 
or tons, (and not from the Scale of moments used for M) : the Scale must be such 
that the greatest omlinate of the omeve m ilgnre shall represent the maximum value 
of 0 or T as cidci^ated(jin}W|iai|^l#^ Arts* ISA IS8.] 
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100. Horizontal 71ange-Area8.-*It bzB be«n explained (Art. 187) 
that in a ‘flanged girder’ very nearly the whole of the Longitudinal 
Stresses 0, T fall on the flanges : as these Stresses are both ho%'izontal 
they subject the Flanges to pure Tensile and Crushing Strain, so that the 
scantling of the flanges is to be designed according to Chapters II., 111., 
as for Ties and Pillars. Thus if at any section 

At »= Net area of cross^-section of tension flangOi 
Ao a Gross area of cross-section of compression flange, 

f\ -r s, or St 1 { Working or safe stress-intensities in tension and 

/e -r s, or Sc j t compression respectively in pounds or tons. 


Then Working Tensile Resistance, T = 
Working Crushing Resistance, 0 ^ 


r.} 


Hence At = 


A 

d* » Ac 


= At 

' Ac • fc 

1 M 


at that8ection^{^). 
(5a). 


or (if weights be measured in tons), At 


M 


Ae« 


A ( 66 ). 


— ^It is here supposed that the flange under compression is so stiflened by the 
‘web* or ‘bracing*, that it maybe considered as under Crushing Stress-r 

(not complicated by ‘ bending ’)— and may therefore be regarded as a‘ Short Pillar *, 
Art. 58, to which the simple formula Art. 57, £q. (2), is applicable]. 


Observe that Eq. 5a, 5, are applicable to any section ; the most import- 
ant section is of course that of ‘ maximum stress which in a ‘ parallel 
flanged girder’ has been explained (Art. 189) to be the same as that of 
Maximum Bending Moment, so that in such a Girder the 


‘Max. flange-areas’ 


w 

< 

. 


are At 
or At 


1 Mm 

M„ 


A. 

A. 


1 

/.T-* 


d' >■ 


.. (.5c). 


ic.'d’' 


,(5rf). 


The following important Besults follow immediately from Eq. 5a — d. 
“ The TruuTMie Strength of a flanged Girder increases as its effective depth 

W.” (Be). 

" The requisite Flange-areaa (At, 'A«) are inversely pnqMrtional to the efiective 

depth (<?),” (V), 

** The weight of the flanges deereaaes with the eSective depth (if)/’ (Eg). 

" Increase of depth is eoonamical ”, (Be), 

191. Oross-sectiou ofd<ltialBtrength.‘-Atanycross-«ectioziT=0; 

hence by Eq. (4),— At ; A. «•/« : /t, (6). 

This important remit may be thns expressed 

" In a ' flanged girder * the flangchoeantlings should at eadi section be in- 1 
vendy proixprtioaal to the iliodtihu ot teaistsiice (of the matedal) > (6a). 
to their iwpeotiTe itnias'*, j 
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A ctoss-section so designed is called a * cross-section of equal strength’ 
because both flanges have then equal strength. Any other design is obvl* 
ously wasteful of material in one flange. 

Ex , — In Cast-iron,/® «= 6 / nearly ; in Wrought-iron/ = f / to 2/ 
In Timber, ft ==/ to 2/®. 

Hence in * flanged girders ’ the material in the cross section should be 
so arranged that 

Cast-iron, At = 6 A® ; Wrought-iron, A® «= f At to 2 At, j 
Timber A® = At to 2 At; 

These proportions are adopted in practice, see Ftg. 19. 

[A^i?. — These proportions are of course only suitable within 
the limitation set forth, viz., to * Flanged Girders* with either 
open bracing^ or a very thin 

192. Parallel-fianges : Design. — The flange-areas 
At, Ac having been calculated as in Art. 190, 191 and 
Examples, their breadth (h) is generally fixed by consid- 
erations of practical convenience or of necessity of providing sufficient 
lateral stiffness. In most cases Girders are made (for constructive conve- 
nience) of unifoi'^n width throughout, so that 6 is a constant quantity 
throughout the girder for either flange, and much less than d. 

The shape of the flange-sections is also fixed by considerations of prac- 
tical convenience, thus— 

1®. For mall flange-areas (At A® small), the flange sections are ‘ shallow rect- 
angles*, thns— I \ 

2®. For large flauge-areas—the material in this case being usually wronght-iron 
— the flange-sections are usually built up of flat plates of same width riveted together 
with angle-irons below the upper and above the lower flange to unite them to the web 
or bracing. 

Fig. 20. 





r 


» i 

^±3 


I" 






Let A Area of either dange»8eoUot 

I. net Arm (At) in teanoa, or groee area (A«) in oompreeBion. 
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t es total thickness of either flange. 

r t» thickness of each plate. 

n = number of plates. 

If ^ < efifectiye breadth ** of plate. 

[JV.B . — It is usual (for constructive convenience) to use plates of equal thickness 
throughout either flange, in which case t = nr, (8). 

It is essential to the necessary lateral etiffneee that & should be made as large as 
possible ; this secures that t shall be a small quantity, and d Jortiori that t-^d 

shall be a very small quantity, but whatever be the relation of t, b, it is essential to 
the propriety of the approximation used in Eq. (3), Art. 187, that f -f* be a very 
email quantity. This is well seen in Fig* 20]. 

Hence (neglecting the angle-irons), 

h .nr = ht ^ A, •••(9), 

from which equations the requisite total thickness n r ox t may be calcu- 
lated. 

193. Large Wrought-ir on flanges , — In Girders of considerable depth 
the angle-irons uniting the flanges to the web may be considered as part 
of the flanges ; {see Fig, 20). 

Let a = sum of sectional areas of angle-irons (usually two) in either 
flange^^t. e., net area in tension, gross area in compression. 

Then Eq. 9 becomes, nhr + n = A, (9a). 

As plato-and angle-iron can only be obtained of certain sizes and thick- 
nesses in the market, it is usual to flx the quantities (a, r) in last equa- 
tion corresponding to angle and plate-iron that is easily obtainable, | after 
fixing which Eq. 9a gives the number (n) of plates requisite. It is obvi- 
ous that in practice n must be an integer, so that in practice^ 


« = (A — a) -2- bt, (if an integer,) 

= next greater integer to ( A — a) -r* bt, if (fractional), 



This Re&ult gives the number of plates requisite at any section. The 
most important section is obviously that of ^ maximum Bending mo- 
ment,’ being in a parallel -flanged girder, also that of * maximum (longi- 
tudinal) Stress’, and therefore of ‘ maximum flange-area.’ 

Let Am =; the * maximum flange-area* (of either flange), 
nm s number of plates in Am. 

~ maximum number of plates required. 


• •. wbolc brwlth " of oompresiion-flfUige, or “ net broadth " of teniion Suige (after deduct, 
lug aoia of diometere of ilVot and bolt bolee}. 
t SbeObapter oa tr<m Girder Detallt. 

* 2 i>. 
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ITien clearly, n#, . Jr + a = Am* * (9c) 

104, Large Wrought^troti Girders of ^ Unifot'm, Strength* — A Girder 
in which the number of plates (n) varies throughout its length so as to be 
at each section the number indicated as necessary by Besult (9J), is called 
a ‘ Girder of Uniform Strength.’ 

[The general investigation of form of Girders of ‘ Uniform Strength ' will be 
given in Art, 221. The present process gives only a form of * approximately uni- 
form strength *; constructive convenience which requires — 

1®, that the girder be of nearly uniform depth and breadth throughout, 

2®, that the connecting angle-irons run the whole length, 

3^, that one plate run the whole length, 

4®, that w be a whole number, 

causes an inevitable waste of material above the form described in Art. 221 as the 
true forms of ‘ Uniform Strength,* but the present process gives the nearest ap- 
proach to 'Uniform Strength’ that constructive convenience Of large wrought-iron 
flanges admits of]. 

First AfcfJod,— This arrangement might be made thus — 

Step I.«-Ualcalate the Bending Moments (M) at a great many sections (say at 10 
feet intervals) by Art. 176, and Ex. of Art. 182. 

Step IL — Calculate the flange-areas Ai^ necessary a^ each section by Art 190. 

Step III.— Calculate the number of plates (n) neceiisary at each section by Ait. 
192, 193. 

But the following methods are on the whole more convenient (in involving less 
numerical calculation), and preferable as showing the precise sections at which not 
lees ihm a given number (jn) of plates are requisite. 

Second Method. — (By calculation). 

Combining Kesnlts (1), (4) and (9a). 

M s os » Cii' or Ttf =s4a (C =s 4(»>r + B).<r, (in inch lba.) | 

KIO). 

3= St • or Sc . {nhr 4* a)- , (in ft. tons) | 

/ being of course ss fx or /« according as the tension or compression flange is in 
question. Now in above equation, all the quantities on the right hand side are (by 
hypothesis) known, and M may be expressed as a function of the load and of the 
abscissa or £} of any section by Ait. 176 and Art 182, so that Eq. (10) yields 
the abscissa (or or Q of the section at which a given number (a) of plates is really 
neceesarpt so that by assigning to n the values 1, 2, 3, Ac., the positions of the sec- 
tions at which 1, 2, 3, Ac., plates are necessary are easily found. As a check on the 
work, the greatest number of plates necessary {%) igay be separately calculated from 
£q. {9c;).— Example, Art 198. 

Third grflphw construction^ Fig. 21. — 

Step I.— Draw the carve or flgaie whidli is the ^graphic representation’ of 
the Bending Moment M (Art 181 an^Snamples Ait 169), on any foeleof Mfiwnta. 
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Stef II.— CalcnUte the value of the ‘MoMoieut of Workiug Bedstanoe/ viz., 

01 or 4(«8r + a) O', (10) 

for successive values 1, 2, 3, &c., of n as far as n » (to be ascertained 

from Eq. 9c). 

Draw across the previous curve of M, a set of lines parallel to the tf-axis (or 
base of the figure) at the distances (|5l) just calculated. Where these parallels in* 
tersect the curve of M, the * equation of moments,' viz., 

“Moment of Working Resistance ^ = Actual Bending Moment” (M) 

is satisfied, and these points are the points at which not less than 1, 2, 3, fin 

plates are required. 

[This Method will be best understood from Examples : see Example, Art 198 
and 21 ] 

196. General Design, — The material and typo of Girder is usually 
fixed by considerations of economy, convenience, or taste. 

This fixes the figures of cross-section and of longitudinal section. 

The cross-section of Maximum Stress is usually that whose dimensions 
are first determined ; the dimensions of all other cross-sections are made 
to depend on those of that section, thus— 

Flanged Girders are usually made of uniform oross-‘seetiofi, 

2^ Large Flanged Girders are usually made (Art 194) of approximately aai- 
form strength throughout ; aud also usually of uniform depth and uniform flange* 
breadth. 

It is obvious that in Flanged Girders there are at least three quantities 
(i, d\ t) required to completely determine the size of the cross-section. The 
Equation of Moments, M — M, (of which all the Equations in this Chapter are 
simply modifications) gives one relation between them. 

Two other relations are required : these are usually obtained by assigning such 
values to d*, 5 as shall provide a Girder of sufficient Transverse Vertical and Lateral 
Stiffness. 

196. Transverse Stifihess.— It will be shewn (in the Chapter on 
Deflexion) that the Vertical Stififness oc hd!^ -r 

Moreover the compression-flange being free to bend laterally, is in con- 
dition of a Ybrt Long Pillar, (Art. 53,) whose ‘ least width ' is 5 and 
length L It follows therefore that the Vertical and Lateral Stiffness 
depend chiefly on the ratios d^ I, b 1, respectively. 

The ttsual practice in ^igning a Flanged Girder is to secure suf- 
ficient Transverse Stiffnesi^, by taking the values of the ratios d’ ^ I, 
h I equal to their sctual values in preFiousljji^ erected (successful) 
Girders of earn type, 

[This of course fixes the two quantities d\ h for a given span (i), so that t is 
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the only quantity to be determined by the condition of Tbaj^syebss 
Si^BBNQTH^ t. e.t by the principles of this Chapter]. 

The values of these ratios (in actual examples) vary considerably as may 
be seen from following Table 


tfaterial. 

Type. 

VAT.tJEfl OF 

n 


Timber, .. 
Cast'iron, 

r 

Tubular, 

Y tol2 

10 to 12 

11 to 17 

20 to eo 


PlfltC, •• •• «• «■ 

Lattice, •* •• •• *• 

Warren, 

12 to 15 

as to 60 

1 1 

8 to 15 

40 to 90 

a 1 

8 to 10 

40 to 200 

Whipple-Mnrphy, (Connecticut,) . . 

10 

60 to 70 

1 

Bowstring, (TiOUgh Ken,) , , 

7 

65 

n 

Bowstring, (Suspension,) . • 

6to 8 


Trapezoidal, (Chepstow,) • • , . 

7 

• # 


197. Note on values of M, Mn,— (Compare Art. 245).^ — The quanti- 
ties M and Mm in the formulae of this Chapter should in strictness be the 
Actual Bending Moments due to the actual distribution of the Work- 
ing Load (of all kinds), calculated according to the Buies of Chapter 
VII. ; the Greatest Bending Moments M, Mm being always taken in 
cases of moving Load. 

The actual distribution of the Load (of all kinds) should be considered, 
and the partial Bending Moments due to each separate kind of load-dis - 
tribution calculated: the sum of all partial Bending Moments at any 
section is the Total Bending Moment at that section. 

The Applied Working Loads are usually distributed at detached jioints 
approximating in long Girders to a continuous distribution : the Weight 
of the Girder is of course a continuofos Load. 

Th^ usual modes of distribution of Applied Working Load are as 
follows (more details will be found in the Chapter on Load on Beams). 

1®. Atone the Weights lifted by tenes, Penicks, Travellers, Ac. 

At the Weight of acarrta^on its axle, Weight of a loco- 

motive or railway carriage resting on two rails on the cross-girder of a 
bridge— (sss Ite. 6, 7, Art. 182). 

3®. At four points,^ An the Weight of two locomotives resring on 4 rails 
rdctuble line) on the emastgjrder of a bridge. 
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4*, At numeroui detached points, — As Weight of live load, platform, and 
cross'giulbrs resting on the Main Girders of a Bridge at each cross-gir- 
der. [Cross-girders are in practice usually equidistant, this case falls under 
Ex 14. 16, ir>, Art. 182]. 

N.JB . — If the detached Loads be very numerous (/. a., n large in Ex. 14, 
15, 16, Art 182), or the spacing of Loads small compared rath the span^ it 
will not involve much error to treat this case as if the Load were ttnU 
formly distrihuted, 

5®. Approximately uniform Load. — As in ca<<e of joists and beams of flat 
roofs and floors ; Weight of live load and platform resting directly on 
Main Girders. 

As to the Weight of Girder itself, the only important oases are 

1®. Glider of uniform section, — The Girder’s Weight is in this case obvi- 
ously uniformly distributed. 

2®. Girder of umform strength , — The acttial distribution is of course pro- 
portional to the varying Stress, but the investigation required to determine 
this is so complex, that this actual distribution has never been adopted in 
calculation. 

It is found sufficiently approximate in general to calculate the partial Bending 
Moments due to the Girder’s Weight under an assumed equable distribution through- 
out its length either — 

{a). At numerous detached points. — ^In which case it is convenient (in calculation) 
to assume these the points at which the applied working Load is applied-- 
{see Cose 4® above). 

(5). TIntfornily distributed. 

[A^.B — It is convenient to make assumption (a) or (6) according as the Applied 
Working Load falls under Case 4® or 6® above]. 

Examples on * Flanged Gi7'ders'\ 

198- Flanged Girders being by far the rtiost important variety of 
Girder (it will be shown in Art. 221 that a flanged girder is the best 
type of Girder), and the formulse already given being sufficient for the 
calculation of their flange-areas, and far more simple than those to be 
investigated later as of general applicaimi^ the Student should at once 
familiarize himself with the practical application of Art. 194. 

Examples. Find the * maximum (longitudinal) Stresses and maximum sectional 
areas of the flanges required in each of the following cases: ^The Girder in each 
case, a * parallel-flanged girder’, its cross-section to be one of ^eqnal strength’ in 
wronghtriron for which the cott|||ants of strength are (Art. 81, 64), «« s 7 tons per 
sq. in., Sc ^ b tons per sq. these constants to be halved for travelling loads 
(Art. 7). 

The data W, w, Z, d ate given in each case (in tont enf feet ) in the Table of 
Examples below- 

[Af.B.— By Art. 189 the * maximum (longitudinal) Stresses ’ in a ’ paxallel-flanged * 
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girder occur at the section of maximum Bending Moment : the maximum flange- 
areas are of coarse required at this Section]. 




REFEaSKCBS. 

j Data. 


Maximum 
Flange-Aicas 
tn sq tn 

1 

1 

Load. 



1 ^ 
eo 



0” S 
l-aH 

U" 

.2; 

^ ae 



1 


< 

1 w 

1” 

D 

1 

Tension. 

1 

Com- 

pression. 

1 

Single Load w at A', 

Ex. 

1 

(4a) ;0| 


10 

2 

00 

71 

10 


Uniform load tv, . . 

Ex. 

2 

(45), 

• • 

2| 

10 

2 

50 

71 

10 

1 

Uniform load w, and single 
Load W at A', . . 

Ex. 

3 

1 

(4c) 'lO 

1 

1 ) 

10 

' 2 

1 

100 

1 

14 3 

20 


Single Load w at ^ from A', 1 

Ex. 

4 

(4</) 

20 

. . 

24 

2 

45 

6*4 

9 


Single Load W at middle. 

Ex. 

5 

(4e) 

20 


24 

2 

GO 

86 

12 

1 

Equal Loads w each 1 foot 
from ends, 

Ex. 

7 

(4/) 

00 

•* 

20 

2 

25 

3‘6 

5 

i 

Uniform steady load «>, . . 

Ex. 

8 

i*3) 

•• 

2 

20 

2 

50 

7*1 

10 

1 

Single travelling load w, . . 

Ex. 

10 

(4c) 

20 

1 

20 

2 

60 

14-3 

20 

& 

CO 

Uniform travelling load Wf 

Ex. 

11 

1 

(4j») 


1 

2 

20 

2 

00 

148 

20 



Ex. 

1 

1 

1 

12 

(4j7) 


2 

3 

{201 

1* 1 

2 

601 
75 f 

28'6 

40 


It is obvious that each of these Mnaximum flange-areas ’ divided by any brea(ith 
that may be fixed on as convenient, will give the * maximum flange-thickness ’ neces- 
sary in each case. 


Again the Equations 5a, of Art. 190, enable not merely the maxi- 
mum flange-areas to be designed (as in Examples in last Table), but also 
the proper flange-areas at an^ section, 

idr. A Girder of IQO feet clear span and 10 feet uniform ^ effective depth is to 
carry a uniform steady load of ^ ton per foot run, and a nniform travelUng load of } ton 
per foot mn. The Girder is to be of wrought-iron with parallel flanges, of 9^ nniform 
breadth, and with * crossHiection of equal strength.* Calculate the necessary flange- 
areas and flange-thickness at every 10 feet. The cemstapts of strength for equal live 
and dead loads are (after making allowance— (see 7}— for increased strain due to 

live load). 

St ::: 7 I :$ ii tons per sq. in, le « -f* } e 8} tons per sq. in. 

The valoes of the Bending Moment for this Example are already ealeulated in fftr. 
12a of Art. 182. Adopting iheee 
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[ 


Taluxb or 5 





0 1 

10' 

20' 

80' 

1 ^ 

1 60' 


Value of M, see Ex. 12 <i, Art. 182 tn/t. tons, ..1 

1,260 

1,200 

1,050 

800 

450 

0 


Longitudinal Stresses (C, T) in tons, 

126 

120 

105 

80 

45 

0 


Net flange-area in tension in sq, in.^ 

26 8 

25-7 

22-6 

17*1 

9 6; 

0 


Gross flange-area in compression in sq, in,, 

34-1 

32-7 

28-6 

21 8 

12‘3 

0 


Approximate flange-thickn'ess in \ te^^sion, 

8 

2-9 

25 

2 

11 

0 


tNcli^s (iie8lecaugangle-iK)ns)|j^ compression, 

3-8 

3 7 

32 

2*5 

1-4 

0 


It is obvious that many of the iiange-thicknesses just obtained (by 
Method of Art* 194) would be inconvenient in a wrought-iron flange 
built up of plates of definite thickness ; it would be belter thus — 

Ex. With same data as in last example, and with flanges built up of ^ inch plate- 
iron of 0" uniform ‘ effective breadth * riveted by two angle-irons (3* x 3" x 4^ in 
tension, 2i" X 2" x i" in compression) to the web— »one plate and both ^^wn- 

ning the whole length of the girder — design the flanges so as to be of * uniform 
strength \ 

Solvtion. The angle-iron ‘effective sectional area' is clearly in either flange 
(after allowing for rivet-holes in tension-flange) about equal to that of one plate, i. e., 
a = 9" X = 44 sq. in. 

1^. To find Hm the maximum number of plates required in either flange. 

By Art. 182, Er. 12, the actual ‘maximum Bending moment* 

IB Mm ^ tnch-pounds, 

= 4 («*» •+• w") L* =s * X (I 4- i) X 100' X 100' si 1,260/r. tont. 

Maximum Longitudinal Stress 0 or T = M^i 4 * d* ss ss 125 tons. 


/, Maximum fiange-areas 



T 

C 


stss 125-5“ 4|s= 26-8 sq. in. 
Be 8 125 -r- 3} 34 1 sq. in. 


[These two results are of course the same as by last process.] 

But by Eq. (9 <j) 

9 

AtoirAc) = «,6r + a = X 9' X |* + Bq.in = + l)*q. in. 


nm 


ll 

integer next > 



-1 . 


as integer nUEt > 


l(|x“‘- 


1 ^, 0 r > 4, i. e*, ss 5 in tension. 

1 Y or > 6, 1 . s: 7 in compression. 


Thus 5 or 7 plates must be used in either flange near the middle : it remains to 
ind the points «t which 1| 2, 8, 4, 8, 0 plates will suffice : ibis may be done by either 
M^hodS<’or0^ 
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Method 2 ^, (By calculation) —By Art. 162, Ex. 12, the actual Bending Moment 
at the section whose abscissa is 4 is 

M = . ^4^1= (1 + 1) X isii" --S:. 

Hence by Eq. (10) 

“Moment of Working Resistance i= st c • (n^r + a) x 10' ft. tout. 

121)0 - I = 8, „ c (« X 9' X i' + H sq. in ) X 10* 

C = 2,500 - 90. »,o,c (a + 1). 

from this equation + i the abscissae (distances on eij^her side of middle) of the section 
at which u (/. e., 1, 2, 3, 4, 5) plates are nufficii^nt is easily found by a Table of squares. 



Tbnsion-Elanob, 

I Compression h lange. 

n 

u 

90 X j X (« + 1) 

V 


90 X y X (n + 1) 

V 

± £ 

1 

640 

1,600 

40'7 feet. 

660 

1,840 

42 9 feet. 

2 

l,2fi0 

1,240 

36 2 „ 

990 

1,610 

38'9 „ 

3 

1,G80 

820 

28 6 

1,320. 

J,180 

84*4 „ 

4 

2,100 

400 

20 „ 

1,650 

860 

29 2 „ 

5 


at middle. 

1,980 

620 

22 8 „ 

6 




2,ol0 

190 

13 8 „ 

7 

• • 

•• 

•• 


ai middle. 


* Method 3® (by graphic construction). Fig 21. 

Step I.— Construct the parabola ATA^ which represents the Bending Moment 
(M) as in Example 12, Art 182, q.v , taking OY to represent M#, « 1,250 foot tons 
on any scale of moments (OY = one inch on scale chosen). This should in actual 
designing be drawn to a large scale. Two such curves should be drawn, i. a., one for 
each flange. ^ 

Fig. 21. 



^ to Jo ^ 40 alo 50 70 lo «> W4I fHto 
ScaU of 1250 foot^tom to an inch, 

^ 0 8 ^ to W hmdr^/eouim. 

Step II,— By Bq. (10) the * Motne^t of^Wdrtcm| Resistance * cojtesponding to n 
plates is . >4 
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fiSl = Store {nhr + a) . 

= or c (n X 9" X 4* + 44 sq. in.). lO'/f. tons, 

=s 46 (n 4 - 1) X (st or 8c) ft* tons. 

14 11 

= 46 X *7r ><(** + 1) tension, or 45 x -s- X (n 4* 1) compression. 

o 3 

This must be calculated for every value of n from 1 to n es Umt i s,, 6 in tension 
flange, 7 in compression flange. 


Yalues of n. 



1 

i 

8 

4 

5 

6 

Tension-Flange, s= 210 (» + 1)/A ions , ... 

Compression-Flange, fiSl = 165 (n +1) fi. tons, 

420 

330 

630 

495 

840 

660 

1,060 

825 


• 9 

1145 


Lines are now to be drawn I’iyAf across the curve of Bending Moments parallel to 
the base of the curve (the ff^axis) at the distances (from it) which the 

above Moments of Working Resistance. The intersections of these with the curve of 
Bending Moments are the required points at which each plate may be “ stopped,” 
and the * stopped figure ' thus obtained, is clearly the * graphic representation * of 
the * Moment of Working Resistance ’ throughout the Beam. 

[It is obvious that in this method the construction eflects graphically the solution 
of the quadratic eqaatlon used in the second method]. 





CHAPTER IX. 


Prefaee,^[lti this Chapter the laws of Tbansvebse Stbaxv, Strength, and 
Resistance in general will bo investigated, and general expressions will bo found 
for the Longitudinal Stresses (Resistances C, T) and for their Moment (Mo- 
ment of Resistance, 

199. Longitudinal Btrain-variation through a cross-section in 
a Blightly bent Beam.-^This is ascertained by the following very import- 
ant experiment on which the whole theory of resistance to bending is based^ 
Experiment (jFV^. 22a), A vertical straight line AB is drawn on the face 
of a horizontal ‘ Supported Beam, ^ (with two vertical plane faces.) The 
Beam is then loaded vertically in any manner, and is found to deflect or 
bend slightly from its (originally) horizontal position, (if the Load is not 

Fig 22a, 




too great), and the (originally) rertical line is found to haf0 change^i its 
position — but without sensible distortion— f. it becomes an oblique line, 
which remaiiui «en£i% $traig1a bo long os the Beam U only elightfy Sen/, 
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tte inclination being anch that the nppcr parts hare slightly approatihd^ 
and the lower slightly receded from the vertical section of greatest deflex- 
ion, indicating a slight visible contraction of the upper layers of the Beam, 
and a slight visible extendon of the lower layers of the Beam. 

[This agrees with the experiment in Art. 154, which indicated Tension and Thrust 
in the upper and under layers of a Cantileveri these effects being of course reversed 
in a Beam]. 

As these effects above described are opposite^ there will be some inter- 
mediate horizontal layer 00' between AA' and BB' which has neither 
approached to nor receded from the vertical section of greatest deflexion. 

Tlirough the line OC^ draw the vertical plane abVa\ cutting the Beam 
vertically. Complete the prisms AAVaO^BBVO* as in Fig, (22a), of 
which Fig^ (22^) is an enlarged view. These prisms are (by their hori- 
zontal widths as Pp) obviously a ‘ graphic representation ’ of the ‘ state 
of strain ’ at the cross-scction ABB'A' which has been moved (strained) 
into the now position ABB' A'. 

This figure is called the * Strain-prism/ It will be seen that— 

I*. The horizontal layer at 00' is not strained. This line (of ^ no strain’) is hence 
called the ‘ Neutral axis * of the eross^seetion. Similarly a surface traversing the 
* neutral axes’ of all the crosa-sections is termed the ‘Neutral Surface’ of the Beam, 

2®. The layers on opposite sides of 00' are strained in opposite ways— compres- 
sion above, tension below, (or more generally, as a rale applicable to all cases, com- 
pression on the concave side, tension on the convex side). 

3®. The strain at any layer as BP' is Pp which obviously varies as OP (the dis- 
tance of the layer in question from the ‘ neutral axis’ 00'), thus if 00' be tahea as 
the a<axis, and 

if Xy = -Steain Vp at l^yer PP' whose ordinate is OP = then 

Xy (1). 

Lastly it is found iknt provided the Load has been such that the Beam 
was only slightly hemt, the Beam sensibly regains its original horizontal posi- 
tion (recovers its original^ figure) on the removal of the Load. This shows 
that the Stram-intenBity has not exceeded the elastic limit (Art. 88). 

[iV.B.— In the explanation of the experiment^ the Beam has been supposed to have 
pt4sne vertkalfaoee^ in order that the description of the experiment might be as simple 
as possible. It will be readily understood however that the law of variation of lon- 
gitudinal strain will be of the earn form^ viz. X, oc gin general, i, c., for any figure 
of cross-section, an^the general truth of this law will be assumed]. 

• This stetemeat is not quite strlotly true, fw It Is found that the recovery of figure Is seldom 
^quito perhict even If the Itoad have been very small, t. even a small Load -will produce an appreofe- 
aWo SiKT— appr||piable only by delicate instruments—, but if the prooC^strain be impressed, and 
inroduce a certain Srt» then no Hklditlonfl! Bet will bo caused by any Icesor Ijoad, i e , the reoovt*ry 
t)f figure Will thtTbaftok be sen tbl^ 1 <*m* and the argument m tUe Uxt wiU 

therealter -hold 4 ^ 004 ., ,, 
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200. Longitudinal Stress*variation through a cross-section« Fig. 
225. — Take the * Neutral axis * 00' as -j-axis. 

Let ^0 = OA, yt = OB. 

Py = longitudinal-stress intensity at layer PP' whose ordinate is 
so that I? ^ p _ y indicate crushing and tensile stress -intensities. 

Pq, pt s maximum crushing and tensile stress-intensities. 
vr ss stress-intensity at unit distance from 00'. 

UTo, tSTt are used for nr, to distinguish crushing and tensile stress. 

Then if, as in the experiment of Art. 199, the Strain has been within 
the < elastic limit \ it follows by Hooke’s law (stirass-intensity oc strain- 
intensity, Art. 91), that py oc Xy, and Xy oc y by Eq. (1), 

Py ^ Vi whence py = <ccrp, (2). 

Hence the Stress is of the kind called ‘ uniformly varying * already al- 
luded to in Art. 20, Case III5., q, u., and it is obvious that the * Strain- 
prism’, Fig. 225, is also a ‘ graphic representation’ of the state of{long^ 
itudinal) stress through the cross-section, and may therefore, be called 
a < Stress-prism \ It is also obvious that the two most intense stress- 
intensities occur at the upper and under surfaces and that, see Fig. 225. 


Max. crushing stress-intensity, pc = uTc yc, (represented by Ad), (2a). 

Max, tensile stress-intensity, pt == tat yu (represented by B5), (25). 


201. Total Longitudinal Stresses, C, has been proved 

(Art. 200), that the stress is uniformly -varying. Pormulie and graphic 
methods for finding the Total Stress in such a case have already been 
given. Art. 20, Gases Ilia, and III5. The result in the present case is 
60 important, that it will be more fully investigated. It is obvious that 
the ‘ Stress prism*’ AA’B'BOaa'5’5 {Figs, is the * representa- 

tive solid’ (of Arts, 19, 20) whose (horizontal) widths as Pp represent 
the stress-intensity at each layer PP', and that the volumes of the two 
‘prisms' OAaa^A^O’, 0B55'B'0' therefore represent the magnitudes of 
the two longitudinal Stresses C, T. It is clear that the two figures are 
wedges (not generally really prisms), and when the areas OAA'O', OBB’O' 
under stress are of simple figure, the volumes of these wedges can often 
be found by elemmdafy solid geometry. ^ 

In such cases the Total Stresses C, T can of course be at once found by 
calculating the volumes of the ‘ representative wedges ’ remembering that 
Fig. 225, Aa represents Uh represents (Eq. 2a, 5). 

Again, since the Stresses are mifonmly^arying, i. e., vary like fiuid 
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pressure^ their Totals 0, T may also be found by the same rules as apply 
to fluid pressure, Art. 20, Case Ilia. Thus — 

If At, Ac = areas under tension and thrust. 

= tension- intensity at unit-distance from neutral axis. 
fSTc = crushing-intensity at unit-distance from n^tral axis. 

^ = distance of centre of gravity of At from neutral axis, 
yc = distance of centre of gravity of Ac from neutral axis. 

Then by same rules as for fluid pressure (see any work on elementary 
Hydrostatics). 

0 = 'CTo . yc Ac; T = ^t . y^ At, (3). 

Thus, whenever the position of the neutral axis is known, (as to which 
see Art. 202), and the areas At, Ac, under tension and compression are of 
such simple figure, that their areas and centres of gravity can be found hy 
elementary Geometry^ then by above formulas the Total Direct Stresses, 
C, T, may be immediately calculated. The quantities 'CS’c, 'CJt may be con- 
verted into Pc Pi if required, by results (2a,&). 

202. Property of neutral axis, — The z-axis hai^ (for convenience of 
the formulae) been taken along the neutral axis, although the position of 
the latter is as-yet unknown. This will now be investigated. Applying 
the * equation of longitudinal Stress ’ (Art. 171), viz., 0 = T, it follows 
that 

^c . yc Ac = tlVt . yt At, (4). 

This is the general equation from which the position of the neutral axis 
could be found in any case in a Beam only slightly bent, but its solution 
would be difficult except in ‘ isotropic ’ material, in which the two moduli 
of tensile and compressive elasticity are approximately equals Art. 95. 

Now if \t, Xc be the two strains produced by the stresses whose intensities 
are tSTt, at unit distance on either side of the neutral axis, then by 
Hooke’s law, Eq. 5, Art. 93, 

tsTt . Z -T- Xt =» Et, and 'CTc . ^ -r Xe *==» Ec. 

The experiment of Art. 199 shows that the two strains Xt, Xe of layers 


at equal distances on either side of the neutral axis are equal (Xt =» Xc), 
because the line AB is straight Hence in isotropic material (Et » E«), 

sps tlTc, (5)* 


e, ** In Isotropic material the sfress^ntensitios at unit distance on either 
side of th^iiiieutral axis ore equal, and (since the stress is uniformly » 
varying, Eq. 2} are therefore also equal at equal distances from the 
neutral axis”, ^ 
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Substituting 'BTt = in Eq. (4), it follows that 

yc . Ac *■= y ^ . At, (C)k 

Now the quantities .Ac, y^ .At are clearly what would be called in 
elementary Statics the “ Moments of the areas Ac, At about the neutral 
axi8*\ The equality of these Moments (Eq. 16) proves the important 
property— 

** In a slightly bent Beam of isotropic material, the ‘ neutral axis * of 
each cross section passes through the centre of gravity of the cross sec- 
tion, and the * ncntral surface ’ of the Beam traverses the centres of 
gravity of all the cross-scctions 

203, Position of neutral areas.— The centres of gravity of simple cross- 
sections rectangles, squares, triangles, trapezoids, circles, (fee.), are 
given in works on Elementary Mechanics. The cross-sections in ordinary 
use in wrought iron girders are more complex : they are usually of T or 
I-section, simple or complex. 

In complex cross-sections, the application of the rules for finding the 
centre of gravity is complex — the general formulae are given in Art. 208> 
q. v.y but these are seldom required in cases wb’Ji occur in ordinary 
practice : a simple practical method is to cut out a model of the cross- 
section in card or tin on a large scale, and find its centre of gravity by 
experiment (by hanging it up in two different positions by a fine thread): 
its position may also easily be found by use of the instrument* called the 
“ Integrometer.” 

The position both accurate and approximate of simple T-, fl", and 
I-scctions is investigated below. 



Ex. 1. T-, or n-8®ction. 
yh, yi the distances of the neutral axis from the 
top of the head or foot of shank, respectively. 
Ah, Ag the areas of head and shank, respectively. 
Ag = sum of shank-areas in n'^otlon. 
rfh, the depths of head and shank, respectively. 
Then by equating the Moment of the vhole to 
the sum of the Moments of the parts. 


Fig, 23. 




i 

i 


I I 


(i). A.yiisAk.-^ +A, (rffc+ 4')=KA.<lii + A..i),l 
(il). A.y.»aA».4- + Ah(<i'.+ A)=:*(A.* + Aii.4).J 


These eqimtions furnish y, exactly, but in most cases in ironwork 4 is small 
compared with dui and the following approximate values are sufladent : make 
d* = d, j dh, then— 

• For a description of which, “Amwdea deaponto et Chaasades*' for March, 1S7S, p. 223, or 
“ rrafw(!»ioual Tapers on Indian Kuginoeriiig, " Second Scales, No. XCIX., by the ptemi writer. 



obnibbal thboby* 
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(i) . Vb = - 

(ii) . y. s 


/ rfh , Ag \ 
W A / 


Ag > 

A 


-£ 

2 ‘ A 

(‘+^.-r)-T 




■ + t) 


Etc. 9. I-section. 

Ac, At the flaQge-areaa, Ag the web-area, 
dc, dt, dg the depths of the areas Ac» At, Ag. 
yc) yt the distances of the neutral axis from the 
j^idos in compression and tension, respectively. 
Equating the Moment of the whole to the sum 
of Moments of parts. 


Fig, 24 



(i). A . yc = Ac , 4* Ag . {dc -1- -[- At . ^<4 + d* -1- | 

Xii) 


A . yt — At . + Ag . 4- Ac . ^dt 4* dg 4* “^) | 


(7a). 


t 


...( 8 ). 


These equations furnish yc, yt exactly^ but in most cases in ironwork, the depths 
(dg, dt) of the flanges are small compared with the depth d, of web — in such cases 
the following values are sufficiently approximate. 

Let d' = •— 4- dg 4- -^ = ‘effective depth’, (jset Eq,3, Chap. VIII), (9). 

Then from (i) 

A.yf = (2At-fAg).('^4-^4--A)4Ac.-“ 4-Ag(3-^ -..i)q-At.-^ 
2 At 4" Ag , Ac dc , Ag 3 dg — " dt , At 


.yc 


= 4 -{ 


A 

2 At 4“ Ag 


A • d' 


A • 2d' 


i dc \ 

" d' ) 


nearly^ 


«• M -I d' 2 Ac 4“ Ag , 

Similarly yt = j ntarly,. 


.(8a). 


When the web is very thiriy or, when there is no wehy (but only an open bracing), 
then Ag -r A in the last formulm is a comparatively small quantity, so that in Ihis case 

yc = d'. ~ ; yt = d'. ^ nearly (8&). 

204. Centres of Stress.— These are of course (by Arts. 19 and 90, 
Case Ilia.) the projections of the ‘ centres of gravity ’ of the ‘ Stress- 
prisms ' or ‘ representative wedges * of Arts. 199, 200 on the plane of the"* 
cross-section. Hence when the areas At, Ao or OAA'O', OBB'O', (Fig. 
22b^) under stress are of simple figure^ the centres of gravity of the 
^representative wedges' can often be found by elementary solid geome- 
tiy, and the centres of Stress can be at once found by projecting these 
centres of gravity on the plane of the cross-section. 

Again since the Stresses are m(jfbrmly varying^ (Art 200,} their * Cen- 
tres of Stress ’ may be found by iho same rules as for the ‘centre of flnid 
pressure the position of which for a few simple figures will be fonnd in 
any work on elementary Hydrostatics. 

• Tho neutral aats being tolcea to coincide with the Said ebrlaoe. 
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The following Table of distance (rj from the fluid siirfaco of the 
‘centre of fluid pressure’ on a few vertical plane areas of simple figure, 
will enable the simple method described in the next two articles to be 
utilized without other reference. 


Area. 

Position (plane vertical). 

Depth of Centre 
of Pressure r. 

Depth of Con- 
tie of Gravity. 

Rectangle, S(juaro, 

One side in fluid surface, « . • . 

—A 

3 

h 

2 


( Base in fluid surface, • • . . 

k 

2 

K 

3 

Isosceles triangle, 

j Vertex in fluid surface, • • 1 

3- 

2, 


( Base horizontal, .. 1 



Semicircle, 

Diameter in fluid surface, . . 

3 TT , 

ic* 

4 h 

Stt 


205. ‘ Effective depth ’ of Beam^ (ft *), — This has been defined, Art. 185, 
as the ‘‘ distance between the centres of Longitudinal Stress ”, being in 
fact the arm of the statical couple 0, T. It can therefore be found when- 
ever the ‘ Centres of Stress ’ can be found by the methods of Ait. 204, 
and it has been explained that in ‘ flanged girders ’ (with open bracing 
or a very thin web) it is approximately equal to the ‘ mean of the full 
and clear depth Its use in calculating the Longitudinal Stresses (C, T) 
from the Equation of Moments, has been already explained in Art. 186. 

206. Moment of Resistanoe, i^««--It has been already explained 
(Arts. 185, 187) that the result 

* =- Cd' or Td‘, (10) 

is universally true, though not always conveniently applicable. Its appli- 
*cation to ‘ flanged girders ’ has already been given. It is also evidently 
conveniently applicable whenever the cross sections are of such simple 
figure, that the quantities 0, T, can be found by elementary Geometry, 
or by rules of elementary Hydrostatics, by the methods given in Arts. 
201, 205. Its use is recommended in these simple cases, as arising di- 
rectly from considerations of elementary Mechanics and elementary Geo- 
metry. The Results in the examples in Table on page 209, are obtained by 
this method. 

[Tho Student is recommended to verify the results for Iwself. The Table contains 
such full refeicnccs, that no further explanation sboedd be necessary]. 



Example 1. Example 2. Examples. Example 4. Example 5. Example 6. Example?. 
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207 . Analytic Method.^'the chief difficulty in use of the simple for- 
mula fSi r=r Cd' or T^' has been explained (Art. 187) to lie in finding d\ 
which can in fact only be found in general by previously calculating the 
Total Moment of Resistance, i®. 

[The two methods given in Art. 201, 202, for finding cf' in certain simple cases, 
amonnt really only to utilizing the results previously worked out by mathematicians, 
these results however having been obtained by the previous calculation of j®.] 

The following method is generally applicable. It is not possible to estab- 
lish the important result to which it leads, without knowledge of Infinitesimal 
Calculus. The process is however very simple, and can be easily followed 
intelligently, even without thoroughly understanding Infinitesimals. 

Take the (unknown) neutral axis, as is-axis, see Fig 22^, Art. 199. 

Let z — breadth of layer PP. 

dy = thickness of element (a very thin band) at PP'. 

Then zdy = (approximate) area of band-element at PP'. 

'CSy = Stress-intensity at this layer. Art. 200, Eq. (2). 

/. 'USyzdy — Total Stress over the band, (11). 

This result is of course applicable whether y be ±, tSTt, 'CTc being writ- 
ten instead of according as the Stress is tensile or crushing. 

Let OA = ^c, OB = yt. 

Then the Total Crushing and Tensile Stresses (C, T) over the areas 
OAA'O', OBB'O' (Fig, 22b) are of course = the sums of the partial 
Stresses (given by formula 11) over the bands making up those areas, 
thus*— 

C = 'We yzdy,T='mt y%dy^ (12). 

These expressions are the equivalents of those in Art. 201, Eq. 3. Now 
it has been shown that in ^ isotropic * material tWt = 1S7ei (Art. 202, Eq. 
5,} also by the * equation of longitudinal Stress (Art. 171) C = T, 

y^dy^ (in isotropic material,) (13). 

These expressions will be recognised as the “Moments of the areas Ae, 

At or zdy^ y^^ zdy about the ar-axis.” Their equality proves as in 

Art. 202, that— 

** In a Slightly bent Beam of isotropic matenal» the neutral axis of each ) 
cross-section passes through the centre of gravity of the section/’ ......... ) 

Again it is clear that, (isart, bmng written instead of tar according 
as the Stress is Tensile or Crashing}— 
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'tsy^xdy = Moment of the partial Stress ^yzdy (Eq. H)) 

over the band at PP' about the s-axis, 00' {Pig. 22J), j 

The Moments of the Total Crushing and Tensile Stresses 0, T about 
the a-axis are of course = the sums of the partial moments given by 
formula (14) of the Stresses which make up C, T. Also since C, T con- 
stitute a couple (Art. 172), their Moments are additive^ (the tendency to 
rotation being in same direction), and their sum is the Total Moment PSi 
of the Resisting couple C, T, thus— - 

Moment of C = 1 

Moment of T = y^^dy^ 

* Moment of Resistance,’ I® = Ue y^^^y + J^^^y'^dy^ (15). 

Hence in isotropic material, for which = “Wt (Art. 202). 


JB = TST (16a). 

-yt 

= 'ey I, (166). 


The quantity y^zdy will be recognized as the * Moment of Iner- 
-yt 

tia’ of the whole area of the cross-section zdy about the a-axis. It 

is conveniently denoted by the letter I. 

This expression is of course equivalent to M = Cd' or Tcf' of Arts. 
185, 206, and from it (and Eq, 16a, 5), d^ can be calculated. 

208, Calculation of yt, yc, I. — The quantities yt, being at any sec- 
tion, the distances of the neutral axis from the convex and concave sides 
of the Beam, may be found by elementary Geometry as in Art. 202, 
whenever the centre of gravity of the section can be so found — as to 
which for simple cases, see Art. 208. 

The calculation of I can be effected in only a few cases of simple 
geometrical figures by elementary Geometry, but even in these cases its 
calculation io troublesome, and it would be then pieferable to use the 
simple formula, CiT or Td' of Art. 206 ; 0, T, d! being given by 
the better known analogies of elementory Hydrostatics, as explained in 
Arts. 201, 204, 205. 
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In general io fact ytj I> can only be found by integration of the 
general formulas. 


Formula. 


Position of f-axis. 


y% 


/ d /%d 

, y*rfy -T- J , frfy, 

y«=y7 •* 

I s y''V*^y 

-yt 


At convex (or under) side (17a). 

At concave (or upper) side, (175). 

Neutral axin, (18). 


Although yt, ^c, I, cannot be found in general^ except by evaluating the 
above integrals which requites a good practical knowlcge of integration, 
yet the results of integration may be recorded for reference, and these can 
be used with elementary Algebra only. 

It can be readily shown (from the above formula)) that in similar cross* 
sections f y% and y^ x cl, and 1 cc bePy where 

\ = depth^^ } rectangle circumscribing the cross-section. 

Hence it is found convenient to write 

yx =r m\ . = m'c . cf, (19), 

I =^n'.h(P, (20), 

where m't, ot'c, n' are numerical quantities depending solely on the figure of 
cro88*sectiony and constant for similar cross-sections. • These quantities are 
exhibited in the Table for a few of the simple figures of cross-section, and 
also for a few of the most useful forms of cross-section. It is easily seen that 
In sections tymmetrieal above and below f yt = yc = Jd 

the neutral axis, t w't = w'c = i / 

209. Moment of Inertia of complex fignres.**’Tht Moment of Inertia of a com- 
plex figure (about any axis can easily be found by elementary Algebra if the areas, 
centfee of gravity, and moments of inettia (about parallel axes through their own 
centres of gravity,) of each of its simple components are otherwise known. Thus 
Let a as area of any portion of A, so that 2 a A. 

i s moment of inertia of a about an axis (parallel to the required axis) 
through its own centre of gravity. 

y ss distance of centre of gravity of a from the required axis (00*)* 

Then it is shown in elementary* works on Mechanics, that 






(8J). 


«. (/., in Todhuntar's * ^lecbanics for Beginners,’ Statics, Art. SSI . 





Sections stmmetbical about neutral axis. 
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Cross-section. 


of section. ^ Od^ 


Kectangle, 

Square, 


Hollow rectangle, 
b\cl' outside ; h, d inside, 
Hollow square, 
d! outside ; d inside, . . 

Very thin hollow square, 
i = thickness, 

Ellipse, • • 

Circle, 

Hollow ellipse, 

})\ d' outside ; d inside, 

Hollow circle, 
d' outside ; d inside, • . 

Verj' thin hollow circle, 
t = thickness, . . 4 , 

I-section (equal flanges), 

d’ outside ; d inside, 
h =s sum of breadths of 
hollows, 

I-section (equa^ flanges) , 

5, d outside, . , 

/} = web-thickness, 
t flange-thickness, 
fj, t both small, 

I-section (equal flanges) 
with open bracing, . . 

Flange-thickness == t, 
d = ‘effective depth’ 
« — 0> •• 

Where i is small, • * ^ 


Two sides JL 

vcrtl., 12 

Diagonal 
vertl., 48 

Two sides _L. / 1 « \ 

vertl., 12 V b’d'^ ' 

Two sides ^ f I \ 

vertl., 12 \ ^ d‘* / 

Two sides ^ 1* 


One axis JL 1 

vertl., 64 2 

One axis J[. /i \ 4 

vertl., 64 bd'^/ 2 

-fi-—) 1 

04 d^/ 2 


Web vertl. 


Web vertl. i . 4-* 
2 d 


16 - -^1 
c V h'd>J 

1 (i - -) 

G V (J'V 


.^6 - —1 

32 t IdV 

82 \ d * } 




12 d J 2 6 Vj'*' T' 


* These results are apjpr<M:ifii0Moa8; sufficient in practiee under conditions stated. 


Position of section. 
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This theorem is useful for complex sections as in wrought-ironwork built up of 
simplo portions whose separate moments of inertia (about axes through their own 
centres of gravity) arc given in the Table. The results are however of great com- 
plexity, and their redaction to simple approximate forms very tedious. 

[The approximate results for 7 and l-sections given in the Table, page 213, 
214, were obtained by this method, but the reduction is so long, that the Results 
only are there quoted]. 

The ‘ required axis * is in Problems of Beams usually the ^neutral axis * of the com- 
plete cross-section. 


a 


Ex. 1. Find the moment of inertia of a square about its diagonal. 
Let length of diagonal =; therefore 

The square is made up of two equal isosceles triangles of area 


= 2 ^ ' 2 ^ *4 ^ whose separate moments of inertia about 


Fig 25. 


axes through their own centres of gravity parallel to the given 
diagonal are given in the Table, i = , 


A. ^ I d . 

Also, each case. 



•••I = 2i + 2«?' = 2{w+T(l)’!=§ W- 

which is the result given in the Table, page 218 for this case. 

Ex. 2. Rolled Iron .Saums.*— These are generally of somwhat irregular figures : 
their Moment of Inertia is most easily found by break- 
ing them up into simple figures, (rectangles, &c.,) whose 
Moments are already known. Thus many Rolled Iron Beams 
are approximately of figure shown : consisting of a pair of 
rectangles and triangles, symmetrical above and below 00',^ 
the neutral axis. 

[The dots in the figure indicate the positions of the several 
centres of gravity]. 

The Table below shows the value of a, i of formula 
(21) for each component figure. 




1 

Flaxqes 

Rectangular 

1 

tA 

Rectnngle. 

1 Triangle. 

Web. 

faSe 
pages, 
91S, 914. 

it 

AW 

ibk 

AW 

rh 

Bq. (21). 

1 (A + 2 « 0 

ih + ik 

Alt’ +~Hh+ iky 

0 

AW 


• ProaM Bswuht-BoWad Beams are by ocnstmctlon necewarily uniform throughout tbsir 
ength, and are therefore neoeeaarily wasteful d material. It appears that a 20^ span with V depth 
la about the economical limit of etae. 
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.M = * M» 4. »/ (A + 2* + 0* + tV »*’ + ** (I + I* )’ + ^ rA» ...( 23 ). 

This Result is easily enough calculated numwicallyy but is not often required to 
such accuracy as given. 

It is obvious that the most important terms (if ty A, r be mall) are 

I = if (A + 2A + tf + **(!+ 1^)* (23o). 

Other terms may be included according to the degree of accuracy required. 

Ex, 3. Stetionx unsi/mrnetrical about the ncutJ'al 
axh , — In these cases the most convenient plan is to 
find the neutral axis as indicated in Art. 203, and mark 
its postion on the section, then break up the figure in- 
to simple figures whose Moments are already known, 
measuring from the scale the distances of their centres 
of gravity from the neutral axis. 

Take the foot-rail in figure as an Example. 

G is found bg experiment. Art. 203. 

The quantities k\ h , A", A", t are obtained by mea- 
sure meat from the S(‘nlc, 

The Table shows the values of i, y, a of formula (21) for each component figure. 


Fig, 27. 






i 

HEAD. 

Web. 

Foot. 



1 

Ellipse. 

Kectangle. 

Rectangle. 

Triangle 

Rectangle. 

1 


Table, 


ArA'^ 





i 

pngCH 

213,214 

64 ^ 

ABf 


a 


f AA- 

rh' 

rhr 

4 B'A' 



y 



h' 

2 

hr 

2 

W + 1** 


! 

i 


.% I = -j i* ’ + ^ i*- (*' + + + Th-» + Bi’) + 


rA'» 


j > ....(24). 

+ *' + !) J 


B’ r-* + V- + ^ + 4 B' *' (a'+ I k") + b<(a* 

This Result could be easily calculated numerically : its most important terms are— 

M..*.**« (24it)* 


(A' + il)* + B« (A* + *• + 1)’, , 


Others could be included according to the accuracy required. 

210 . Modifications of Eq. 16 a, h . — By Art. 200 the two most intense 
stress-intensities occur at the upper and under surfaces of the Beam, and 
are in isotropic material (in whidi <83. s 'CTt a ‘ST Art. 202), p, a <83 y., 
pt a -wy,. Hence by Hq,. 2, 16, 16, 80,— 
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IB = IS I = n'. 'ey . JcP,. 


ye ’ Vi ' 


.(25o). 
. (25S). 


==^.p..bd^,ot^.p,.bd* (25c). 

= 2n'p . (in sections symmetrical about the! 

neutral axis for which m‘t = i = w'c) / ^ 

211. Maximum Stress’^intensities, pa pt. — Combining Eq. (25ft) with 
the * Equation of Moments *, flSl = M, 

Pc = (2Ca), 


1H= (265). 

The calculation of M has been explained in Art. 176, et seq^, and of 
yti yc* I in Art. 203, 208, 209, so that Eq. (26a, ft) enable the maximum 
(longitudinal) stress-intensities actually produced in a given Beam by a 
given Load to bo calculated for any cross-section, 

212. Design of Scantling. — The Maximum stress- (i. c., resistance-) 
intensities developed in the material at any cross-section, pc, pt given by 
formulfle 26a, ft should obviously not oxmd the limit of ‘ proof resistance ’ 
ofthe material, (Art. 6 — 2,) otherwise the material, would bo permanently 
injured : moreover beyond this limit — being the same as the ‘ limit of 
elasticity ’ (Art. 88), Hooke’s Law is inapplicable, so that all the results 
Art. 200, ct seq, which are essentially based on Hooke’s law would be in- 
applicable. But further for a permanent structure, it is obvious that the 
maximum stress-intensities developed ought to be identical with the 
* working resistance intensities’ of the material, which have been denoted 
by fc -f- «,/t -f- 5, and also by Sc, St in Art. 31 j 54. 

Hence in a well designed structure, 


pt S= /( -r «, Pc = /c and (27), 

‘ Moment of working resistance iO = the lesser of I. (28), 

yc yt 

(according as the Beam is liable to fail by crushing^ or tearing). 

These are usually included in one expression — 

‘ Moment of working resistance,’ (28o). 

(286), 


in which/b — p’ = the lesser of ^ -r pi./c -?• y«> («*< also Art. 214), 
and m' are the factors explained in Art. 208. 

2 a 
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213. The form of the important equation 

Moment of Working resistance, fsi = ^ ^ , bd^, (285), 

deserres examination. The expression for is made up of three factored 
1®, n' -f- a numerical quantitj {see Art 208) depending solely on the figure 
of cross-section, 

2®, /b a constant depending only on the Strength of material, 

3", 1<P^ a quantity depending only on the size of cross-section. 

From this may be inferred the important result. 

** In similar Beams similaily loaded and supported, the Moment of Working , 
Resistance at each cross-section varies as the breadth and square o£ depth (of ! (29). 
the section), t, o,, jpSl oc - ^ 

214. Modulus of Transverse Strength, Modulus of Rupture, 
/l,.~ThiB is the quantity denoted by /b in formulas (28) ; it will be seen 
that its d^nition is 

‘ Modulus of Transverse Strength ’ ss Modulus of Crushing or Tensile 

Strength, i. e., A = /e or A according as — <> — 

yc yt 

I. e., according as the material is liable to fail by crushing or tearing, 

215. Limits of applicability of Method ii. — Referring to Art. 199, 
it will be seen that the fundamental experiment (by which the law of 
Transverse Resistance was established) requires*— 

1^. That the Beam be only slightly bent. 

[The practical necessity of ** small deflexion ” required in most Beams secures this 
condition being in general satisfled in practice]. 

2^. That the material be one to which Hooke's law is applicable. 

[It is applicable to Wrought-iron (Art. 98— 2), and to some kinds of Timber, (Art. 
95,) but not to Cast-iron (Art 98—1) for any considerable strain. 

3^. That the limit of elasticity be not exceeded. 

[Thus no inferences whatever"* can be drawn as to Stresses exceeding this limit. 
It ispj'obable that conditions and 2^ involve 3°, but this is not certainly known]. 

Further all Results depending on the property of the ‘ neutral axis ’ of 
a section passing through the centre of gravity of the section involve— 
4®. That the material be nearly isotropic, i. e., its Et = Ec. 

[Wronght-iron and Timber satisfy this criterion, Art 98 — 2, but not Cast-iron 
(Art. 98—1). This condition is not essential to the spirit of this Method, (see Art. 
202,) but the solution of the equations of Art 202 for other material is bo complex, 
that it has been hitherto accepted as a necessary practicaZ limitation to calculation]. 

* This limitation ia apparently ovsrlooked by mas Aathori who attempt to deduce results about 

Breaking Weigbta from Sq. S5a, b ; SS«, b. 
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Thus it appears that chiefly in consequence of Hooke's Law being al- 
most inapplicable^ eren as a very rough approximation to CasUirony the 
Results of this Chapter are inapplicable to Cast-iron. 

[In other works, other explanations of the disagreement with actual experiment of 
the application of these results to Cast-iron is given, e, 

(1) . In Hodgkinson’s Experimental Researches on the Strength of Cast-iron ”, 
page 884, and F. Barlow’s Strength of Materials, page 133, it is suggested that the 
** neutral axis shifts in position ”. 

(2) . In two papers in the Philosophical Transactions for 1855, page 225, and for 
1857, page 4G3, Mr. W. H. Barlow establishes by experiment on a targe scale that ” in 
rectangular bars both of cast and wronght-iron, the neutral axis is at the centre of 
the sections, ” and he considers that he has established the existence of a new ele- 
ment of Transverse Strength (hitherto overlooked), which he terms * Resistance of 
Flexure ’ which appears to bo a sort of * Shearing Resistance’. There is an extract 
from these Papers in Art 133 to 136 of Barlow’s Strength of Materials, new edition 
of 1867]. 

216. Comparison of Methods i, ii.— Results (1), (2) of Method i, 
show that in similar Beams similarly loaded and supported^ 

Working Load, W = P-^fl (3la). 

Again on examining the results of calculation of Maximum Bending 
Moment, Mm, (see any Example, Art. 182,) in Method ii, the expression 
for Mm is seen to be always of form^ 

Mm = mW/, (32a), 

where m is some numerical co-efficient depending solely on the manner of 
support and distribution of Load, whilst the expression for the Moment of 
Working Resistance iN at the section at which Mm occurs is by Eq. (28&), 

(326). 


Hence, applying the ‘ Equation of Moments *, fli = Mm, there follows 
as the final result of Method ii, 

Working Load W == -i . i . A . ^ (83), 

. . . fm IB constant for Beam« similarly supported and loaded, 

^ \n' ^ m' is constant for similar Beams, 

t. in similar Beams similarly loaded and supported, 

Working Load, W oc Jd* -r (88a). 

The identity of form of Results (31a, 33a) obtained by two such very 
different processes is very remarkable, and could hardly have been fore- 
seen. It should bo noticed that-^ 
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Method i. The Result W oc -r- L is obtained solely from experiments on 
actual JvactuTB^ and is primarily that ", Breaking Weight, P oc Ji* -f- 1^” 

Method ii. The Result W oc / is obtained by a long train of reasoning, 

based on the fundamental experiment of Art. 199, which requires the limitations 
explained in Art. 215. 

It cannot therefore be predicated by any Results in Method ii, that W oc ii'-* -f- / 
heyond these limits^ and certainly not that ‘Breaking Weight*, P oc - 7 - L. 

The cause of identity of form of these two results is not understood* This 
is further alluded to in Art. 218. 

217. Relation Jh = — By Method i, Eq. (1) and (3). 

W = P^« = ^.^’ (34), 

when the Load W is applied evenly across the middle of a straight hori- 
zontal supported Beam of uniform rectangular section* 

Also by Method ii, Art. 182, Ex. 5. In a straight horizontal supported 
Beam under a single Load W applied evenly across the middle ^ 

M,„ = i Wf, (35a). 

And in general the Moment of Working Resistance Art. 212. 

= (85 J), 

whilst (Art. 208) for a rectangular cross-section n' = 

Hence by the ‘ Equation of Moments’, Mm = ifl® 

W =§.4-T (36). 

Equating these values of W (Eq. 34, 86), and observing that i = 12 L, 
there results the relation 

/b = 18 (37). 

[By this relation* the formulai of Method ii involving the * Modulus of Transverse 
Strength* (/b) arc immediately applicable to Indian Timber, for which the * Co- 
efficient of Transverse Strength * (pb) has been commonly recorded, see Art 158, and 
Table VIA. in Appendix of Part I.]. 

Eq. (87) suggests the following physical meaning of /b,— 

“ The Modulus of Transverse Strength (/b) is 1 8 times the Weight (jt^b, see Art- 
158), which applied evenly across the middle of a straight horizontal Supported Beam 
of r X 1 ^ uniform rectangular section, and V clear span, would just break it— on the 
(absurd) hypothesis that all the four limitations of Art. 215 were satisfied at time of 
fracture **. 

This relation is due to Prof. Ilatlldnc, (Hottual of Civil Euglneorlng, Art, 162,) but its iruih U 
aoubiful, see Art, 218. 
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Although the above conditions could not be physically realized, the 
explanation above is useful if only as furnishing a conception of a pliysi-^ 
cal meaning to this co-efficient. (Compare the meaning similarly assign- 
ed to Et, Ec in Art. 04). 

The * Modulus of Transverse Strength ’ (/b) differs also in an import- 
ant manner from the Moduli of Tensile and Crushing Sirength"1f/t and 
/c), and from the co-efficient of Transverse Strength that — in 

consequence of condition 3®, Art. 215, — it has really wo existence 

apart from some divisor (s) sufficient to reduce it below the ^ proof stress \ 

fit is suggested that for this reason it should never in fornmlsB be separated from 
the divisor («) necessary to its physical existence : in this Manual the two are always 

written together^ e, g.^fh -r s, whenever this is possiblcl. 

218. Discrepancy of Results ft ==® /c or /t, and ft = 18pb. 

By definition {see Art. 214) of the ‘Modulus of Transverse Strength’, 

/b =fc or /t according as/c - 7 - yc < > /t -r- yt, (38a), 

I. c., according as the material is liable to fail by crushing or tearing. 

Also by the reasoning in Art. 217, 

yi, =z=r 18yb| (385). 

The above definition of ‘ Modulus of Transverse Strength,’ is that of 
Professor Eankine* : the relation ft — 18^b is also adoptedf by him. 
In fact both statements (38a, b) appear to have general acceptation ; they 
are however clearly discrepant^ for a very little examination of the Tables 
of Constants of Strength (/c, /t, pb) will show that in most materials nei- 
ther f nor /t are equal to 18/7b, so that the statements (38a, b) do not agree. 

The cause of discrepancy is not well understood : it is involved in the 
same obscurity as attends the cause of identity of form of the Results of 
Methods i and ii, (Art 213.) The explanations hitherto proposed are 
unsatisfactory. 

[The following explanation is proposed by the author of this Manual, viz., that the 
identity of form of the two results W oc Z of Methods i and ii, is an identity 
only of form not amounting to equivalence^ so that the Results of the two Methods 
are not strictly comparable^ and the so called relation /b 18/7b (depending on their 
comparison) is not really true. 

To understand this, reference must be made to the fundamental experiments of 
Arts 158 and 199. 


* Bankliie’s ** MaUuid of Civil Engioeering,’* £tb £!d., Art. 162. 

nankinc’i Manual of Civil Buglnoerlng/* 6tli Ed., Appendix, Table IV., Note. 
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i The primary relation proved by the experiment of Art. 158 on * Breaking 
Weight ’ is that 

‘ Breaking Weight P oe -f- L, - (39). 

From this it is inferred (algebraically) that P a oc L. 

It is assumed that the proper * Working Load ’ of tlio Beam is some constant 
fraction of its * Breaking Weight under this assumption. 

“ Working Load or W « hd^ L (39a). 

ii. In applying Method ii, it is agreed to apply the term * Working Load ' to that 

Load which shall produce the * Working longitudinal stress-intensity’, and it is 
proved as in Art. 216, that in a Beam slightly bentf 

* Working Load or W oc bd^ -r- ^ (395). 

The identity of fo7'm is certainly very remarkable, but it is of form only. It has 

not been proved (as far as the author knows) that the quantity P -f- styled * Work- 
ing Load’ in the Itesult (39a) of Method i, is the very same quantity as that styled 
* Working Load ’ in Kesult (395) of Method ii, that is to say, it has not been proved, 
that, 

“ The Load which will produce the ‘ Working Longitudinal Stress-intensity ’ — de- 
fined as the ‘Working Load’ under Method ii — is really any constant fraction ot 
the * Breaking Weight * of the Beam. ” 

Until this can be proved, the equating the two expressions for W,aB in Art. 217, is 
illegitimate^ and the inference /b = 18 ph drawn from that equation is unsound. 

For farther discussion of this still obscure subject, see — 

'‘Experimental Kesearches on Strength of Cast-Iron,” b} E. Ilodgkinson, page 384. 

“ Treatise on Strength of Materials, ” by P. Barlow, page 133. 

“ Treatise on Strength of Materials, ” by P. Barlow, new Ed., 1867, Arts 133 to 136, 
172 to 176. 

“ Theory of Strains,” by B. B. Stoncy, 1866, Art. 130. 

'‘Manual of Applied Mechanics,” by W. J, M. Rankine, Arts 294, 297. 

Strengths of Beams, Columns and Arches,” by B. Baker, page 7. 

219. Strongest Cross-section. — By Result (2), the (longitudinal) 
Resistance in any layer increases with the distance of the layer from the 
neutral axis (for py = 'cry), and by Result (285) the Total Moment of 
(longitudinal) Resistance increases as the breadth and square of depth 
(of circumscribing rectangle) of the cross-section, (for figl oc hd^)^ hence 
follow the important Results, 

1°. A broad shallow cross-section I I is the weakest Cross-section. 

[It is however sometimes adopted for constructive convenience (when economy of 
material is unimportant). 

Uof, The small joists (Hind., kari, or vulg. '* kurrie ”) canying a terraced roof have 
usually a minimum breadth of 3 inches, so as to ^ve H inches bearing to the tiles 
resting on them. For spans under 5 feet, a depth of less than 8 inches would suffice]. 

2°. A deep narrow cross-section Q is » strong Cross-seotion. 

[Hence the almost universal practice of using Beams with depth greater than the 
breadth]. 
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3^. An X -section^ i. e.^ a deep narrow cross-section with the material 
massed in two flanges at top and bottom is a verp strong Gross-section, and 
if the flange areas be of ‘ Equal Strength* {see Art, 191), is the strongest 
Cross-section. 

[Hence the almost universal use of I-sections of * equal strength * in very large 
Girders, especially in Ironwork, in w'hich economy of material is of importance, 
see Chap. VIU]. 

4°. No solid girder can be economical (of material). 

[In certain cases, however, expense of workmanship is greater than the saving in 
material effected by adopting a stronger Cross-section, 

Ex, Stone Beams arc always of solid rectangular Cross-section. 

Timber Beams not exceeding about 18 inches deep, are generally of solid rectangu- 
ar Cross-section j. 

220, Cross-section of equal Strength.—It appears from Eq. (5), 
that the Stress-intensities irtc, actually developed at unit-distance from 
the neutral axis are in isotropic material equal, i. 'tSc = 'CTt, also since 
by Eq. {2a ^ h) pc ~ 'USePe, and pt~ • gtf the following relation exists 
between the ^maximum (longitudinal) stress -in tensities’ actually de- 
veloped, 

Pc : Pi = yc: ytf (40). 

It has been explained in Art. 212 that for due economy of material 
(especially in ironwork which is expensive) these * maximum stress-inten- 
sities * (pe, pt) should be identical with the * Working resistance-intensi- 
ties *(/p Sf ft ^ s) of the material, hence observing that yt + yc=:zd^ 


yci yx : d^fci fxi fc + ft, or (41). 

The neutral axis should divide the whole depth (cf) into parts proportional 
to the Moduli of Strength’’, (41a). 


A cross-section so designed is termed a < Cross-section of Equal 
Strength’, because in it the full powers of resistance of the material on 
loth sides of the neutral axis are utilized. It is obvious that solid cross- 
sections would seldom fulfil this condition. The ordinary cross-sections 
in iron- work are the T-and I-section; and it is important to arrange 
them as ' cross-sections of equal strength *, 

[Observe that in ‘ cross-sections of equal strength’ it is immaterial whether /c or/t 
be taken for/t in the Besults of this Chapter, because the corresponding expressions 

for viz., , 1, . I, of Art. 212, are in this case (by Eq. 41) hcih eqvat, 

yc yt 

but in all other cases it is essential to attend to the definition of/b in Art. 214], 
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JSit, 1 , T" Strength . — Using Notation o£ Art 203, Ex, 1, 

and the approximate valnes of yh, y«, E< 1 * (7«). 

Ca$e (<?). ft > fe as ia wrought-iron, (Art. 85). The 6 ange should bo placed on 
the compressed side (i. e,, uppermost). Hence hy Eq. (41) and (7a). 

^ , d A* d All 

y. : A = y. : yt = yh : y. = 2 . 5 ^ : -g-. — 5 — 


**#yc ! fi — A* : A* 2 Ah» tiearlg 

•*•^0 J A ““ /c ~ “A* • 2 -^iij * (42). 

3 

Now in wrought-iron = ^-/c to 2/c (Art. 69), hence 

M 


A, = 2 Ah to 4 Ah, (42a), 

i, i?., in wrought T - and Pl-iron beams the “ Total shank-area should bo from twice 
to four times that of the head. 

Case (5). /c > A as in Cast-iron (Art. 85). The flange should bo placed on the 
stretched side ( 1 . e.^ downwards). Hence by a similar process 

/t:/c-/t = A,: 2 Ah, (43). 

Now in cast-iron A = 4/t to G/t (Art. 75), hence, 


A* s= j Ah to 


(43a). 


i. a., in cast X“ and beams the “Total shank-area should be from I 4 to 24 

times the area of the head 

Practical llemark. — X- and fl-iron are not really suitable forms for bearing 
Transverse Strain, and are therefore not often used Rh Beams except on a small 
scalCf in which case their comparative cheapness often makes them cheaper than a 
section intrinsically more suitable. 

JEx. X is commonly used for the Principal Rafters of Iron Trusses, in which 
case it is sometimes sulject to Transverse Strain, viz., when any purlins arc placed 
between the Ridge, Strut-heads and Wall-plate. * 

P]-iron is often used (in an inverted position, thus U) for the * rail-girders * 
of a railway bridge. This inverted position though suitable for cast-iron (Case (5) 
above) is particularly unfavorable to economy of strength in wrought-iron (Case 
(a) above). 

The results of this Article are of course inapplicable, unless the conditions stated 
are fulfilled, viz., that X“ or fl-iron should be so placed, that the head falls, (a) 
under compression in wrought-iron, and (5) under tension in cast-iron, 

X-and ri'i^^on arc usually made with head and both shanks©/ eame thickness, 
so that in case of a wrought X*iron, the shank-depth (dj would have to be > 2 x 
the breadth (5) of head to fulfil the condition (42a) of a cross-section of ^ equal 
strength*. 

A>. 2. JrSection of Equal Strength . — Using the notation of Art. 203, Ex. 2, and 
the approximate valnes of yt, it follows from Eq. (41) and (8a). 

^ ^ 2 At + A. d 2Ac-f A. 


fmfc J /t ss 2 At A« : 2 Ac 4* Ai • 

wllBlce A* . At A, 

Jt I 

At At +•^*3^ • A, 


..(«)• 

,( 44 «). 
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If tho web be istry thin^ or if there be no weh (but only an open bracing), the term 
involving A, is comparatively small^ so that Eq. (44) reduce to 

/c . Ac =.A . At (446). 

which agrees with the result previously obtained for such a case (Art. 101 )» 

If the web be not thin, its sectional area would usually be fixed by other considera- 
tions (f. g., by the necessity of its supplying the Shearing Resistance), after which 
Eq. (44) give the proper relation between the flange-areas At, Ac for a * cross-section 


of equal strength,’ thus 

(а) . Wronglit-iron,/t = | /« to 2/. 

Ac — 2 At + ^ A. to 2 A. 4- — A. (46a). 

(б) . Cast-iron, /c = 4/t to 6/, 

Ac = 4 Ac -f I A. to G Ac I A (456). 


Results (45flf, 6,) give the proper relations between the flange-areas (At, Ac) for 
I-scctions of * Cijual strength ’ in iron. 

221. Beam of Uniform Strength. — A Beam whose material is so 
arranged longitudinally as to have its Woiiking (Longitudinal) Hebist- 
ANCE everywhere fully utilized^ so that 

Moment of Working Ilesistauoel f Bending Moment af) r.-. 

at each cross-section, / \ that cross-section, J 

or ^ = M, (46) 

is called a Beam op Uniform Strength. 

[iV.i?. — The ‘ equation of moments* viz. = M, or — 

“ Moment of actual Rchistanco = Rending Moment ” of course always obtains 
fvhefi there is equiUbf ium, but this ‘ actual Resistance * will generally ho less at some 
sections than the full Working Resistance, and the whole Transverse Strength of the 
material will not be utilized, except by the arrangement of material hero explained in 
form of a * Beam of uniform Strength * J. 

This arrangement (of material longitudinally) which provides that 
every cross-section shall be equally strong ” must not be confused with 
the arrangement of a * Cross-section of equal Strength ’ (of Art. 220), 
which provides that every part of an individual cross-section should 
have equal Transverse Strength It is clearly necessary to due econo^ 
my of material^ (e'^pecially in ironwork which is expensive,) both that 
the ' Gross sections be of equal strength \ and the * (Longitudinal Sec- 
tion of the) Beam be of uniform strength 

Tho Beam may bo made of a longitudinal section of uniform strength 
by so varying its cross-section from point to point, that each section may 
just yield the required Moment of Working Besistance equal to the actual 
Bending Momet^t (Eq. 46). 

2 H 
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Now by Besult (28i,) the Moment of Working Besistance at any 
section is 



Hence this may be made to satisfy the ‘ equation of uniform Strength % 
(Eq, 46,) by varying either iha figure or the size of the cross-section from 
point to point (i. e., by varying either n' -r- w', or h(P), 

It is usual (both for appearance’ sake, and for constructive convenience) 
to make the cross-sections all of the same figure in Which case is 

a constant throughout the Beam, (see Art. 208,) and to vary the size of 
cross-section by varying either the breadth (b) or depth (d) of (circum- 
scribing rectangle of) the cross-section, preserving the other (viz., d or J) 
Uniform throughout the beam. 

Hence the Bending Moment (M) being expressed as a function of the 
abscissfc x or 4, the equation which defines the shape of a ‘ Beam of uni- 
form Strength’ is by Eq. (46, 47), 

4) w- 

Denoting therefore, the variable breadth and depth of (rectangle circum- 
scribing) the varying cross-section by x and y, there result as the * equa- 
tions of the longitudinal sections of uniform strength 

Beam of Ui^ifobm Strength. 


Section of 


Equation to Longitudinal Section. 


!•{ 

2 -.{ 


Uniform ) 
Depth, ) 

Uniform ) 
Breadth, ) 


Eq. of Plan, * = M ^ whence * x M. (48a), 

Eq. of Elevation, y’* = M -7- whence y® x M, (48i). 


Hence a * Beam of Uniform Strength ’ is easily designed thus — 

Step I. Calculate the value of the Maximum Bending Moment (Mm) 
as in Art. 176, or in Examples Art. 182, and design the cross-section at 
which Mm occurs as in Art, 212, 220. 

Step II. Now draw the figure of longitudinal section which is the 
locus of the equations (48a, h) thus—* 

1®. Beam of uniform depths (« cc M).— The breadth of (circumsorib- 







Beams of Uniform Strength. 
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ing rectangle of) each section is to be proportional to the ralue of the 
Bending Moment (M) at that section, (the breadth of the section of great* 
est Stress having been already found in Step I.) Hence figure of the 
Plan of the Beam should be the same as the ‘graphic representation* of, 
or curve of Bending Moment described in Art, 181. 

The Table accompanying this Article contains Examples of this process 
applied to those cases for which the value of M has been calculated in the 
Examples, Art. 182. 

2®. Beam of uniform breadth^ oc M).-— The square of the depth 
of (circumscribing rectangle of) each section is to be proportional to the 
value of the Bending Moment (M) at that section, (the depth of the 
section of greatest Stress having been already found in Step I). The 
figure resulting is the Elevation required. The Table above contains 
examples of this process applied to those cases for which the value of 
M has been calculated in the Examples of Art. 182. 

[The approximate solution of this case for Large Wrought-iron Flanged Girders 
has been given in Art. 104]. 

\ Practical Remark, — Although the Beams here df^oribed are usually styled 
•Beams of Uniform Strength*, it must bo observed that they are of ‘Uniform 
Strength* only as far as Ueehtance to the Longitudinal Stresses, (C, T) are con- 
ccnicd. It will be shown hereafter (Art. 227), that the longitudinal sections hero 
described do not — in case of Supjmitcd Beams— suificient Shearing Strength 
near the Supports, so tliat for this reason all the figures hero given for ‘ Supi>orted 
Beams* require increase (of breadth or depth in the cross-section) near the ends. 

It might be thought that the term ‘ Beam of Uniform Strength * has been misap- 
plied, but it will bo explained (Art 227) that the Longitudinal Stresses (C, T) are 
in general by far the most important Stresses developed under Transvcrfic Strain, so 
that a Beam which has uniform Strength, as far as these Longitudinal Stresses are 
concerned, is really also of pretty uniform Strength as a whole — except near the 
ends, whore the Shearing Force reaches its maximum]. 

222 . Application of Eq, (28a, h), of Art, 212. — The figure of cross - 
section having been decided on from other considerations, say— 

(fl) of couatr active convenience— e. g , usually a rectangle or square in atone, and 
in timber beams not exceeding 18 inches deep. 

(i) of economy of material --c. y., in ironwork, and in all large Beams, as a * Cross- 
section of Equal Strength ’ as In Arts. 219, 220. 

Eq* (28a, J) give the value of the ‘ Moment of Working Resistance* ^ 
at any cross-section in terms of the breadth (J) and depth {d) of (vertical 
circumscribing rectangle of) the cross-section, and by the ‘equation 
of Moments*, ilil ass the ‘Bending Moment* at the cross-section. 
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which depends only on the Load, and mode of support of the Beam, and 
has beenalready calculated, Art. 17C, and Examples in Art. 182, thus— 

At my cross-section i. e , = M, (49a). 

At section of max. bending moment f* e., ^ ^ = M^, (495). 

Tims these equations furnish /or my section the proper value of 
the quantity hiP suited to resist the Longitudinal Stresses (C, T). Ilence 
if either of the quantities 5, d or the ratio 5 : c? be fixed from other con- 
siderations— as explained in Art. ICO, q. v , — these equations give the 
value of the required quantity, either d, 5, or both ; and in case of solid 
cross-sections (in irhich, as will be explained in Art. 227, there is neces- 
sarily excess of Shearing Strength), these equations are all that are re- 
quired for the complete solution. 

The most important section is in general obviously that of ‘Maximum 
Bending Moment*, and in many cases, it is the only one requiring 
special design, c. 

(i) . Uniform Beams, in which the Section of * maximum (longitudinal) stress ' 

is that of * maximum bending moment \ so that if this section be properly 
designed, the remaining sections all have excess of Transverse Strength. 

(ii) . Beams of UNirouM Strength, in which the cross-section of maxi- 

mum bending moment being specially designed by Eq. (405), the other 
cross-sections are fixed by the Ix)ngitudinal section being arranged, so as 
to give a ‘ Beam of Uniform Strength \ see Art. (221). 

[The proper manner of using the Equations of Transverse Strength and Transverse 
Stiffness, so as to provide a scantling of sufficient Strength and Stiffness, will be 
considered in the Chapter on Deflexionl. 

[The Method detailed in this Chapter of finding the quantity Id^ by equating ike 
accurate expression for * Moment of Working Resistance* (01 in Eq. 28a, 5) to the 
•Bending Moment* (M of Art. 176) is o/ little practical advantage in the follow- 
ing cases : — 

1®, Solid rectangular Cross-sections in Jm5e?r.— -For these the formulie of Art. 
158 are amply sufficient (when the manner of Load is the same ns there proposed). 

2®. Small Iron Beams (of types in Art 161) for which Ilodgkinson's formnlie are 
amply sufficient (when the manner of Load is the same as indicated in Art 161). 

5’. Large • Flanged Girders^ (without web, or with very ihm web, the flange- 
tbickncsscs being at same time very small compared with depth of Girder) for which 
the approximate value of d' (effective depth) giving an approximate value of 01 
(see .^t 187, et seq.) is amply sufficient 

And these cases are ly far the most important in practice. The great use of the 
somewhat lengthy investigations in this Chapter is — 

(a). Investigation of general formulas for Transverse Strain. 
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(i). Confirmation of the/orw of the formulw of Art. 168, 161 (Working Load 
or W oc hd^ - 7 - L), 

(c) . Confirmation of the sufficiency of the approximate value of for * Flanged 

Girders ’ (Art. 223). • 

(d) . Investigation of figures of * cross-sections of equal strength \ and of ‘ Beams 
of Uniform Strength \ 

N.IS . — The last Kcaults ((/) could not have been obtained at all without the in- 
vestigations of this Chapter], 

223. Flanged Girders^ Simplification for. — It will now be shown that the ap- 
proximate expressions resulting for the Moment of Resistance for ‘Flanged Girders' 
with either open bracing or a very thin web are the same as those used in last Chapter. 

By the Table, Art. 208, 1 = d'^ = X 

By Eq. (28), the * Moment of Working Resistance 

i[^=tholesserof ‘^^^I, 

yt He 

= the lesser of — At . — Ac . 

S 8 

which are the same expressions as u<;ed in Chapter VIII., so that the case of Flanged 
Girders is seen to be only a special ca&e of the general investigation in this Chapter. 

224. Barlow's Experiments on Iron It has been already 

explained, Art. 215, that chiefly in consequence of Cast-Iron under mo- 
derate strain not obeying Hooke’s Law, the Kesults in this Chapter 
depending on that law (Art. 200, et seq.)^ are inapplicable to Cast-Iron. 
Mr. W, H. Barlow’s Experiments* established that the usual formula 

‘ Moment of Working Eesistance’ jfltt = . 6cP 

was also applicable to cast-iron and to wrought-iron, provided the Modu- 
lus (/b) of Transverse Strength be varied in some manner depending on 
the cross-section (between the limits f% and 2^ fi) according to the follow- 
ing empirical formula 

/b=/. + -J, (47), 

(T depth of solid metal in flanges 
where -j = full depth of girde r = ^ crose-aectione. 

^ is an empirical co-efficient determined by experiment, styled by Mr. Barlow 
the ^ Resistance to Flexure', {see Art. 216). 

This subject is treated of at some length in Mr. B. Baker’s Strengths 
of Beams, Columns and Arches ”, in which the following yalues of f are 

* Philosophical Transactions 18S5„ pegs and 18S7, page 233, B«r2ow*s Steaagth of Mato' 
rials, New Bd. 1367, Art, 133 to 136. 
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deduced for Cast-iron, Wroiight-iron, and Steel, from the Experiments of 
Hodgkinson, Barlow and others 


CrosB-section. 

Cagt-Iron. 

Wrought-Iron. 

StoeL 

Bcmaiks. 

Rectangle .a • • ) 

Flanged Girder, , , } 

H/t 

A /* 

1 

•C/t--8 A 


Circle, .. •• •• 

lift 

«/« 

•T/t— '9/, 


Hollow circle, 

ia/t 




Square, (Diagonal vcrtl.,) 

U/t 

H/t 

■8 /t—/i 



[It must bo remembered that the formula (47) is empirical, and that its combina- 
tion with formula (28a) cannot be expected to give good results under circumstances 
very differciit to those of the experiments]. 

225. Strongest out of a Q-log. — The most useful cross- 

section in Timber being a solid rectangle, it is of some importance to find 
the strongest section that can be cut of a round log (this being the form 
in which the Timber is obtained naturally). Fig* 28. 

Let y = depth of section. 

A =s breadth of section. 
s= radius of section of log. 

Then •/ AD is J.'* to DC, AOC is a diameter, 
y* + 2^* = 

and by Eq. (28fi), 

^=4-- = (4r'- 

* 8 6 s ^ 6 8 ^ 

and m should be a maximum in case of ‘ Strongest Bean 

/, z (4r® — z^) should be a maximum. 

Hence (by tbo principles of the Differential Calculus), 

d Qr AC* 

^ (4 r* 2 f — «*) = 4r® — 3a* s= 0, whence * ^ = ^3 (48). 

The geometry shows that this corresponds to a maximum (not a minimum) of 

Result (48) leads to the following simple construction— 

** Trisect the diameter AC in m, n ; raise perpendiculars mB, nD on opposite sides 
of that diameter to cut the circle in B, D”. 

Then *,* ADC is a right angle, and Dn is JL** to AC, 

CD* s= AC . Cn =s AC . .% CD ss as required. 

Again, AD» = OA . A« = CA . | CA, AD ss^/f. CA = CD . 
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Thus in the ^ Strongest [j-Beam’ obtainable from a given round log, 

This is the reason that in Timber it is usual to make d = h aJ2j 
B ee Art. IGO. 

226. A few Examples are here subjoined, sufficient it is hoped to 
illustrate the principles of this Chapter. 

It is unnecessary to give examples here of Beams of an I-section ‘ of 
Equal Strengtli,’ with very thin web or open bracing, as these have been 
fully treated of under head of Flanged Girders, (Chap. VIII). 

Ex. 1. A room, 10 feet wide, has, a flat terraced roof on brick arches, 
which rest on Beams of uniform section 3 feet apart centrally. The Roof 
weighs 115 lbs. per square foot (including allowance for weight of Beams). 
Design the Beams — 

(a) in Sal Timber, (5) of n-section in wrought-iron. 

8olution.--J, = 10', / = 12 L = 120", W = 115 X 10' x 3' =s 3,450 lbs. 

As the Beams arc uniform^ the only section requiring attonti jn is the weakest — vi*., 
that of maximum Bending Moment (M ,,,) — see Art. 222, Case i. 

Now by Eq. 44, Ex. 8, Art. 182, 

Ma. = ^ WZ = i X 3,450 X 120' a= 51,760 inA-Ut. 
o o 

Cose (rt). For sal timber = 800, /b = 18/?b = 14,400, s = 10. 

Now by Table of Art. 208, , m' = ^ for -section which is chosen for 

Timber. 

Hence by Eq. (28i), Art. 212, or by Ex. 2 of Table, Art, 206, 
p; = 1 . A . 

= L A (taking d = h.J%, tee Art. 226). 
o s 

5= X X = 480 P tnchd^s. 

480 = 61,750, whence I = - 7 - 48 = 4"-75, nearly. 

and d ss^h si 4-75 x 1*4 = 6"*66, nearly. 

Case (6). For Wrought-iron, /c = 36,000, /t = 60,000, « = 4. 

To use iron economleally^ it is essential to make the cross-section one of * eqnal 
strength*, whence by Eq. (42), 

A, : 2 Ah s:/c : /. -/t = 36 : 60 - 36 = 36 : 24 =s 3 : 2. 

Ai 3 Ah, A « Ai + Ah = 4 Ah = i Ai. 

If the shanks and head be— as is nsnal — all of equal thickness (Q, 

A« ss 2 t, Ah — kt, whence ss } 6. 

I. e., the shank-depths (</») should be the breadth (6) of head. 





m 


The approximate position of neutral axis is given by Eq. (7a). 

f == I ^'5 whence 

The approximate value of I is by Table of Art. 208, 
d!^ A 

I =: (A* + 4 Ah), nearly^ii, if t be small), 

3 rf'* „ , 21 

"^4 * 12 ^ ^ 36 ^ 

The section would of course be placed so that the head (Ah) might be in compres* 
sion, honco yc = yh, and, by Eq. (28), 

* yc id' ^ 36 9 s ^ 


hH (since or «? = f i). 

= I X 25^ . hH = 21,000 IH ineh-lb». 

21,000 = fla = M„ = 61,750, (vtHe fupra) 

Whence = 2*46 e. in. 

As there is only one condition (JbH =: 2*46 c. in.) to determine both b, t, some 
additional one must be assumed. As the scantling will be obviously small, assume 
^ as the minimum practical thickness : thus— • 

8 8 

s= 2*46, whence 3® =: - x 2*46 = 6*66, whence 6 = 2J in., nearly. 
o o 

Hence ^ 5 = 3} in,, nearly. 

Ex, 2. A Dead Load of 4 tons is carried at middle of a wrought- iron 
Beam of 20 feet span and one foot depth, of uniform 1- section symmetrical 
about its * neutral axis 


Solution . — There being 8 quantities sought, viz., breadth (J) of danges, and thick- 
nesses (^, /3) of flanges and web, and only One equation = M) to determine them, 
two additional conditions must bo assumed. Assuming then the flange-breadth 5 =r: 6* 
(say as requisite for lateral stability), and the minimum practicable web thickness as 
^ f only remains to be determined. 

The cross-section not being one * of equal strength* it is essential to observe (Art. 
214) that since in wrought-iron/c < f, and since in this cross-section (being alike 
above and below) yc ^ \ d = therefore by the Rule of Art. 214,^1, =^0. 

Now by the Table of Art. 208, ® 5)* wcar/y ; m' = i, and by Eq. (28b), 


.% = g- . (f + ep . M», warly,-(i. if t, P be mall). 

(9 ^ r 9 t) 

a I 
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/, in = Be • (d + 720 iTicJi-tons, 

= 6i . (9 + 720 incli^tonsf (Art. 54). 

Also by Ex. 5, Art. 182, 

M„= 4- W«=4- X 4 X 20' X 12 = 240 ineh-toM. 

-y (O + 72l!) = l« = = 240. 

480 

/. 72^ = -jj 9 = 34" *6, whence ^ = J", nearly. 

[Should it bo required to design this Beam as one *o£ nearly Uniform Strengths 
the middle section would still be designed precisely as above, and the longitudinal 
section would bo made to vary ns in Ex. 4, Art. 221, i. e., should be a pair of equal 
triangles in plan if the depth is constant, or of equal paraboloc in elevation if the 
breadth is constant, except near the ends, where additional material must be pro- 
vided to resist the Shearing Force, as explained at cud of Art. 221]. 


JEJx. 3. A rolled iron Beam of type of 26, Art. 209, and of 20 
feet span, is of following dimensions of cross section, 

5 = 5", t = y', h = i", r = I", h = 10", d^h + 2{t + h)= 12" 
Find the unifom Dead Load which it will bear permanently. 


Solution. — By Result (23), 

1 = ^ X 5 X ay + 5 X i X (10 + 2 X iy X 5 X Q)* 
+ 5 X I X Ci X 10 + f X ^)* + tV X I X 10» 

® . g V 441 . 5 1 . C 2fif? . 1000 

4 d ^ 32 

= -104 + 276-625 + *078 + 7MU + 31*25 


= 378168. 

[It is obvious that the 2nd, 4th and 5th terms in value of I are the only ones of any 
mportance]. 

Also, the cross-section not being one of Equal Strength, it is essential to observe, 
(Art 214) that since in wrought-iron/c < Jt and since in this cross-section, yo = 
= yt, therefore by the Rule of Art. 214, /b =/c. Hence by Eq. (28a), 

m = . 1=-^^^ X 378 = 63 ^ inch-lbs. 

* yc 6 3 

= 63 fc inch- tons = 03 X 5^ inch-tons (Art. 64), 

And by Eq. (44), Ex. 8, Art. 182, 


Mm = ^ W/ =: i W X 20' X 12 = 30 W inchrtonB. 

o o 


.•.80W = Mm=|© = 63 X Y 


/, W = 11 X 03 + 60 = 11*5 tons, nea/rly (uniform load). 

Ex. 4. A rolled iron Beam, of same dimensions as in Ex. 3, carries a 
Dead Load of 5 tons at its middle, and of J ton. per foot run uniform over 
its length. Find the maximum stress^iutensity developed. 
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Solution.’^The maximum stress-intensities (papt ) will be developed at upper and 
under surface of section of maxitnum Bending Moment, and will be equal (po = pt) 
because the Beam is symmetrical about the neutral axis. 

Also L = 20\ / — 12 L = 240% W 5 tons, W = J X 20' = 5 tons. 

Now, by Ex. 5, and Ex 8 of Art. 182, 

Mm = J X 5 X 240" 4- i X 5 X 240*' = 450 inch-tona. 

And by last Example j/o = 6" = yt, I = 378. 

And by Art. 211, po =Pt= . Pq or . pt 


.\Po=pt — 


450 

378 


X C = 


450 

03 


50 

7 


= 7f tons per sq. in. 


BemarJt. — This is clearly too great a Stress-intensity in compression, — (for gee 
Art. 64 — ; So = 6i tons per sq. in.) 

— Had the section not been symmetrical the maximum stress-intensities jt?o» 
pt would not have been equal, but would have been given by Eq. (2Ga, 5). 

Observe that Eq. (26a, 6) give the values of the maximum Stress-intensities (pc, Pt) 
at any section whose Bending Moment is M. 

The values here found are the maximum values of those maxima throughout the 
Beam, and may in fact be termed the ‘ maximum maximorum ’ Stre&s-intensities. 

The maximum Stress-intensities (p^, p^) at any other section would be found by 
substituting the proper values of Mm, X, yt for that section into Eq. 26fl, 5. 
Thus— 


Ex. 6. Find the maximum (longitudinal) stress-intensities developed 
in the Beam described in last Example at a section 3 feet from the middle. 
Solution . — Hero w' = 2', x*' = 8', 5 = 3', W = 5 tons, w = i ton. 

By Ex. 5 and Ex. 8, Eq. (43) of Art. 182, 

M = War' -f I ww' x” 

s= i X 6 X 24' + J X i X 24*' X ’96" = 348 inofirtons. 

Also I = 378, Pc = 6" r=: as in Ex. 4, because the Beam is uniform. 

Hence — Art, 211— 

M 

po = pt =; -J-. 

04,0 

,»,S= p, = ^ X ® =“ 63 - =* ® *on»per fii. 



CHAPTER X. 

SHEARING RESISTANCE IN BEAMS. 


— In this Chapter will be inycstigated the laws of Resistance to Shearing 
in Beams, viz., of the Resistance (df) to the Shearing Force (F) distributed through 
each vertical section of a Girder. There is also Shearing action at eotry joint or 
rivet : this is usually called ‘ Shearing in detail,* and will be treated in a separate 
Chapter]. 

227. Shearing in solid Beams. — The general investigation of 
Shearing Resistance in solid Bemis is not of much practical use, for it 
has been ascertained hy expenmenty that in such Beams the Longitudinal 
Stresses are always much more severe than the Sh( aring Stresses ; hence 
the important practical Result : — 




solid Beam which is strong enough to bear the Longitudinal Stresses 
has in general excess of Shearing Strength”,.. 


}gi). 


This of course renders it unnecessary to pay any attention to the Shear- 
ing Strength except in the following cases, where the material is arranged 
with a view to economy, viz., 


1®. Girders of * vniform strenytli \ see Art. 221 — in which the cross-section 
varies as the Longitudinal Stress (C or T), and would therefore be very small to- 
wards the ends of the Beam, too small in fact to resist the Shearing Force which 
attains its maximum towards the ends, (Art. 174). In all ^Girders of uniform 
Strength *, (except Cantilevers,) therefore the cross-section must be much larger near 
the cjids than the consideration of varying as the Longitudinal Stress (Art. 221) 
would indicate ; for this reason the figures of such Girders (except the Cantilevers) 
given in Art. 221, must be enlarged towards the supports to give the necessary Shear- 
ing Strength,— the Remark at end of Art. 221. In Beams of this type of solid 
cr^a^-scction, there is always excess of Shearing Strength about the middle. 

2®. Flanged which only so much material is supplied in the Web or 

Bracing as is necessary to Shearing Strength : which has been already investigated 
in Art. 227 to 242. 


The investigation pf Shearing Resistance in general ifl a complex Bro- 
blem, but assumes a simple form in ‘ Jblanged Girders ’ in two cases, 
i. In ‘ Braced Girders f. c,, Girders in which the flanges are united 
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by open bracing, (e* Lattice, Warren, Whipple-Murphy 
Girders). 

ii. In * Plate-Girders ’ with a thin web. 

It is found hy experiment that the * Shearing Force * is resisted chiefly 
by the material that lies between the upper and under surfaces of a 
girder, u e., 

i. In braced girders— by the bracing, 

ii. In plate-girders — by the web, 

and is not sensibly resisted by the flanges. 

228. Shearing Resistance in Braced Girders.— Consider any 
vertical section of the Girder. Let n be the number of bracing bars cut 


by the section. 

Lot /j, ?3 Zn be the inclinations of flie ‘lines of resistance* 

of these bars to the horizontal, (t. e., the or^axis). 

Let E,, Eg, E 3 , •...•••En be the direct Eesistances (internal Stresses) 


of each Bar, u e., along the line of Resistance. 

Then Rj sin R^ sin R 3 sin Rn sin in are the vertical 

componerits of these direct Resistances. And by elementary Statics, — 

“ Total (vortical) Resistance == Sum of the partial (vertical) resistances,” 
and the Total (vertical) Resistance is (by definition) the Total Shearing 
Resistance ; so that 

Shearing Resistance, or dF = Rn sin tn, (1). 

[The two longitudinal Strcbses C, T along the flanges already investigated are of 
course to he considered as included among the licsistanccs (U) enumerated above, — 
the flanges being taken as two of the bars out by the section, — but bciug both hori- 
zontal, their vertical components are zero, so that they do not contribute any portion 
of the ‘ Shearing Resistance ’ (df) ; this agrees with the Statement in Art. 227 (as- 
certained hy experiment) that the flanges do not sensibly resist the shearing'], 

229. Stresses in the Braces, (R).— Applying the ‘ equation of 
shear*, Eq. (5— i), Art. 169, dF == F; 

Rn sin = F, ( 2 ). 

Simplification in practice,^li is convenient (in construction) to set all 
the bracing bars at the same slope^ so that sin i is the same quantity for 
all these bars, so that Eq. ( 2 ) reduces to the simpler form 

2 “ Rn = p, cosec f, ( 2 a). 

Eq. (2) or (2a) is the only equation available for determining the several 
stresses denoted by E, so that this problem is in general indeterminate, 
but admits cf solutioii more or less exact iu the following simple cases. 
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i. Section cutting onl^ one brace, (n = 1 )• Eq. (2a) reduces to 

R p cosec t, (2b). 

[This simple case is very common — ^the practical examples are the Warren-Girder, 
Whipple -Murphy or N-Girdcr, Zig-zag Girder]. 

ii. Equal braces at equal slopes. — In order to solve Eq, (2a), the Ay- 
pothesis is made that ‘ each bar resists the shearing equally \ By this 
approximate hypothesis all the quantities R become equal, so that 2 ^ Rn 
as n R, and Eq. (2a) reduces to 

R s=s L p cosec t, (2c). 

l^The practical example of this case is the very common Lattice-Girder. As to the 
legitimacy of the assumption made, see Art. 244]. 

hi. Stress on vertical braces. — It is obvious that the section which 
cuts a vertical brace caff cut no other brace, so that n = 1, and i =» 90° j 
hence R = F, i, e., 

The Stress on a vertical brace =the Shearing Force (at the section), ” (2df). 

230. Character of Brace-Stresses, — The ‘ direct ' Stresses in 
the braces are produced by the * Shearing Force and are therefore de- 
pendent both for their direction and magnitude on the Shearing Force. 
Their magnitude has been already determined, (Art. 229,) from that of 
the Shearing Force (F). The simplest (and only safe) plan of determin- 
ing their direction appears to be to draw on paper the Shearing Force 
and Shearing Resistance (F and dF) — each on its proper side of the ideal 
section, t. e., F on the right, dF on the left of the section — and resolve each 
along and perpendicular to the bar under consideration, (see Fig. 29). 

The pair of resolved parts along the bar represent the pair of opposite 
* direct’ Stresses, i. e., External Stress duo to F, and the Resistance which 
opposes it), along the bar both in magnitude’**^ and direction. Then it will 
easily be understood that the material of the bar (at the section) is in 
compression or tension according as the tendency of the pair of opposing 
< direct * Stresses is to compress or separate the material at the section. 
This will be easily seen from the figure (29) of part of a braced girder. 
The * Shearing Forces ’ (F), and ‘ Shearing Resistances ’ dF have been 
plotted at four sections cutting four different bars-- F to the right, iF to 

* Tills resolved part of F is not the Total BTRESR along the Bar, whioh is in fact F ooseo f (tee 
Art. 229, Eq . 26). and is of course > F, whereas this resolved part of F is only F sin t (which is < F) : 
the remaining pmt of the* Total Stress (F cosec i) is the resolved part of the Flange-Stress which 
might toe shown to be F oat t ooe t' ; (thus Fsinf-fFootfoos^s F oosec if, as of course it Should). 
The process here described is proposed only as a very simple rapid means of finding the charaettr of 
the Braoi Stress, Its magnitude being already given by the simple equtUons of Art. Ifst. 
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the left of the section in every case — and both have been resolved along 
and perpendicular to their respective bars. It will now be obvious that 
the tendency of the pair of * direct ’ stresses is to,— 

1°— compress the material at the sections through the bars 
2° — separate the material at the sections through the bars h'a\ ¥ci\ 
Hence it follows that— 

1®. The bars h'c\ V’d* are in compression, u e., are Struts. 

2®. The bars J'a', are in tension, *. c., are Ties, 

i^i^. 29, 



tional bars) that the ^ character ' of the direct Stresses in the braces is 
dependent on the direction of the Shearing Force as shown in Table. 


Blroctlon of Shearing 
Force. 

Slope of Braco. 

Character of Strese 
on Brace. 

Character of 
Brace. 

+ i. e. Up, 

1 Rising from left to right, ... 

Tension, •„ 

Tie. 

1 Fall iug from left to right, . . . 

Thrust, 

Strut. 

— {, 0 . Down, ... 

1 Rising from right to left, .. 

Tension, ... 

Tic. 

1 Falling from right to left, 

Thrust, 

Strut, 


The results in the Table are perfectly general for any Load whatever 
Steady or moving. 

Application to moving Load, — ^The Shearing Force (F) has been shown 
to change in direction (Art. 182, Ex. 10, 11, 12iover a certain middle 
segment during the passage of a moving Load. The Table shows that 
the ‘ character ’ of Stress in the Braces depends on the direction of the Shear^ 
and will therefore with change of direction of the shear. 

Hence these important results— 

**la a braced Qirdtr under moving Load, the ^character* of direct Stress in the 
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Braces throughout a certain middle segment changes during the passage of the 
Load — these Bruces therefore suffer sometimes Tension , sometimes Thrust, and must 
be designed strong enough to hear either, i. c., must be capable of acting both as Tics 
and Struts”. 

Counterhracing , — In some girders two systems of bracing are used 
throughont the middle segments, in which the character of Brace-Strcss 
changes during the passage of a moving Load — -one system to resist the 
Tension, one to resist the Thrust. This system of bracing is called 
counterbracing. 

Simplijication for Steady Load , — Under Steady Load, the Table may 
be modified to a simple form (useful for reference only) which saves the 
necessity of reconstructing the figure. Let M {Fig, 29) bo the ‘ section of 
Maximum Bending Moment,’ at which in fact P = 0, (Art. 178). Then 
the Shearing Force is l^own to be positive (upwards) at all sections to 
the riglit, and negative at all sections to the left of this point. 

Hence the ‘character* of Brace-Stress may be exhibited as depending 
only on the position and slope of the Brace, thus— 


Fositiou of Brace. 

Slope of Brace. 

Character of 
KUews on 
Brace. 

Olinraotor 

of 

Brace. 

Right of section of maximum 

[ 

1 Kidng from left to right, 

Tension, 

Tie. 

Bending Moment, 

1 Eitlling from left to right, 

Thrust, 

Strut. 

Left of section of maximum 

j Rising from right to left, 

Tension, 

Tie. 

Bending Moment, 

) Falling from right to left, 

Thrust, 

Strut. 


Observe that in a Beam under any symmetrical Load, the middle 
section is that of ‘ no shear so that Braces to the right or left of the 
middle are under strain as in Table. 

\_N, B, — The results of the Tables arc not easily remembered ; but the figure is so 
easily constructed, that it is better to construct it when required, than to trust the 
results to memory. As the figure is required solely for determining the character 
of the * direct * Stress R, it u viot necessary to draw it to scale : a simple hand-sketch 
will suffice, its magnitude would always be found ly cnhulatiou from Eq. (2a, h, c), 

NOTK — The method given in the Text for determining the ‘character' of direct 
Stress in the Braces appears sufficiently simple. It is strange that no equally simple 
method is given in several standard text-books. 

1®. Unwin*s “ Wrought Iron Bridges and Bgofs, ” The rale given in Ed. 
1869, Art^ 16, is incorrecU 

2*. Banhine^s ** Applied Mechanics f Srd Ed, The rule in Art. 162-164 U 
(when read by itself) liable to be misapplied : it is essential to its correct iqpplicatiou 
to moasnre the Shearing Forces (from which the character of Brace-Stresses is to be 
found) always at sect^ns tdfjf nm side of each ‘joint ^ 
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The rule in Art. 163 is limited in application to a steady symmetrical ]o(id, 

S“ Jiankine*s ** Civil Engineering.** 6th Ed. The rule in Art. 877, Case 
III. for * fixed Load * is limited in application to a symmetrical fixed load. 

4®. Stoney's Theoiy of Strains. No general rule given]. 

231. Graphic solution. — The Brace-Stresses may also be found by 
a ‘ graphic construction ’ upon the (previously drawn) ‘ graphic representa- 
tion ’ of Shearing Force as follows {see Fig. 30F, Art. 233). 

Step I. Draw accurately on a large scale the ‘ graphic representation' 
of Shearing Force (F or P), see Art. 181 and Examples, Art. 182. 

Step II. Draw vertical lines across the last diagram representing 
the sections at each joint of the particular Girder in question, {Fig. 30P 
is drawn for the Warren Girder in Fig. 30a). These lines are also the 
ordinates representing the Shearing Force (F or^P) at those sections. 
From the tips of these ordinates draw pairs of lines parallel to the pair 
of braces meeting at that section terminated by a horizontal line through 
the feet of the ordinates. 

The lines so drawn parallel to each brace represent the magnitude of 
the Stresses on the respective Braces (as is evident by the Theorem of 
* Parallelogram of Forces '). The ‘ character ’ of Stress is best inferred 
from the Rule in Art. 230. (Tension and Thrust are indicated in Fig* 
30a, 6, € and 30 F by thin and thick lines respectively.') 

[In consequence of each Bar ending at two different joints, there will always be 
(except in case of vertical Bars) two dilTcrent values obtained for the Stress on each 
Bar : the greater of these is of course to be taken for the ‘ Working Stress * ; it will 
always be that due to the Shearing Force at the joint furthest from the * point of 
no Shear * (usually the middle) ; it is of course not really necessary to draw the lesser 
of the two Stresses Avhen the greater only is required : this lessor stress is indicated 
by dotted lines in Fig. 30F. 

It is not however to be inferred that the method is at fault in giving unnecessary 
lines : the fact is that the Stress is not uniform throughout any sloping Brace, but 
varying along it simultaneously with the variation of Shearing Force, and the draw- 
ing properly exhibits the least and greatest values of the Stress on each Brace. 

Constructive convenience however requires that the Braces should be of uniform 
scantling throughout their length,— or rather does not admit of the scantling being 
varied to suit the raiying Stress : it follows that their scantling must be designed to 
bear the Greatest Stress on them, which is that at the end farthest from the * point 
of no Shear *. 

See Art 283 for exemplification of this Method]. 

232. Brace-ScantUngs.— The * direct ' Stress (R) along any brace 
calculated from formolce (2J, c), is of course a simple Tension or Thrust, 
so that the Brace is to be designed as a Tie or Pillar as indicated in Art. 
230, according to the principles* o/ Chapters II. and III. 

2 K 
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233 . JSwamplea of Flanged Girder Bracea.-^k Flanged Girder of 100 feet clear 
span and 10 feet effective depth, is to carry a naif orm steady load of } ton per foot run, 
«nd uniform moving lo'ad of i ton per foot mn a train), and is designed as a 
(a). Warren-Girder of 5 equal bays, Fig, 80«. 

(J). Lattice-Girder of 10 equal bays, Fig, 806. 

(c). N-Girdcr of 10 equal bays. Fig, 80c. 

Find the Brace Stresses in each case. 

Fig* 80a. 



Fig, 306. 


b<XXXXXXXXXl 

• Fig, 30c. 



Solution^ (by calculation). The Girder is in each case divided into ten equal 
10 foot bays, I = 100 feet, c ss 50 feet, w' ss 4 ton, w" = 4 
cosec i = ^,^*2 = 1’414. 

liOt Bn = Greatest Direct Stress on Bar in m*** bay from middle. 

ssz Stress due to ‘ Greatest Shearing Force * p at end of har furtkett from 
middle. 

p = ± I w' J + tff*. I by Eq. (60«, J), Art. 182, 

Bn ' = Direct Stress on Bar in n'** bay from middle, of opposite character to Hn. 
ss Stress due to * Greatest Shearing Force ' (P ') at end of bar nearest to 
middle of opposite sign to p. 

P’ = ± I - W' « + w' — } ^7 Eq- *'). 182, 

Then referring to £q. (2a-^<f), Art 228, it is easily calculated that— 



YAhvsB OP n, 1 

Bnd 

PUlan. 

l 

3 

B 

B 

B 


m 

20' 

ESI 

m 


60' 

Greatest Shearing Force p in tons, 

(at end of Bar farthest from middle), 

(Warren-Girder, 

Greatest Direct Stress j LatUce-Girder, 1 

u 

19-8 

9’9 

19^8 

14 

224 

815 

15*7 

81*5 

824 

81 

48*8 

21*9 

48*8 

81 

iOi 

56-9 

28-5 

S6-9 

m 

1 

50 

50 

50 

50 

50 


[JV:b.— T he < character^ of Stress is eliourn in Diagram, Thick lines lor Thrust, 
thin lines for Tension.X # » 
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On trying to find the value of R'n at any joint, it will be found that in the present 
example the change of sign of Greatest Shearing Force (F) is confined within the 
limits of the bay on either side of the middle : in fact K)n solving the equation 
(60a') of A.rt. 182, to find the position of the sections (QS Q*) which limits the 
change of sign, vis., * 

P' = - U,' I + „• - 0, to* ss * = aad c =! 60' 

4te 

P - 6 c € + c* = 0, 

5 = 3 <? ± Vo c« - c* = (3 ± 2 V2) c = (3 - 2’828) X CO 5= 8'*6 which is < Ky, 
i. e., the section falls within the first hag from the middle. 

Graphic Solution (Art. 230). Fig. 30F has been drawn as directed in Art* 230, 
for the case of the Wai^ren-Girder in Fig. (30ff). 

Step I. The Diagram of Shearing Force P is drawn precisely as directed in Ex. 
12, Art. 182, the straight lines y' y', Y' Y* being the figures whose ordinates represent 
in magnitude (though not in direction) the Shearing Force due to the Dead Load (w*), 
and the parabolas A'm' Y*, A'at* Y' being the curves whose ordinates represent the 
magnitude of the * Greatest Shearing Force’ due to the moving Load (la'). 

Step. IL The vortical lines drawn* across the space between the oblique lines and 
parabolas represent the Total < Greatest Shearing Force’ at each joint 

The lines drawn parallel to the Braces represent the magnitude and character of 
the Least and Greatest (Direct) Stresses on each Brace— as follows 

Thin Lines for Tension, Thick lines for Thrust. 

Dotted. Lines for Least Stresses, clear lines for Greatest Stresses. 

These lines measured off the scale will be found to give the same values for the 
Stresses as found by calculation. 

[The figure {Fig. 80F) is intended to suit the Warren-Girder {Fig. 30a) : the 
Brace-stresses in the Lattice-Girder {Fig, 306) are obviously the halves of the corres- 
ponding Stresses of Fig. 80F: and the Stresses \ii the Ties of the N-Truss, (Fig* 30c) 
are the same as the Tensions (thin lines) of Fig. 30F, and the Thrusts in the (Verti- 
cal) Pillars Braise same as the Shearing Forces (vertical ordinates) in Fig. SOF]. 

The figure {Fig, SOF) shows very clearly the part (Q'Q') over which the Shearing 
Force (and therefore also Brace Stresses) changes in sign during the passage of 
the Load. Counterbracing should be introduced in the two centre bays to meet this. 
The * Working Stress ’ on the Counterbraccs would be a Thbust of magnitude, 
s P' cosec 45 when $ s= 0 in expression for p'. 

zs vf* . ^ . Vs = 6i X V 8’9 Ions, nearly. 

234. Shearing In continuous web* — The investigation of this is 
somewhat difficult : it depends on showing,— 

1®. For every shear parallel to a given plane, there is simuHaneoutly developed a 
shear of equal intensity perpendicular to that plane, (Art. 284, 235). ^ 

2®. This pair of shears are equivalent to a simple tension and compression, each 
of intensity equal to the Sbear-intensity, and inclined 45® to the direction of shear. 

Vertical and Borizontal jSAear.— The existence of vertical and 
faZ Shearing Besistance ja illustrated by Fig. (31a, h). Conceive the Beam 
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cut into slices by a number of transverse vertical planes {Fig, 81a), or by 
a number of horizontal planes {Fig, 81^) — and transversely loaded in 
any manner. The separated portions will slide (or shear) over one an- 
Fig, 81a. other as indicated in the figures. Now in 

a continuous web or solid Beam, this actual 
(visible) sliding does not take place, (except 
as a minute shearing strain\ so that in 
Fig, 31ft. such a Beam there are clearly developed 

(by Transverse Load) vertical and horizontal 
internal Stresses of magnitude sufficient to 
resist the shearing action, 

[This Shearing both vertical and horizontal can bo easily illustrated by placing a 
book, — {a) in a vertical position (with its back up) with its boards resting each on a 
support, or (i) in a horizontal position on two supports, and applying a (vortical) 
pressure to it between the supports sufficient to bend it, on which the leaves will be 
seen to slide (or shear) over one another.] 

235. Horizontal Shear-intensity, — This is determined by the follow- 
Fig. 32. ing experiment. Conceive a small square {Fig, 32) 





drawn on the plane upright face of an unloaded Beam 
near its ^ neutral surface Let the beam be loaded till 
it is slightly bent. 

The square will bo found distorted into a rhombus. 
Consider by what forces this distortion is produced^ 


and resisted. It is known that near the * neutral sur- 


face ’ there is only Shearing Stress, and the last experiment shows that 
there is both vertical and longitudinal shear. The distortion is evidently 
produced by a pair of equal opposite vertical shears along the vertical 
faces, and the equilibrium is subsequently maiutained by a pair of equal 
opposite horizontal shears along the horizontal faces (as in figure). Each 
pair evidently constitutes a * couple and when the strain is complete, 
equilibrium is re-established, so that their moments must be equal, %, e,. 
Vert. Shear x breadth of rhomb. HorizI. Shear x depth of rhomb. (3). 

But the sides of the rhombus being all equal, it follows that 

Vertical Shear s Horizontal Shear, (8ft). 

A.nd dividing each by tht length of the side to which it is applied, 


Vertical Shear-intensity Longitudinal Shear-inteusily, or J 

“The intensities of the vertical andhorimntal shears are equal**, > * ' 

236. Fquiuaknt (hrUBt W is clear that the dtatortiou of 
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the square into a rhombus is equivalent to an extension of one dia- 
gonal and contraction of the other diagonal ; also that these two strains 
might have been produced by a simple Tension and Thrust along those 
diagonals. Calling — 

a = side of square, d = diagonal = a V ^ 

F = Shearing Force on any side of square. 

Kesolving the two Shearing 'Forces (F, F) at any corner along the 
diagonal, 

Equivalent Tension = 2F cos 45® = F V 2 = Equivalent Thrust, ...(4a). 

Equivalent Tension- [ j FV2-r-^f=F-T-a^ 

or Thrust- intensity J | = Shear-intensity, } 

Combining Results (3) and (4), the statements 1“ and 2®, (Art. 234,) * 
above, are seen to be proved. 

237 . Shear-intensity in a thin weh in a Girder of uniform ‘ ejfective 
deptliy (approximate). — The following investigation depends on deducing 
the Horizontal Shear from the Bending Moment, whose value has been 
already found, Art. 176, and Examples in Art. 182. 

Consider the equilibrium of a portion GHFE (Fig 33) of a thin 

transverse prism GHKL 
bounded by two vertical sec- 
tions of a Beam at a distance 
apart BD == Aa?. There is 
a direct Thrust (C) over the 
face HD, and Tension (T) 
over the face DK distributed as^escribed in Art. 200. The Total Thrust 
and Tension over the corresponding faces GB, BL of the successive section 
GL would be denoted (Art. 164) by C-f aC, T+ aT; and the Bend- 
ing Moments at either section by M, M + a M. 

A portion— say O' and C' + a O' — of the whole Thrusts C, and 
0+ aC is distributed over the upper parts HP, QE of the faces HD, 
GB. Their diflference aC' (which is < aO) is clearly a Resultant 
horizontal Thrust against the prism GHFE. Equilibrium requires that 
this should be equal and opposite to the Horizontal Shear (say over 
the plane FE, t. s., 

Horizl Shear on plane BF, or*' as aO^ SB Excess of Thrusts on faces 
Horlsl Shear on plane BB, or * «s aC sb Excess of Thrusts on faces GB,HD, I 

And since both Thrusts are zero at plane GH, and increase for both 


Fig. 33. 
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faces QB, HD to their maximum values (viz., 0, 0 + aO) at the neutral 
axis BD, it may bo inferred that, 

“ The Horijsontal Shear is zero at the outer concave and convex side of a| 
Beam, and increases to a maximum (viz., a 0 or A T) at the neutral axis, *\,.3 
But for a girder of * uniform effective depth ’ constant), as is the 
case approximately in all parallel-flanged girders, by Eq. (1) Art, 185, 
Thrust on face GB, i. C + aC « (M + aM) -f- 
Thrust on face HD, u e., C == M -f- d\ 

aM 
d' 


Horizontal Shear on plane BD, L ^ aO = 


Hence, if t = thickness of web at neutral axis, 

A Area of plane BD = Aa?- 

/. Horizl. Shear -intensity at neutral axis = r-^ == hr • 

t . Aa? W A* 

But by Art. 177, = F (the Vertical Shearing Force at HK), 


Horizontal Shear-intensity 

““'i tSSSX h ^ = w - 

li-quivt. I xension-intensity ) 


..( 6 ). 


Now in a * flanged girder nearly the whole of the Longitudinal Stresses 
have been explained to bo borne on the* flanges, so that throughout the 
‘clear depth* between the flanges, the quantities C', and C'+ AO'are 
approximately constant, and equal in fact to C and C+ aC, so that there 
follows the important result — 

“ Throughout the ‘ clear depth ^ between the flanges of a * flanged girder \ the 
four intensities, viz., of Horizontal and Vertical Shear, and of their cquiva^ 
lent simple Thrust and Tension are approximately constant, and equal to F -^id' 

and the two latter are inclined at angles of 45° to the two Shears” 

238. Design of weL — In designing a web of uniform section, it suffi- 
ces (in consequence of Result 6a) to design the web-section as if for a 
simple Tie or Pillau whose axis is inclined 45^ to the ‘ neutral surface * 
of the Beam, of thickness t under a Tension or Thrust each of intensity 
=« P ^ fd' (f5s., tmtSy &c., per sq, in ~if r, d* be measured in inches) : 
hence the requisite thickness may be found by the principles of Chap- 
ters II. and III., by equating the intensity of Working Load (just 
given) to the known Working Tensile or Crushing Besistance-intensity, 
thus— 

Working Tensile Eesistanoe^iatensity Vos. per $q. in... .(7a). 
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Working Crushing Resistance-intensity 
in a * Short Pillar ’ J ^ 


ft)S. in. 


(76). 


1 


in B ‘ Very Long Pillar ’ = e..«.(7c). 


(where dC a/ 2 = effectye length of Pillar in inches,— sec Art. 70, — since 
the Pillar is inclined at 45® to the neutral axis), 

Also v.supray — Working Load-intensity = F -r- < d%...(7). 

The greatest value of i found by equating each of the quantities 7a,byC 
successively to (7) is the proper value for t. 

Practically thin-webbed Girders are made usually of wrought-iron, 
which resists Tension better than Thrust, so that it suffices to use (7c) 
with (7). Hence substituting c == for wrought-iron, and Sc (the 
safe crushing stress-intensity in tons per sq. in. — sec Art. 54) for/e -r c, 


Sc-t 


1+2C.11 



( 8 ) 


(f, d* being here measured in inches, F in tons). 

239. Stiffening Pillars, — As the Strength of a Very Long Pillar 
decreases rapidly with its length, it is usual to introduce vertical ‘ Stif- 
fening Pillars * whose width— measured across the web— is greater than 
the web-thickness, at intervals {df') which are less than the girder's effective 
depths (i. c., d" < d'). It is considered that the effect is to reduce the 
‘ effective length ’ of the Pillar (which bears the Thrust at 45® to the 
neutral axis) from d' cos 46® (the full quantity) to the smaller quantity 
d** cos 45® = po that a lesser thickness of web suffices for a given 

Working Load ; this may be found from the equation 

= L (8«)- 


< Stiffening Pillars ’ are also usually introduced at every * cross-girder ’ 
to transfer the Load on the cross-girders to both flanges at once, and 
should be at least strong enough to bear this concentrated Load. 

240. Web of uniform strength — A thin Web whose thickness (<) is 
designed at every section by Eq. (8), i. c., so as to yield at every section 
a Working Resistance equal to the actual Shearing Force (F) at that 
section is called a Web ‘of uniform strength.’ Substituting for F in Eq. (8) 
its value in terms of » or £ from Art. 173, and Examples of Art. 182,— Eq. 
(8) is evidently the equation of the proper curved horizontal section or plan 
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of tbe web (x or £ being the abscissa, and t the transrcrse ordinate at 
any point): the curye is evidently a ‘cubic’ (in <), and can therefore be 
plotted only by calculating the ordinates at as many points as necessary. 

It would seldom be worth while (except fo^^very large cast-iron girders, 
which are now seldom used) to go to the trouble of calculating this curve 
properly : in all moderate sized girders (whether •£ cast or wrought-iron) 
the web would bo made of uniform thickness throughout the whole length, 
or throughout a few segments : the proper thicknesses (t) being of course 
calculated from Eq, (8), from the Shearing Force (F) at the outer end 
of each chosen s^ment. 

241. Large WroughUiron Girder JFifts.—It being convenient in 
wrought-iron work to build up the Web only of thin Plates of one thick- 
ness, it will be found convenient to adopt a process similar to that of 
Art, 194, viz., 

If r thickness of each plate. 

n = number of plates at any point. 

.% < = n r = total thickness at that point, 
nm = maximum number of plates (of oonrso at the supports). 

Fm = Maximum Shearing Force = R' or R’. 

Then fin = -r r (if an integer), ^ 

= integer next > tm -r r (if a fraction) j ’ ^ 

where ta is calculated from the equation 


Se • tok 


1 + 2c 


£1 


d! 


( 10 ). 


Then the abscissa of the sections at which any lessor number (n) of 
plates may be used may be found by substituting r, 2r, 3r, &c., up to «nr 
in succession for f, and also the value of the Shearing Force P at any 
point (given by Art. 176, or Examples, Art. 182) in terms of » or £ in 
Eq. 8, or 8a, 

The solution of this equation (in a; or £) gives the abscissa (a? or £) of 
the section at which the particular numberjof plates (n) are really necessary. 

The graphic method alluded to in Art. 194 is not so coUrenieut in this 
ease as in corresponding case of Design of Flange of Uniform Strength]. 

Practicul Pmarhtr^lt is Aot in practice always convenient to change 
the number of plates at the very spot indicated by this process. Con« 
structive conrenienOo requited that ehange of thickneaa o^ web (t 4 e., 



SHfCAniKG llIBStSTAKfOfi llT BBAM8. 


249 


change in number of plates) ehonld take place only at the stiffening Pil- 
lars* 


242. &€mpU if/ thin n>eh.^A Plate-girder of 100 feet clear ^aa, and 10 feet 
effective depth is to cany a tmifosm steady load of i ton per foot mn, and nnifonn 
moving load (of a train) of t ton per foot ran. The web is to be made np of •^inch 
plates. Design the Web. 

Sohttim. I « 100', e ss SO', s= 10' = 120', r =s ^inch, lo* ss * =? to*, 
Sc =ss 4 tons per sq. ft, c as . 

By Art 182, ibc. 12, Eq. 60c, d,— 

Pi sK 4 ; s tons, Fm =« } («e' + tc*) ^ ^ ^0 tons. 

Hence if /i, fm be the least and greatest requisite thicknesses, then by Eq. (8), 

4^1 _ 6J 4tm _ 60 

2 120 X 120 ~ 120 * . '2 156 x '125 “ 120 

8000 • «B* 8000 • i? 


Bedncing these equations, 

384 - 6/i» - 48 =a 0 ; and 48 6 V - 48 as 0. 

These equations are most easily solved by * trial and error *; it is then easily found 
that ti is a littie > i, and tm > 1* 

Hence taking ii ss ^^inch, = l|-iach ; it follows that ni as 8, nm s 6, i. c., the 
least and greatest number of plates necessary are 3 at the middle, and 6 at the supports. 

It remains to find the abscissa} (Q of the sections at which 3, 4, 6 plates are only 
just sufficients {, c., at which 9^ ss 3, 4, 5, respectively. 

Now by Eic. 12, Art 182, Eq. 60^, the ‘ Greatest Shearing Force ’ at any j^oint is 


(c±Jl\ 


p ss lo'C + IC*. 

Hence by Eq. (8) 

4 X » X A 
"iSff 




(Go+jy 


400 


tons. 




1 X 


117“ 

3000* 


/ SO -f- 
\ 20 ' 


A / 


120 


120 X 300 n 


(1 + 


16 X 


16 


266^ 


rs 2600 H- 800 6 + r 


whence 6 w — 160 + / 20,000 + 640,000^^ 

V 15a» + 4096 

From which it is easily deduced that^ 

If n ss 8. C « 3'a ; « = 4, 4 = lT'-6 ; « as 6, 6 =5 37**3 ; 
f. a., 3, 4, 6 plates, respectively, are necessary sit distances of about 3',17)',37'4, from 
the middle* 

243. End Pi7tare.-^He ends of a Girder may be considered as Veb.* 
TioAL PiLtAitB, each bearing a Vertical Load equal to the < Maximum 
Shearing Force’, (F,^) t. e., to the Be^otion (R' or at the eupporte, 
(Art 174). 


2k 
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But in Lattice^Qirders and in Plate-Oitdem, the oblique Direct Stresses 
in the Braces or Web Cause serere Ttamverst Stalin on the End Pillars 
th so that m uddition to the Vertical Load (Pm =;=s or the 

End Pillars must in general have sufficient TftABsl^BBSB StrbAos^B to 
bear the (horizontally resolved portion of the) oblique Stresses in the 
Braces or Web which abut on them : they may be opnsidered * Supported 
Beams 

This oblique Stress on the End Pillars obviously does not occur in the 
Warren Girder or Whipple-Murphy (N-Tmss), and it may be avoided in 
the Lattice Girder by making the End-Fillara slope at same slope as the 
Strut-Braces, «. e., carrying all the Strut-Braces which would have abutted 
on the (vertical) End Pillar continuously down to meet the Tension-flange, 
and to bear collectmly a Direct Compression =r Fm cosec % B' cosec i, 
or R’ cosec t, and in the Plate-Girder by making the End Pillars slope at 
angles of 45® ovJtwards and to bear a Direct compression of Fm cosec 45® 
=s R' hj2 or R" 


[The plan hero suggested of making the End Pillars of Lattice and Plate Girders 
slope at the proper angle to take the Direct Stress has not been Often adopted* En- 
gineering practice has been to make the End Pillars Vertical]. 

244 . Shearing Strm-distrihition . — For the general investigation of 
this, the Student is referred to Art, 809 of Rankine’s Applied Mechanics. 
For the reasons explained in Art. 227, the general investigation is not of 
much practical use. The Resalts appear to admit of useful reduction <yidy 
in case of Beams of Uniform Section. The most important Result is the 
following ; — 


Let A =: area of any cross-section. 

5o rs breadth of that cross-section at its * neutral axis 

0 m =: max. shearing stress^intensity ^ 

° I in that croas-section. 

00 r= mean „ „ / 

f* ^fl'‘y’^^y * 0 *)* 


Then ^ « g (12). 

$ “ ^ V w 

whore, of cooMe,^ as V A (14). 



SRBARIKG |I|}$I3TAN0]B IV 


261 


ThR ratio (^tt ^o) in which the oiAxmiam exceeds the mean shearing 
stress-intenrity in any cross-section is thus shown to be equal to the 
quantity /tiA ^ iolr the value of which will be found (on reduction) to 
depend sohly m thej^gure o^cross-section. 

Its values are given in following Table for the most useful ordinary 
eases 


Groes-cactiou. 

Value e£ M -T* ftol* 

Beotaugle and Square, .. 

8 

2’ 

Ellipse and Circle, 

4 

3 * 

Hollow Hectangle, . • • . ... 

b\ d' outside ; 5, d inside, « • « • 

3 VA' - bA W* - 
2 b'- b ' b'd'* - bd^ 

Hollow Square, • * . « • « • « 

d' outside; diuaide, 

2 (^ + «?» 4^)' 

Hollow Ellipse, • • 

S', d" outside ; b, d inside, . . • . 

i b'd'-lA b'd'*~btP 

3 * — 4 ‘ ft'd* ^ 6d** 

Hollow Circle, 

d' outside ; d inside, • • • . 



By reduction of the equation (13) for the case of ‘ Flanged ftirders* 
With open bracing or a thin web, it would bo found that — - 

The Shearing Stress-intensity in a ‘ Flanged Girder * is approximately constant 
throughout a vertical section of the Bracing or Web, and is practically zero through- 
out a vertical section of the Flanges 

This justifies the Statement (Art. 227) that the Shearing Force is 
chiefly resisted by the Bracing and Web’\ and (Art. 228) that ‘‘ each Bar 
resists the shearing equally ’* at a vertical section through the Bracingi 
and (Art 287) that the “ Shearing Stress-intensity is approximately 
constant throughout a vertical section of the Web 

It will be observed that the variations of the Longitudinal Stress and 
Shearing Stress through a ctose-section are the converse of one another^ 
each attaining Its ndasrimum where the other is zero, and increasing as the 
other decteCses. 

[A wtoilsr contrast iu the dietribnUon of Longitudinal Stress and Sh#ri»« 
ahnff the JSeam has already been noticed (Arfc» in Snpporie^ Baaw>sl. 
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It nuiy lue shown that a netcmgular-Mctim th« gmphie representa- 
tion of Longitn^al Stress is b 
psix of eqasl opposite triangles 
34), and of Shearlog Stress 
is* a parabola, {Fig. d4a), He 
fignres (84, 84a) exhibit the eon- 
trast (in case of a reotuagnlar 
section) very clearly. 

245. Note on values of F.— 
Compare Art. 197. The quanti- 
ties F in the formnln of this 
Chapter should in strictness be the Aotoal SanABiHft Fonoss doe to 
the actual distribution of the Wobkimo Load* (of all kinds) calcnlated 
according to the Rules of Chap. Yll.; the Greatest Shearing Forces (F), 
being always taken in oases of moving Load. 

The whole of the principles of (Art. 197) on calculation of Bending 
Moment (M) are also applicable to the calculation of Shearing Force (F). 


JFVy. 84. Fig. 84a. 



* r« imdMBMitary )»«•{«( tMa 
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CHAPTER XI. 
BOWSTRING GIRDERS. 


246<i Bowstring Bdams. — These consist of a cnrved or polygonal 
BoW‘*<^U8tially convex upwards like an arch,— *whioh will be shown to be in 
compression, and a horizontal Striko, which will be shown to be in Ten- 
sion, unifbrm throughmt its length.* 

The platform carrying the Load is applied to the ^ String \ The ^ Bow * 
and * String ’ are united either by a continuous thin Web, or by vertical or 
diagonal Bradng (JFig. 35). A Web is generally used in cast^roUi and 
sometimes in wroughi-iron ; vertical bracing is generally used in wrought^ 
iron and timber. It will be shown that under a uniform Load all along 
the String transmitted to the Bow, either by a Web or by numerous verti- 
cal Braces, the Bow should be a parabolic arc, and resists both the Hori- 
zontal Compression and Shearing Force at each section. 

Fig. 35. is the (horizontal) tangent, 

at top of the bow. 

QtT, the tangent at any point (Q) 
of the bow ; mQ sss 

H, the (horizontal) thrust at V. 
T, the (tangential) thrust at Q. 
P, the Resultant of the Load 
on segment Mn (of String). 

to, the (uniform) intensity of P 
per unit of length. 

The segment VQof the Bowls 
hdd in equilibrium by three foroee 
H, T, P, which cohsequenUyk^ 
tetseol in n point (say 0 ; and since the Load is uniform along Ma, its 
Besidtimt pmt laseot 14^1 1 * s., bisects mQ, whence VT or sub^ 
tangMt ass idHsoUia, i$ $ property pecdliar to the commmr paiiaMa. 
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Also sinoe H, T, P are tliree baliuiced forces, they ere propoitional to 
the sides of the triangle TmQ drawn parallel to their directions, i. e., 

H: T: P = toQ: QT: Tm 

Bat F = fc . Mn := w | 


T VH* + r* = ^W+ 0 ^ (2). 

Also by the principle of the * Method of Sections the homontal Thrust 
at y and Tension at M in the vertical section are each equal to iH, also 
by Art. 185^ ff& H . d' where d' ^ effective depth ’ at the centre^ and 

c= Mm = (Ex. 8, Art. 182). 


® ” i ^ *0^ — i ^ ••e.*e.e. (8). 


Thus the Thrust at the crown of the Bow, and jj^lso the Tension through- 
out the string are given by Eq. (8), and the Thrust at any other point of 
■the Bow (whose abscissa is £) by Eq. (2). 

The maximum Thrust (Tm) in the Bow obviously occurs at the supports 
and is found by making S = cin Eq. (2), thus 


Tm= Va^+^c2' = H 


1 + ... (4). 


[As a chock on the above it may be observed that — 

Horizontally resolved \ ^ ' MA' 

p«tofT; 1 =T„.cosr-Am=:T«.:p^ 


■.T„. 


MA' 


+ MA’ 




MA'*/ 


— T O 4- * / ^*®*®*® * *'* — 2 VM as 2^, 

— “ V*- + g> / \ since t'A' is H tangent to the pMclMdiu 

= H, (byBq.4y 

Ihu agrees with the preTions statement that the Tonrion of the String is uniform 
thronghont]. 

Also the Web or Vertical Braces are tutder nsiform rertical Tension 
dne to the sniform Load as follows •.-— 

Lot W = Total uniform Load along the String. 
u ) » Uniform intensity of „ 

A '«» Ilamber of (equal) dirisions into whioh ibe oditioal brwses 
ont the siring. 

Then, (Vertieal) Tension of Web — w per length-unit of string, 

1 1 ' 

Ten»on of each Brace w . r „ .., 1 .. 

w i( wv ,c 

From the precedmg it will he tmett tiiat^l 
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" In caa® of ttn^om all over tM String ^ l»be Web or (vcrticaH Bra- J 
ces merely transmit the partial Loa4 m tbem to the Bow^ asd the Bow | 
resists both the Bending Moment and Shearing ^orce j also the Bow is? *****^^^* 
in oompression, and the String and Web, or (vertical) Braces in tension, ... ] 

PiHtctieal the rise of the Bow be not > than J span, i. e., 

if d' not > 1^/, the parabolie A will not differ much from a segment of a 
cirele-^(see Art. 181)— which may therefore be adopted instead. 

247i Beam under uniform dead and travelling ibad.-^The above 
Results are made applicable to uniform travelling Load as follows : — 

It has been shown that under such a Load— if longer than the span**^ 
(eee Ex. 11, Art. 182). 

1^ The Greatest Bending Moment (M) occurs at all sections fimultaneously^ viz., 
when the epm teJuUg loaded, 

2*^. The Greatest Shearing Force (F) occurs at any section when the longer seg* 
meat only i$ fully haded. 

A Bow of parabolic form will therefore be suited to resist all effects of 
uniform Dead Load, and also the Greatest Bending Moment (M) due to 
uniform Travelling Load, but the Shearing action of partial Travelling 
Load, being greater than of the Total Travelling Load no single curve will 
be suited to resist the Greatest Shearing Force (F) in the latter case. 

The shear due to partial travelling Load tends to produce distortion of 
the Bow : this may be prevented (1) by the introduction of diagonal brac- 
ing, whose sole function is to resist the excess of the Greatest Shearing 
Force at each section over the Shearing Force when the span is fully 
-Loaded — for the Bow will be able to resist the latter or (2), by strength- 
ening the Bd% sufficiently to prevent distortion. 

The former method is used in Wroiight-iron and Timber, and the latter 
in Cast-iron Structures. 

[The investigation of the latter case is omitted here, as it depends on the Theory 
o£ the Arch, $ee Art. 874 of Rankine's Civil Engineering]. 

The Equations (1) tp (6) are"' thus modified for this case 

Let vf zis; uniforni Dead Load intensity per kngth^unit of string.^ 


tfsst „ Moring „ „ 

Xhw T + + 5*, * (»«). 

(3a). 


V6rtl.,Twi»ifla <a “llVab « (W + v/')pw l^th'^unit of tiring 
VerW. Bnwi T«wi}«a asit(ii''+ w*’)^ 
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like Ortete»t Stress on a diagonal brace due lo partid oniform travel- 
lingf load (wr^) may be found follows 
Let F' s±; Greatest Sbearing Force dne to travelling load (to*) onlyt 
F = Shearing Force due to the same when t^e span is fhlly 
loaded. 

TT Abscissa Of any section measured from nearest support 
i inclination of Brace to String. 

B = Resistance (or. Stress) of the Brace. 


Then by Eq. (57»), Ex. 31, Art 18IJ, F" 
And by Eq. (42), Ex. 8, Art. 182, F j 






As the Brace has to resist the excess of Shear (P^ — P^), the verti- 
cally resolved part of B must be equal to (P^ — P*'), i.e., 


Rsint = P'".-P* = tt;^^ 

zl 


*•, B sst (P" — F) coseo i ss w* ^ cosec i 


= u/' cosec (9). 


Applying tfie rule for determining the character of Stress (see Art. 
230), it appears that this Stress on diagonal Braces would be 
Tension in Bars rising outwards from the centre (or point of least shear) 1 .... 
Compression m Bars falling outwards from the centre (or point of least shear) 

as indicated in Fig, 85 by thin lines for Tension, thick for Compression. 
Observe however that the Results (8), (9) apply as written ontg when 
there is but one diagonal Brace in each bay, ^ 

If there be two in each bay, as in Fig, 85, then the sum of the vertically 
resolved parts of the Stresses in these Braces should be equal to the 
excess of Shear P' F, t e., if B|, B, be the Streseea in the two Bars, 
t\, If their inclinations 

B, dn f, + B^ sin ^ — F' - P", (11), 

whidh result is of course indeterminate (there being but one equetion to 
determine R,,) but on the same approximate assumption as in Art 
229, Case ii, that each Bar beers equal stmes 

wi»(F* -t- F) 4* (sin ii + sin 

iPraotwal wrocgbt*irQU aid timber both leslst tension hstiWlAsn 

eompressiou when in fom of long sMtt the amngqfueirt Which 
gond htem to be In tmabm is hbvlocdr 
isnnneeesBaiy). ^ , 
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The 6xc6B$ of Ghroftteaj^ Bheatmg Force V'* over F** will relieve the Ten* 
sion in the verticftl Braces from the am^nnt^own in (6a), end may 

even convert the Stress into a vertical THBtrs® : if F*^ be poiu 
five ; whose maglfiiitnde will be ^ 

Thrust in (vertical) Brace — F' — ic' ^ ^ j 

248# General TAeory.— The preceding Eesnlts are only correct when 
the String is really uniformly loaded^ and connected with the Bow by a 
thin continuous Weh^ but they are very nearly true if the String is ap- 
proximately uniformly loaded — e, by the load being applied to it at 
numerous detached points (as by numerous cross-girders), -^and if the 
String be connected with the Bow by numerous vertical Braces. 

Of the Besults already given, the following are perfectly general^ 

Horizontal Tension of String H Mm (a constant throughout 'll 
the length of the String)* 

Horizontal Thrust at crown of Bow as H s Mm d'. 

Tangential Thrust at any point of Bow 5= T = -i- P* 

Vertical Tension of Web := w (or + w") per length-unit of string* 

Tension of rertical Brace ss w (the load applied). 

Stress in diagonal Brace as B ss (p" — cpsec t. 

. Vertical Thrust in vertical Brace = P" — F" — w. 

249. String divided into n equal baySf under uniform loadj steady and 
moving, tn', — iu"J applied only at the joints, (the moving load longer 
than the span). 

Bead Load on each bay =s — w ~ s — w', (suppose,) ss Bead Load on each Joini 
Live Load on each bay ss; — w" ss W% (suppose,) =s Live Load on each joint 

fw 

Then bf the Besults in Zx. 14, 15, 16, Art. 182, 

tl« ss I nvfl (if n is even), or i . . wl (if « is odd), (14). 

Also thronghoat r*** bey from neamt nipportf i. e., through the bey between 
{r — 1)» end f#* beya from nearest eupport 

Pss:("-fi-r)w, (1^. 
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of Atb <S48) to give the pertienlar Bemlte fqi this 0Ue. When n is 
lsrg6» i. when the beys mq short, these Besnlts spproxinutely coincide 
witih thobe prerionsly giT«i for uniform Bond sU slWig the String. 

260. Wetffht of Bowtiring Girder of m^fom etreggth tokrtduly uni" 
form,— It has been shown thst lie Horfpntal Tension of the String is 
unifonn thronghout its length, and tiut the msximtun Thrust in the 
Bow is^see (Eq. 4.), 

Tm = H ^ I + (^)*» which tnereases vriih the ratio d' -f* I, 

Now the largett ralue of this ratio in ordinary EngineeHag praetice is 
if -i- 1 =s I , so that, 

Tm is nerer > H Vl + ^ , or not > 1*118 H 

(Ta — H) is never > *118 H or about | H, (18), 

t. e., the Max. Thrust in the Bow is never more than about | part greater 
than the minimum Thrust (H), and is generally not so much greater. 

It follows that if a Bow string Qirder be designed of a * Longitudinal 
Motion of uniform Strength ’, the string should be of uniform section, and 
the greatest section of the Bow would never be more than ^ part of the 
least section; as the Weight of the Bow and String always forms far the 
largest portion of the whole Weight of the Girder, it follows that its 
Weight is tolerably uniform throughout its length. 

The Bowstring Girder is the only type of Girder in which this Kesnlt 
is approximately realised. In paraiiel-flanged Girders of uniform strength^ 
the weight is always most intense about the middle. 

251. Aduantages of the Bowstring Girder. — The uniformity of Stress 
in the String, and comparatively small variation of Stress throughout the 
Bow, render it possible to construct this type of Girder with leas waste of 
material than is possible in pareillel-flanged Girders in which the variations 
both of Iragitadinal Stress and of Shear are very great. 

A fur^r adrantt|;e is that under the present defective mode of calea- 
laSng t|e^sota6flCfo1l^^ of a Girder as if that weight were 
uniform throgghout ixjseib. which assumption in the case of T^vge 
Girders of * is approximately true only in case of Bow- 

iMng Qirdeisi, Stresses in the parts of these Girders are 

much more nmrl^ eotrect tlwtt in the cose of Large FondleLElaaged 
Girders. AnimprfinrtmidhtiuflM^!Qieory of tffolatterwooUoftM^^ 
tnove tide relative odvaalsge. 
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Mucb more me end skill are howerer requited iti fitting together and 
putting up a enryed Bow than a straight Flange* Thia relaiiye disadyan- 
tage of Bowstring Girders attains great importance where skilled labor is 
scarce and expensjye, as in India. 

[The Theory of Bowstring Giripts here given is similar to that in Bankine's 
Civil Engineerings Art 879, and is simple and concise. A different mode of calonla- 
tion of the Stresses is given in an Example in Unwin's Wronght-Iron Bridges and 
Roofs, (pages 165-^176,) but it is excessively laborious, and does not appear more 
correct in principle. The vertical Bars in this Example are said to imt as Struts, and 
the Stresses in them are said to he Thrusts ; no explanation is however given of 
this itatement], ^ 
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SUMMARY OF THEORY OP TRANSVERSE STRENGTH. 

262* Qen$ral Snmmary of Theory of Transverse Strength . — The end 
aimed at in Chap. VI. to X. has been to give a consistent single Theory of 
Transverse Strength applicable to all Cantilevers and Supported BeamSi 
depending on one single principle — the Method of Sections (Art. I6d), 
and giving one process of calculation for all. 

It being shown by experiment (Art. 154), that pure Transverse Strain 
produces the simple Stresses of Tension and Crushing longitudinally and 
Shear transversely^ it is then shown that the Method of Sections leads to 
only three fundamental equations, (Art. 168,) whereof one — the Equation 
of Longitudinal Stress — is required to prove (Art. 202), that “in a 
slightly bent Beam of isotropic materia], the neutral axis of each cross- 
section passes through its centre of gravity 

Thus two working equations only are required for solving all Problems 
of Transverse Strength, viz , (Art. 168). 

i. Equation of Shear Shearing Force as Shearing Resistance.” 

ill. Equation of Moments. . Bending Moment ss lament of Resistance.” 

Eq. i suffices to calculate the scantling of all parts in Shear, atid Eq. 
iii to calculate that of all parts under Longitudinal Stress. 

The whole process of calculation may be thus summed op t— 

<< Calculate the Shearing Force (F) and Bending Moment (M) at as 
many sections as considered necessary. 

“ Equate the general value of Shearing Resistance (dP), and of Moment 
of Besistance (#SE) (which involve 8, f) to the calculated valueif/%f P, M 
at the corresponding sections* 

These equations will each furnish one of the required quantities d, t 
of the part of the section under Shear or Direct stress, res|>eotiyely : the 
remaining qhantifjes must be fixed by other considerations/* 

It win be usefhl te recapitvdaie the principal Results 
i. Sotin ^(hese there is generaUy etxcess df Shearing 

Sttength, (Art. 227), so that the * Equation of Momenta * |tl » is the 
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onljF working eqaation, and in this ease in gsnenlt (Arts. 207, 212), 

«=«-I=a4. A. M». 

m $ 

Tbe mode of applying this is fully detailed in Art 222, g. v,, 

[In eases of Timber or smidl Iron Beams, tbe simpler fortnnlm of Chap. VI will 
often snihce]. ^ 

il "pABALtnii Flakgkd Qsbdbbs. — I n tbese Resistance to both Longi- 
tudinal Stress (0, T) and Shear requires attention^ The expression for 
Jii takes the simple form, Arts. 185, 190, 223. 

m ^ Tld^ or Cd* 

= 4*A..<f,or 

whilst that for dF takes- the simple form. Arts. 228, 238. 

In Braced Girders, .df =; 2 R sin • 

In Plate Girders, ^ — 

l + 2c^ 

iii.* BowsTRiira GmoBRs, tee Chap. XL 

253 . Note on Theory oj ‘ uniformly varying /Strain’ of Art, 199.— -The 
Theory of Transverse Strain, developed in Chap. VIII., depends es- 
sentially on the experiment of Art. 199, that all originally straight lines 
parallel to the load remain straight lines under strain within the elastic limit. 

The mathematical Theory of Elasticity shows that the only caso in 
which this strictly true is, that of a Beam under equal opposite couples, 
as in Ex. 7, Art. 182, and that in other cases it is strictly true only at 
certain sections, viz., 

Oantilbvbbs and Fnap Bbams. At section of fixation. 

SuFPOi^BD Bbaub. At section of no shear. 

And that at all other sections originally straight lines parallel to the 
Load assume very slightly curved forms with an inflexion at the neutral 
suifaoe, the defie^don of these lines from the assnmeA straight line being 
in such a direction that for sections very close to the critical sections just 
mentioned, the longitadinal strain is very slightly less than under the 
rectilineal hypothesis, and that for all sections not extremely close to the 
above-mentionsd critical aeoriona the amonnt of deflexion of these origi- 
nally straight lines from the assumed straight ^form is constant along 
lines psraUel to rim length nf the Beam, so that the longitudinal strain- 
intensity riiroi^ all parts of such sections is actually tU $ctm as if ihm 
lines hud retained their straight fl»ml>i « 

From these rtiirt ssmatkable Besults it follows that the oahmlations 



262 


SUWMAItY OF THEOnY OF TRAMAYBitflS STREKGTH. 


Im*ed on tbe rectilinear hypothesis are valid notwithstanding (hat hj* 
pothesis is not strictly true* ^ 

It most farther be observed that the deflexion from the rectilinear form 
here mentioned is everywhere an extremely minute quantity^ 

254. Twisting Strain not oonaidorecL-^In applying the Be* 
suits of the Theory of Transverse Strain expWned in (Chapters VI, to XI,, 
it is essential to bear in mind the limitation laid down in Art. 151, 
viz., that pure Tranaveree Strain alone is therein considered ; the Besults 
are of course inapplicable even approximately, unless this condition is ap- 
proximately fulfilled. 

This requires in general that a Beam should be-« 

1^ Symmetrical on either side of some vertiml plane traversing its length. 

2^ Symmetrically loaded on either side of that plane. 

3^ Symmetrically supported on either side of that plane. 

These conditions are usually fulfilled in practice, by Beams being 
1^, alike on both sides. * 

2^ evenly loaded across. 

3®, evenly supported across. 

Unless these conditions are satisfied, twisting is usually introduced. 

Ik. Angle-irons are sometimes subjected to Transverse Strain, (e. y., when used 
as Bafters or Purlins). As they do not in any way nearly satisfy the above condi- 
tions, the Besults of Chapter| VI. to X. are® inapplicable to them. 

f The cases of Bafters, &€., which are subject to hoik Direct Strain and pure Trans- 
verse Strain, and of Purlins which are subject to Transverse Strain in ineo direcMiona^ 
will be considered in next Chapter]. 

Other JBdethode far Braced Oilers. 

255. Other Methods (besides that adopted for the text) are in 
common use for Braced Girders. Among these two only seeuf of suffi- 
cient importance to require notice, viz., Latham’s Method, and Clerk- 
Maxwell’s Method. 

256a. LathanCa Method . — This Method consists in finding the par- 
tial Ee-actions (at ihe supports) due to t^e partial Load at each j^nt> 
and thence by resolution at each joint, the effect of each of these partial 
Be-actions on eoery Bar separately. 

This thust be done separately for Dead and Live LfOad* Ihe partial 
Stresses on each Bar S0iffou|id are collected either into n IMle, or into a 
series ; their algebraic sqm is of Course the Besultant Stress on the Bar. 
The fonnetion either thessl Tables or of tihe series is veiT'labOrlons : 

® Tbe only metmer e/t Monies iHhinnse ttk mh a me te, (In pnMt eii 

any XugiaeeritHt y«»cket-Bo<ik. ^ 
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ibis labor is much reduced by copyiug the terms of tbe series which are 
of simple form, which is the same for Girders of same type, from auy 
Text-book, but if the process be applied by * Bute of thumb ', there is great 
danger of misapplying the Bales, Ereu with this simplification, the 
calculation required is much more laborious than those involved in the 
Boles of the Text, « 

The Method is ftilly exemplified in Latham’s Wrought- Iroh Bridges, 
also in Baukine's Givil Engineering, Art, 877, et ssg., in Stoney’s Theory of 
Strains paB$im, in Cdl. Wray’s Instruction in Construction, page 155, ef Beq, 

256b. Clerk- MaxwelFi Method* — This is precisely the same as that 
fully described in Chap. V., and consisting of the same Steps. 

Step I. Find the Loads at the joints < equivalent to ’ the Load as ac- 
tually distributed, and the Be-actions at Supports. 

Step IL Draw the ‘Polygon of Loads’ (Art. 142), and upon it the 
‘ Stresa-diagram ’ (Art. 143) : the lengths of the lines in the latter drawn 
parallel to each Bar of the Frame-diagram will represent in magnitMide the 
Stress on the Bar, and the direction of motion of the pencil in drawing 
the Bliea^taken in wder—ot each polygon will indicate the character 
of Stress. 

JScmuribs.-— Clerk-Maxwell’s Method— 'simple as it is— is only convent-^ 
mtly applicable to cases of Dead Load : for such cases it is recommended 
as perhaps the simplest method. But it has been shown (Art. 229, 182, 
Ex. 11) that under movihg load the Stredses in the Braces attain their 
maxima under different coSiitions of Load—nz*j (in case of a long uniform 
moving Load) when the moving Load covers only the longer segment into 
which each Brace divides the Girder. 

A different Polygon of Loads^ and different Stress-diagram would there- 
fore be required to find the maximum Stress on each Brace, so that this 
Method, though simple and accurate enough, u^oufd in cases of moving \oad 
be esBcessmly tedious. 

As boweysr the Flange Stresses depend only on the Bending Moment, 
(Art. 185), which ^ has been shown to attain its greatest value (Mm) at all 
sections smfdtaneously’-^tor the usual case of practice, via., uniform tra- 
velling Ipad, (Ex. tl) Art« 182,)— the same objection does not apply to a 
limited use of this Method, i. a., for finding the Flange-Stresses onljr, as 
oge liOf^d^Polygon and one Stress-Diagram wpuld suflSoe, This Method 
is therefore rery uldul even in mn of travelling Load in checking the 
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B 0 salt 8 arrived at by other Methods as far as the Flange-Stresses are 
concerned, the values of the Brace-Stresses resulting being of course re- 
jected as not being the Greatest values of Stress in each Brace. 

The use of this Method has been very fully exemplified in Art. 147* 
q, V , for the case of Boof-Trusses .* the form of Stress-Diagrams for paral- 
lel-flanged Girders are so very different however, that it will be useful to 
give a few examples. 

ExampleB of Braced Gxrders by Clerk-MaxwelVi Method, 

iV<jrarit>».-^Compare Art 127. 

A', B', O', Ac., joints of uppei boom from right inwards. 

A", B", C", Ac., joints of upper boom from left inwards. 

V, middle of top boom. 

a', /3', y, Ac., joints of lower boom from right inwards. 

a", /3 y*, &a, joints of lower boom from left inwards. 

M, middle of lower boom, 

JSood.— Total Load (W) uniformly distributed along the Beam, producing * Equi- 
valent Load ' at each joint of one boom only, or of both booms as detailed in each 
Example, viz , 

I w at the supports i w at all other (loaded) joints. 

Re-actions R' = J W = It". 

If n be the number of segments into which the Beam is divided by the (loaded) 
joints, then obviously W ss ww. 

Characfter of Stresses — In both the Erame* and Stress-Diagrams, thick lines indi- 
cate Thrust, thin lines indicate Tension. In the Load Polygons thick lines indicate 
Loads, thin lines indicate Re-actions, (the latter are slightly splayed out to prevent 
confusion of over lapping lines). 

StresS-diagrams, Construction.^ See Art. 142, el seq. and 147 and Examples. Bo 
full a description is there given, that it will be sufficient at this stage merely to indi- 
cate the successive polygons. 


Ex. 

only. 


1. Whipple Murphy Truss of 6 equa^hays. Load applied along top boom 
Braces at angles of 45°. (ffig. 87a, 5), 

Stress-diagram, (i'fy. 875). 
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Step XL The Polygons for the joints taken in sncccssion arc — 
h'a'mp 'V for joint A! j ma"yp'*7n for joint A". 

a'mtt' for joint a ' ; for joint a", 

[This shows that a'/3\ arc Unstrained Bats, and that the Stress on each of 
the Bars A A"«' is a Thrust equal to ^ Wj. 

p*i^pp' for joint /3' | mp'*p7H for joint /3". 
c*Vp'pq'c' for joint B‘; pp^h"c"q”p for joint B*. 
q'lmqql for joint y' ; mpq'^qm for joint y". 
d*c'q'qr‘d' for j oint C' ; qq^'c’^d^t'^'q f or joint 

r*qmqr‘y for joint M, where the ‘ chock * (Art H4) begins, 
for joint V ; thispolygon (previously drawn) completes the* check* (Art 144). 

Practical i/ewarir.— The ratio li din this Example is G : 1, which is much larger 
than tliat adopted in Xilngineoring practice. It is adopted here solely because it gives 
a simple Stress-diagram. A Girder of 10 or more would be more like those in 
ordinary use, but the Stress-diagram would be somewhat intricate for a beginner. 

JE'df, 2. Warren Girder of C equal bays. Load applied along top boom only. 
Braces at angles of GO®. (f'V. 38tf, 1), 

' Stress-diagram, (Fig. 38i). 



Step I. Laad-Polygon a!'V*c”d''d'dV€Cma*, 

Step IL The Polygons for the joints taken in succession arc— 

Fa'm p'a for j oint A’ 5 m for joint A". 

a!na! for joint «' ; "m for joint a". 

[This shotr^i that o"0* are Unstrained Bars, and that the Btress on each of 
the Bars A'a', A*'lf i» ^ Throsl IMiaal to J Wj, ' ^ 

ftnpp" <dr jeiitM* 5 wp^ipm for joint j3* 
dTi:r*|H5r'c'for B' 1 to 

q'pmgl* to jrfnt y j ior joint y\ 

to Joint C' I gqWr^q for joint C^. 

• to Joint J to joint 

cf to Jdtti V j this jpedygott (lOseady drown) eons^ntes the ♦ ohecit ' (Art 1 , 44 ), 

i M 
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JSar* 6. Warren Girder of 6 equal bays ; both booms equally loaded. Brnc^cj? at 
angle of 60®. ( Fiy. 39d^, h). 

Frame-diagram, (Fig. 39a^. 


w w w w w 



Stress-diagram, {Fig, 805). 



Stef t Load^f^ygon a'/£IY'»7'j3''« V. 

[a' a* being the Loa4«-]iue for topboom, au"' the Ijoad^lino for lower boom. ObseirfO 
that those lines really mrlap^ though separated in the drawing for reasons explained 
in Art, 142], 

Step li The Polygon* for th6 joints taken in succession afe^ 
for joint A' > aVf^^Vfor j<rint A". 

V loir joint a* j aVa' for joint a^ 
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[This shows that a are Unstrained Bars> also that t)^ Stress on each of 

the Bars A a', A V is a Thrust equal to ( W.] 

pWp'q'p* for joint fi * ; for joint A'. 

0*h*p*q'ro* for joint B' 5 for joint B". 

for joint y ; for joint /. 

dWr’a'fd* for joint &; s*r*e*d^*t^s* for joint C"# 

fsymut' for joint S' ; my^sYnm for joint S". 
dWut'd* for joint V ; this polygon (already drawn) constitutes the * check ’ (Art. 144). 

&. 4. Braced Bmeiring Oirder of 7 equal hay 4 : loaded on string, {Fig, iOa, b). 


Stress-diagram, Fig, 40^. 



[Observe that as the Loads are applied along the bottom, the upper segment a' jS' 
of the Load'line aV represents the Load 4 w a,tA\p'y‘repic8GntB the Load at P‘ 
and so on — compare Ex. 8]. 

Step IL The polygons for the joints taken in succession ore— 
mapyw for joint A ' ; for joint A*. 

mp*q*m for joint B' 1 q"mp"q" for joint B". 
qyfi’yVq' for jointB' i y"ff'p^q"r"y” for joint jS'. 

, mqVs’w for joint C' ; for joint 0 ". 

sVy^T'*' for joint y i for joint y", 

ms't^u'm for joint D' 5 , tVmu''t" for joint D". 
u*t'Fmvu’ for joint S ’ ; umS^Fu^’v for joint S*, 
for joint V ; this polygon (already drawn) constitutes the ^ check ’(Art. 144). 

256. Ctmparkm of SmdUi of d^orent JtfsfAodtf.— The fiocGnd fund- 
amental Equation of the Method of Sections^ ?!«., 0 + T 0, shows that 
the Compression and Tension are equal at any cross-soction whatever* 

This Besult howerer ts never obtained by either Clerk-Maxwell’s Meth« 
od — as may be easily seen by examining the examples just given-^or by 
Latham's Method> or indeed by any Method depending oa the suoeessive 



268 


SUMMARY OP THBOBY OP TUANSVEBSB STBK'«0TH. 


applicartion of the parallelogram or polygon of forces. This is strikingly 
exhibited in the case of the outer segments of the tension flanges in the 
examples of Clerk-Maxwell’s Method just given, which appear by that 
Method to be ‘ Unstrained Bars’, whereas by the Method of Sections they 
are under Stress increaBing from zero at the supports precisely as the Stress 
in the top Boom varies, (for which see Ex. 14, Art. 182). 

All three Methods agree in assigning the same value to the Longitudinal 
Stress at the joints of one Flange, but by the Methods which depend on 
the repeated application of the ‘ Polygon of Forces ’ or ‘ Parallelogram 
of Forces’, the Longitudinal Stress in each Flange-segment is assumed to 
be uniform throughout the segment, and of magnitude ascertained only 
at its outer end; this however is a mere (unproved) assumption, which 
the principle of the Method of Sections shows to be incorrect, for 
it was shown (Art. 189), that in parallel-flanged Girders C or T oc M 
which is known to increase in magnitude throughout each segment 
{see Ex. 14, Art. 182), from the snppoits inward*-, that is to say, the 
Longitudinal Stress throughout each segment increases from the outer 
towards the inner ends, and attains its maximum value in each segment 
at its inner end. It follows therefore that Cleik-Max well’s Method errs 
in assigning too small a value to the Sti esses in the segments of one 
Flange. 

An equally striking discrepancy occurs in the case of Bowstring Gird- 
ers, in which the Method in the Text, (Chapter XI ,) shows that the 
Tension is uniform throughout the Tie, wbeieas by ClerkT-Maxwell’s 
Method (see Ex. 4), there appears to be a small variation (alternate 
increase and decrease) from segment to segment. 

These discrepancies however are not numerically large enough to be of 
much practical importance, especially when the bays arc numerous. 

257. Comparison of terms Truss, Beam, Girder,^ On comparing the 
definitions of the terms Tiitss and Gibdek, (Arts. 108 and 149,) it will 
be seen that there is no essential difiference between the two« Each term 
is applied to a * Structure used for spanning and carrying a heavy Load 
aerpss an opening ’• The term Gibdeb or Bbah is however more com- 
prehensive than Xauss, for a Thuss is essentially a Psawbd SrnucTUBB, 
whereas a Girder may be solid, cotdinmm, ot framed, thus every Truss 
may be viewed as a Beam or Girder. 

In ordinary usage of the words, the for Boofs are usually called 
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Trusses, and by analogy, any Fbakes of similar shape to Roof-Trusses 
are generally called Trusses ; other Frames may be called indifferently 
Truss or Girder ; whilst solid or continuous Structures are called Joists, 
Beams, or Girders according to $ize^ 

268. ComparUon of Methods for Trusses and Girders,— As the terms 
Truss and Girder are not essentially different, it might be expected that 
the same Metqod of inYestigating the Stresses would be applicable to all, 
and some explanation might be expected thut the Methods (so different 
in appearance) adopted in the Text, yiz., 

i. Method of Resolution for Trusses, Chap. V., 

ii. Polygonal Method for Trusses, Chap. V,, 

iii. Method of Sections for Girders in general. Chap. VII. — XI., 
are identical in principle, and lead to nearly the same Results. 

Methods i and ii are applicable only to Framed Structures, i, c., to 
Trusses; Method iii is applicable to all Girders (including Framed 
Trusses). 

[An example is given in Kankine’s Applied Mechanics, Art 101, of a Trapezoidal 
Trusa, treated by both Methods i and iii]. 

All the Methods lead to the same or nearly the same Results. There 
is great difference of convenience of application howeYer in these Methods 
in different cases,-— 

Metli^d i is only conveniently applicable to simple Trusses of very few joints un- 
der Dead Load. 

Method ii (Clerk-Max woU^s), is conveniently "applicable to all Framed Structures 
under Bead Load — especially to Koof-Trusses with sloping Rafters — and is also 
conveniently applicable (forfindmg the Flange-Stresses only) in Bridge-Frames sub- 
ject to travelling load, but not quite so readily as Method iii if the Flanges bo hori- 
zontal, and the Braces very numerous. 

Method iii is the only Method applicable to solid Beams or Beams of continuous 
material (as Plate Girders) : it is also more convenient than Method ii for parallel- 
flanged Girders with numerous braces, and in all cases of Bridge-Frames subject to 
travelling loa(l is much more convenient than Methed ii for finding the Brace- 
Stresses. 



CHAPTER XIII. 

RAFTERS AND PURLINS. 

PrBfact,^ixA proposed in this Chapter to explain how the proper scantlings of 
Bars under two einuUanpmte Loads^ viz., either^ 

(1) . Simultaneous Direct and Transverse Load, or 

(2) . Two simultaneous Transverse Loads, 

mny be found, and to give formula suited for the practical Engineer without far- 
ther reference. 

Practical Familiar practical examples of these cases occur— 

of (1)— in the Rafters of a Hoof Truss, and in the Tie-Beams and Straining- 
Beams of both Roof- and Bridge-Trusses ; and — 
of (2) — in the Purlins of a Pent-Roof. 

The Results are reduced to the special forms they take for these, as being practi- 
cal, useful cases. A numerical example is added at the end. 

\^Previom treatment — The Theory of Strength of Bars under case (1) of simultane- 
ous Direct and Transverse Load has boon already published in several Text-Books— 
(in Rankine’s Civil Engineering, &c.), — but the results are not reduced to con- 
venient forms. The investigation of (2) Strength of a Bar under two simultaneous 
Transverse Loads is believed to be new]. 

259. Batters. — The weight of roofing material and roof-framing, also 
the weight of absorbed ram, snow, or occasional workmen on the roof con- 
stitute the Vertical Load. The pressure of wind on either side of a Boof 
constitutes a Load which is perpendicular to the Boof-slope,'^’. a, tbe^^ 
Normal Load* 

The above Loads being resolved parallel and perpendicular to the 
Bafter-slope are equivalent to Load of two hinds, 

1®. Direct Load or Strm (T).— This is the sum of * resolved parts^ 
(of tke Load of all kinds) along the Bafter. 

2^. Traneverei is the sum of < resolved parts’ (of the 

Load of all kinds) perpendicular to the Bafter. 

Small consequence of the Lead being distribu<^ 

ted over tbem,*^yra7a auldaet to both kinds of load^l^ and; 

Brino^al are loaded cm}| hj the Pinrlins $ they are 

ways under < Direct toad’ doe.t^ Uieir being compe^ento parts of 
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the Trass ; but the Transverse Load depends on the position of the Pur- 
lins, thU8~ 

(а) . Purlins placed only over the ‘ Supports (». e., over the Wall-plate 
Strut-heads, Ridge).~No Transverse Load on the Rafter-segments. 

(б) . Purlins between the * Supports \ — Transverse Load on the Rafter- 
segments due to those Purlins only which are not over the ‘ Supports *. 

260. Tie-Beams and Straining-Beams. — The horizontal or slightly 
sloping ‘ Ties ’ of a Roof- or Bridge-Truss are — as far as their use as a 
part of the Truss is concerned — simple Ties (i. c., Bars in Tension) ; and 
the horizontal ^ Straining- Bars ’ (at top) of a Queen-Post Roof-Truss or 
Trapezoidal Bridge-Truss are— as far as their use as a part of the Truss 
is concerned — simple Struts or Pillars, (i. e., Bars in compression). 
They are in all cases-*-as parts of the Truss — under a ‘ Direct Stress ’ 
(Tension or Thrust). 

It is often convenient, however, to attach a heavy ceiling to the Tie of 
a Roof-Truss, or to lay a platform or heavy covering on the Tie of a 
Bridge-Truss, or on ^ the Straining-Bars of a Queen-Post or Trapezoidal 
Truss. The weight of these (i. e., of the ceiling, platform, &o,y including 
of course Live Load liable to come on them) is a pure Transverse Load 
on these Bars which may then be called with propriety Tie-Beam and 
Straining-Beam. 

[Ties and Straining-Bars are of course always under the Transverse Load of their 
own weight, and to that extent are certainly BeAms. But as their own weight is 
usually an inconsiderable portion of their whole Working Load, it seoms preferable 
to restrict the use of the terms Tie-Beam, Straining- Beam to those cases in which 
they carry a heavy Transverse Load in addition to that of their ou>n weighty and 
to use the terms, Tie-rod, Stbaininq-Bar for those loaded transversely only by 
tneir own weight — Compare Art. 138. 3 

261. Principle of Design, — The following principle seems obvious 

The scantling of a Bar under both Direct and Transverse Load must be suited 

to resist both simvltaneously (1). 

[The necessity of this is often overlooked, probably on account of the increased 
complexity of the problem* When one kind of Load greatly preponderates,— as is 
sometimes the case,— it is fairly admissible to design the scantling for that Load only, 
as the large factors of safety used, or a sH^ht increase on the so calculated scantling 
will commonly provide for ^e <nniS6io!i3. 

Xt m$y b« pmaicied Uiat is Eogineeriog praetica there are only a few 
figures of oross-section is ordinuj^ nee for Itafters, Ue-B^aoia ai^ 
ing Beams, depending on (he nntnre of the material, riz., 

(а) . Ih solid reetangolar seetion. 

(б) . In Inmeorif* T"®®®tion. 
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Kow, it is known that Transverse Load produces both Longitudinal 
Stress and Transverse Shear. The two sections above are of a typo which 
when strong enough to bear the Longitudinal Stress is known to have 
excess of Shearing Strength. It suffices, therefore, in Engineering practice 
to express Rule (1) thus : — 

“ A Bar, under both Direct and Transverse Load should be able to bear the 
(algebraic) sum of the two Direct (Longitudinal) Stresses which they pro- 
duce (2) 

'Wrhich condition may be thus formulated : — 

Let ±y = Max. Long. Stress-intensity due to the Transverse Load, 

reckoned + when of same kind as (below), and — when 
of opposite kind, 

p" 5= Max. Direct Stress-intensity due to the Direct Load, 

/ = Modulus of strength = f (in tension), or f in compression, 


which must always be divided by a ‘ Fa^'tor of safety ’ cn s, 
h,d = Maximum breadth and depth of cross 7 section. 

Then the sectional area (A) of scantling must be everywhere such that 

± / + p'' = or < /-t- 5, (3). 


This is the fundamental condition (2) expressed in its simplest sym- 
bolic form. To adapt it to calculation of scantling, p\ p" must be ex- 
pressed in terms of the known quantities (Load, span, &c.) and sought 
quantities (6, cf, t), ^ 

262. Reduction of Eq. (3). — Premising that in Engineering practice 
it is convenient to make Rafters, Tie-Beams, and Straining Beams, of uni-- 
form section throughout their length — or, at any rate, throughout the 
length of each * segment ’ or ‘ bay ’ (the piece between two adjacent 
‘joints*), it follows from the principles of Transverse Strain that the 
section of Maximum Bending Moment (Mm) is also that of Maximum 
Longitudinal Stress (due to Transverse Load), so that if— 

M» » Maximum Bending Moment, 

I Moment of inertia of the section of M«t about its neutral axis, 
s: Distance of neutral axis of the section of Mm from the outer 
in tenSieil or conqiressiou^ 

then by the usual etpression for ^Mom^ot of Eesistance’ to flexure 
(Art 210,) combined irtto the of Moment " (dW sx Mm), Art. 

172, 



KAFTERS AND FEREINS. 


278 


/ = ^.Cytor^.), (4). 

Also if T = ‘ Direct Stress ’ (viz., of Art. 269), to bo found as 
explained in Chap. V., 

A = Gross-sectional area (net section in tension, gross section 
in compression), 

then, on the vmal rough assumption that the ‘ Direct-Stress ’ ( T) is ap- 
proximately uniformly distributed over the area (A), and also that, if T 
bo a* Thrust, the * Pillar ’ is a < Short Pillar ’ ( t. c., not liable to bend under 


the Load T), 

= T ^ A, (5)a 

Hence Eq. (3) reduces to 

^ . (2/iorye) + ^ = or< I (6). 


It is necessary of course that this equation be satisfied for both tension 
and compression : thus in general two conditions must be simultaneously 
satisfied 

Case i« If the Direct Stress (T) be a Thrust, 

X + X ~ "a’ 

“sy. _ ^ - or <-^ (66). 

Case ii. If the Direct Stress (I^ be a Tension, 

i 5= or (6c). 

T “ X “ P 

These two conditions (6a, 6; or 6c, cQ are however wor aZtcays indepen- 
dent when the Transverse Load is small compared with the Direct Load— 
(even though not small enough to admit of its being safely overlooked)— 
in which case, it may happen either, — 

1°. The Besultant Stress may be all of one kindj viz., of same kind as 
that due to the Direct Stress, which will happen in — 

Case i, if ^ y* < ^ , (when T is a Thrust), 

Case ii, if yc < j , (when T is a Tension), 

[An important practical instance of Case i occurs in Masoniy Stmctiires, in which 
the Itosultant Stress through any mortar joint should be wholly compressive, (Art. 5T*) 
1'his is illustrated in JP?p. Ale, below. This has an important bearing in the Theory f 

* The * Direct * Stress in S Eattsr is always a ** Tbrast : the investigation given appUea however 

equally to Teniion or Thrust. 

t See Paper DEXT*, of Professional Papers on Indian Engineering, Second Series, by the pre- 
sent writer. 
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of SlBbllify of t&U MasoBty Ohimnoys, Piers, &c., whidi m exposed to high (trans* 
Terse) wind, current-pressure, &c], 

2®. The Eesultant Stress of opposite kind to that due to the Direct 
Load (T) may be of small intensity compared mih. the Working Besist- 
ance of the material to that kind of Stress. 

[This usually obtains in cross-soctions which are symmetrical (or approximately 
so) about the * neutral axis,’ if the Tensile and Onshing Strength of the material be 
not voy unequal ; thus this ease usually obtains in Q» or 0- Timber Beams. This 
case is illustrated in Ftg* below*)* 

In either of the aboye Cases (1® and 2®), Eq. (6J)) (6<f) will necessarily 
be satisfied, if Eq. (6^)} or (6c) is satisfied, so that in these cases, the 
latter condition alone requires attention. 

In other cases howeyer, both conditions require attention : this is parti- 
cularly necessary with very unsymmetrical sections, in which in consequence 
of the ^neutral axis’ being unsymmetrically placed, (or yt, yc very unequal), 
the maximum compressiye and tensile stress-intensities (p^, pt of Art. 211) 
•—due to the Transyerse Load alone— are yery unequal. 

[ 7”- and r|*Bections are important instances of thi« case (of a very unsymmetrical 
section)]. 

Attention to both conditions is the more necessary when the Transyerse 
Load is not small compared with the Direct Load (T). 

263p Oraphic illustration — {Figs* 41a, b, c,).-— The following will 
throw considerable light on the aboye process. It is known that under the 
Transyerse Load alone the ^ state of strain ’ and ‘ state of stress ’ through- 
out a cross^seotion is uniformly varying^ and may be represented by a pair 

Fig. 41. 




of triangles as AA^0BB\ ta which O is the poeition of the ^ aeutral aads * 
and the width PF bf the Sgture represents the straih-* and sttpi^ntensify 
through the layer at P: the b|ffia4ths A4^ PF tepieeent 

the maximum longitudinal stfuhi or elifiWi^feateniity {± 
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Oa the same scale take Afa P"p es to represent the uniform 
strain-* and stress-intensity (p") due to the * Direct Load * (T). 

Then the figure AaohW is the graphic representation of the state of 
strain and stress due to the combined Transverse and Direct Load, re- 
presenting by its width Pp at any point P, the Resultant strain and 
stress due to both Loads. 

It is obvious that all the striuns and stresses are the Resultants (or 
algebraic sums) of the separate strains and stresses due to the separate 
Loads, also that the 

Maximum stress-intensity Aa a 
Minimum stress-intensity 5B' ss — p'-hp", 
also that o is the new position of neutral axis, and that it may fall between 
OB', or at B', or on OB' produced acoordbg as p'^ < s=s > p', and that 
in the two latter cases all the Resultant Strains and Stresses are of one 
ktndf I. e., either all Tensions or all Oompressions. 

Practical remarJes^^Ptova these figures it can be seen at a glance that 
in a Bar under combined Transverse and Direct Load the maximum 
stress-intensity (p" + p' ) occurs at one side (Aa) of the section and is 
always much greater than the minimum stress-intensity (p" — p') which 
occurs at the side B. This shows the peculiar propriety of a "fs®ction to 
resist this manner of loading, and that the head of the should always 
he placed on the side of maximum stress. 

264. Reductim ofEq. (6).— It will bo useful to reduce Equation (6) 
to the special forms it takes for the ordinary cross-sections ( □ or 
also to exhibit the usual values of Mm suited to Rafters, Tie- and Strain- 
ing-Beams, so as to be available without further reference. 

Jb, 1. Q^Sectim.’^ 

la this case (««e Table, Art 208),! s= ,, w | = y., A as W, so that 


Eq. (6) becomes 


5 Mttt , T 



(7). 


If now either ft, cr the ratio J 5 if be fixed from other consideratloiMH<-«tich as 
that of providing sufiicimt iFVHass, or other practical convenience, then Eq- (7) 
will give strong enongh to bear both the Direct and Transverse 

Load. 

The form df the idKWe eqhatlcm suggests fhe followii^ simple proeeTs, whidb is 
preferred by some to fim direct use of equation. 
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Si'BF L Caloakto tha scantlmg t\doi Q -Section snited to cany the Transverse 
Load alonCi i, e,, from the nsnal cqoation, 

1 . 1 b'<P ( 8 ). 

Step. II. Calcnlate the breadth b* of a scantling of same depth (d)^R6 that just 
found— suited to carry the Direct Load alono, i. c., from the usual equation (as a 
‘ Short Pillar ’ if in compression), 



Then &om Eq. (8, 9,) it is clear that, 


C Mm T 
^ d 





( 10 ), 


and this becomes identical with the fundamental equation (7) if 6 s= 5' 5", i, c., 

if the scantling-breadth bo made the sum of those found in Steps L, II, 

jSfjt, 2. With notation of Art. 203, the approximate expressions for 

yh, y*, I are— 


Ag A /- Ag \ — d^ Ag 

^Ah), (11^. 


Assuming that the head of X is so placed that the longitudinal strejss in the head 
due to the Transverse Load is of the ^amc character as that duo to the Direct Load 
(T), i. e,, with the head on the concave or convex side accordinsy as the Direct Stress 
(T) is a Thrust or a Tension, the equations of conditions (Gn^ h), (Go, d) become 


Mm . T ^ fc ft ( according as T is a compression 
T-yh + = 1 ortensioD, 


I ...(12 A). 


Mm T . f% /c f according as T is a compression 

— = or< — or — , ^ 


J ...(12B). 


The Eesults of substitnting^the values of yb, ys, 1 from (11) into (1 2 A, B,) is ratlier 
complex, bnt if the thickness of head and slwk be equal— as is usual— (each eqnal 
to r, suppose), then (12A, B,) become— 


td’ (46 + d!) 


-^^ = or<'^ or'^, ( 
» -f 8 S ' I 


according as T is a com- \ 
pression or Tension, j 


6 Mm (2i -f d') T j according as T is u com- 1 

td''* (ih A') ^ t (b + d')~ ^7^*7^ ( pression or Tension, *** ^ 


As explained in Art. 262, it will often be sufficient to use only the former of 
these equations. As there are three quantites (d'^b, t) to bo found, and at most two 
equations connecting them, additioniil conditions must bo assumed. It will bo gene- 


rally oonvenient to assign provimnal numerical values to 6, from conmderations of 
practical convenience, or of jj^viding suffident Stipfkess, so that t will be the only 
quantity to bs determined, in which case the value of f is at once eeepliciAy given by 
Eq. (12a)^a matter of some importance in calculation. Xt can then bc seen— by 
actual subsiitutioiiof the values ol r, A*^ 6<^wh6ther condition (126)^ is also satisded, 
and if not, the process must be ibpeated. 

The form of Eq, (I2a) Si^eits ilie following process imal<>g0iia> that detailed in 
Example 1. After asstgning, as before, profiedoml values to 5, 0^ 



ItAFTBRS AND PDRDINS* 


277 


Step I. Calcolatc the thickness t' of T-section (with the assigned values of d, d*) 
suited to bear the Transverse Load alone ^ i, from the usual equation, 

f fd* 

Mm = j + 4 % approximately^ (13). 

Step IT. Calculate the thickness t’* of T-scction (with the assigned values of 
i, d*) suited to bear the Direct Load (T) alone, i. e., from the usual equation, (as a 
^ Short Pillar* if under compression), 

T s=-^.As=^(5 + tf') approximately^ (14), 


From Eq. 13, 14, it is clear that 
6 Mm 


d' id' + 4 i) 


(15), 


and this becomes identical with the fundamental equation (12) if ^ =; (f +f'), i. e., 
if the scantling-thickness (0 be made the sum of the thicknesses determined by Stops 
L and 11. 

Trial must then of course be made — by actual substitution — whether condition (126) 
is also satisfied, and if not, tlie process must be repeated. 


266. Thin Rafters and Straining^Beams. — A little consideration will 
show that the use of Eq[. (5), = T -f- A, which involves the use of 

Eq[. (9) and (14) in Step II. of Art. 264, really involves the assumption— 
when compression is in question — that the Bars are Short Pillars, 
(Art. 53,) not liable to bend under the Direct Stress (T) alone. 

But if the scantlings be small — as would commonly be the case in 
ironwork — these Bars should be considered Very Long Pillars, (Art. 53,) 
liable to bend under the * Direct Stress’ (T)* alone. 

The moffifications of formulm (7) and (12) to suit this case would be 
complex, and the theory of the subject is hardly perfect enough to make 
it advisable to effect them. 

It is considered that it will be sufficient for practical purposes in this 
case to use the method detailed in Steps I., II., of Ex. 1, 2, modifying, 
however, Step II., as below tp suit the case (Art. 70) of Very Long Pil- 
lars”, thus — ^ 

JSr. lA. n. Let the breadth (6”) of scantling (pf same depth 

(d), OB tlmt found in Step L) suited to the given ‘ Direct Stress * (T), as a Veiy ling 
Pillar be oalcnkted, (say) by Gk)rdon*s formula, (Art. 70, 71.) 

(W, 

>+-y 

1 ■* 

where c sb ggj for good dry timber. 

Then i » (f + r), d ate Hu Mtntiing^imensiinu leqaired. 
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[Observe that the quantify d of Gordon’s formnla is defined to be the * least width’, 
I* s., least width of etossHwetion measured oidy in those dtroetions in which the Pillar 
is free to lend. Now the Rafters and Straining*Beams of difTorent Trusses are so 
stiffened laterally by their connecting purlins or small joists, that they are most liable 
to bend in the direction of their depth {<f), which is therefore the (d) of Gordon’s 
formula. This consideration gives I" at once in formula (18), eaeplieitly in terms 
of known quantities]. 

Ex, 2a. Step II. Calculate the thickness (f) of Tf-section (with 

the assigned values of h, d!) suited to bear the given ‘ Direct Stress ' (T) as a Very 
Long Pillar, (say) by Gordon’s formula, 




1 + 0 . 




( 17 ). 


wh«re e a £ar wionght-iron. 

Thou i^, .2, f are the aeaotling dimenrionB reqnired. 

[As in last Example, Die depth d d ' approximately) of T-secticai may be snb* 
Btdtnted for the symbol d of Gordon’s formula, and t" ib thus given explicitly in 
terms of known quantities]. 

266. Particular values of Mn.— -It will be nsefal to exhibit the values 
of Mm for certain ordinary cases of Load. One of the two following as- 
Bumptious is now usually made — 

Assmptim, — ^Rafters, Tie-Beams and Stroming-Beams are— as far as 
Transverse Load is concerned to bo considered Beaus— either, 

1*’. Simple SuppoBTED Beaus of span eqnal to distance between 
adjacent ' Supports ’ (measured from centre to centre), 

[This is equivfdent to adopting the HypothesiB of “ free joints ” of Art. 118]. 

2°. CoNTiKuous Beaus, t. e., Beams continuons over the ‘ Supports *, 
The term ' Supports’ includes the following 
(a). Jn small Rebel’s.— Bidge-pole and Purlins. 

(S). In Principal jBo/lerA.— Bidge-pole, Strut-beads, and Wall-plate, 
(d). In Hje-Peome.— Wail-plates, and Feet of all lands of Braces, 
(d). In Straining jBdoms.— Rafters or Btmt^heads. 

The Isttw Assumption (2*) requires investigations of considerable com- 
plmdty, whitii have been solYed in only a few instances ; the results are 
doubtless somewhat more accurate than those founded on Assumption 
(1°), but this is not alwaye csrtain. The first Assumption (1*) leads to 
resTdts wbieii ara btiieved to be suffitientiy epproixisaste for practical 
Sngmeerbigt «id so emparativ'elj timple. that it wiU be adopted through- 
out this Ohspter. 
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Ex. 1. 8maU Eafters,-^ljoad RpproxiTnately uniform. 

L « Length of raftcr-BCgment between two purlins infest 
B » SmflJl rafter-spaoing in feet 
% » Hafter-slopo or inclination to horizon. 
w « Vertical load^intensity, 
w COB i TransTerse portion of ditto, 

w* ^ Normal load- intensity (dne to wind), 

/. (w COB 1 + w') BL «=a Total Uniform Transrerse Load in 75f., (18). 

Then by Bq. (44), Ex. 8, Art 182— 

/, Mm = ^ (w COS * + «?') BL*/t. lbs, $ (w cos t + w') BL* inc^75«.,*..(19). 

Direct Stress on small rafters.— This is the same on all equal segments of one 
rafter ; for in consequence of the ^ small rafters ’ being securely fastened to the pur- 
lins, the * Direct Stress ’ on each segment is taken up by the purlin at the foot of that 
segment 

[iViB.— The contrary case occurs in Main Rafters in which the * Direct Stress' on 
the lower segments is always greater than on the upper segments— any Example 
in Chap. V]. 


I in Ihs. per square foot 


w BL «s Vertical Load on one segment of small rafter. 
tc» sin t BL Resolved part of ditto along small rafter. 

ea Direct Stress (T) down small rafter. (20). 

Ex* 2. Principal Rafters,— Rafter-segment between adjacent < Supports* 
(whether VTall-plate, Strut-heads, or Ridge-pole) is considered a Soppobtbd Bslam 
■— of span equal to distance from centre to centre of two adjacent ‘ Supports -loaded 
at the purlins, (which usually divide each Rafter-segment into the same number of 
equal spaces,) i. e., is a Buppobtep Beam loaded with equal equidistant detached 
Loads. 

[There is nsually also a Purlin over each Support, i, e., over the Wall-plate, Stmt- 
heads, and Ridge, but the Loads on such Purlins need not be considered as part of the 
Transverse Load on each Rafter-segment]. 

Let L » length of Rafter-segment between adjacent * Supports* in feet* 

B » Tmss-spacing in feet 

n » nnmber of equal spaces into which the purlins cut the Rafter-se^ 
ments. 

/. L -r « purlin-spacing in feet 

i Baf texvslope or inclination to horizon. 

fo » vertical load intensity. i 

ft, cos i «» Transverse portion of ditto, v in the, per square foot* 

nf ^ normal load-intensity (due to wind), ) 
w ««> Transverse (detached) Leed on each purlin in pounds, 

(ft COS i in') ......MM. (21)* 


(w — 1) V “*• Total Tmimm Load on Itafter-sogment. 
Then by Result (Tli), Eat* Art, 182,^ 

Mm » * 90^X4 » |(w cos { + le^ BL* A /H, 
|(ni cos i 4” 90') BTJ inoMhs,, 


}“ 


Abe mn,. 


Xna). 
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= J ^ 1 — COS i + W?') BL’ ft. lhs» 

= f . ^ 1 — ^ inoh~lhs,, 

It Is obvious that in the latter formulse the factor ^1 — = 1 approxi^ 

matel^, its actual values being IS» when = 8, 5, 7, &c]. 

JSx. 3. Tf e-Beams and Strai,nirig-Bcam $. — The Transverse Load on these is 
usually approximately umformhj diitrihuted, in which case, if 
Ti rs Jvcngth iv feet , I = length in tnolm oi Beam. 

W = Total uniform (Transvcisc) Load in pounds, 

i WL ft lbs. =t 5 WL ot 4 W/ inch-pounds (23). 

267. Purlins. — Introductory. — The consideration of the design of 
scantling of Purlins is unaccountably generally omitted altogether, even 
in special Works on Koofs. In Tredgold’s Carpentry* the following 
“ Rule ” is given 

“ Rule. Multiply the cube of the length of the purlin in feet by the distance they 
are apart in feet, and the fourth root of the product for fir will give the dcptli in 
inches ; or multiplied by 1 04 will give the depth for oak, and the depth multiplied 
by tlie decimal 0 G will give the breadth.” 

This is obviously a most imperfect Rule, for it malces the Purlin-scant- 
ling depend solely on the Truss-spacing and Purhn-spacing, and not at 
all on the weight of roofing material^ which is of course an element of quite 
as much importance as those included. Nevertheless a few lines lower 
down («$,, Art. 264) it is said— 

“ There is no part of a roof so liable to fail as the purlins. ” 

The only reason for this can be that so little attention has been paid to 
their design. The principles of their Design will now be investigated. 

268. Strength of Purlins. — In consequence of running horizontally 
along the roof-slope, Purlins are subject only to Transverse Load, which 
Load is however partly vertical (due to weight of roofing material, ab- 
sorbed rain, snow, workmen, &c.), and partly normal to roof-slope (ds(s to 
wind-pressure). They are therefore essentially Bbahb. 

[It might be thought sufficient to combine the two Loads (vertical and normal) in- 
to a single Resultant Load, and design the Purlin as a Beam under the Resultant 
Transverse Load so found. The purlin cross-section however is for constructive 
convenience usually placed in such a manner that the dieection of Uiat Besoltant 
would be uu^jrmmetdcal with respect to it One necessary step-^at of finding the 
position of the neutral axis— wo^d therefore be one of considerable difficulty, as the 
usual theory of Bending requires that the load be applied across tlm breadth 
of a Beam so as to produce no twisting). 

* ** ^Inciples of Carpentry,'* by T. Tredgold, Ed. by S, T. Burst, 1871, Art. 2M. 
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The following method of treatment is considered suflSciently approximate 
for practical purposes, premising that Purlins are for constructive con- 
venience uittally of uniform cross-section throughout their length, and 
further that only two forms of cross-section are in common use^ viz., 

In Timber.— Solid rectangular section, 

2®. In /roniror^.—* Angle-iron, 

and are fastened to the Principal Eafters in such a manner that the breadth 
(J) and depth (d) of the cross-sections are parallel and pet^endicular to 
the Rafter-slope. 

Now the actual Loads (vertical and normal) may clearly be resolved 
into two components perpendicular and parallel to the Bafter slope, and 
these Loads are (if the small rafters be nailed to the purlins) obviously 
perpendicular to and also evenly distributed over the breadth and depth of 
the Purlin-section, so that a Purlin may bo viewed as a Beam in two ways, 
u c., under pure Transverse Loads perpendicular to and evenly distrihited 
—1°, over the breadth (ft) ; and 2®, over the depth (d) of its section. 

[iV.B. — ^As this is the only manner of Load-application considered in the usual 
Theory of Transverse Strain, the formulie of that Theory are of course applicable 
only to cases when the Load is so applied]. 

Again, either of two assumptions may now be made 
1®. Each Purlin-segment (i. e., the segment between two adjacent 
Trusses) may be treated as a simple SuproRTED Beam of clear span 
equal to the Truss-spacing, or— 

2®. A Purlin may be considered a Continuous Beam. 

The first Assumption will (for same reasons as in Art. 265) be adopted 
throughout this Paper. Further the ‘ small rafters ^ (by which the Load 
rests on the Purlins) are usually so close together that the Purlins are 
approximately in condition of Beams uniformly loaded. 

Let B » Truss-spacing ta feet. 
ns Purlin-spacing in feet. 
i m Eaf tor-slope or inclination to horison. 
w Vortical load-intensity. 

Normal load-intensity, 

(«? cos I Transverse load-intensity rafter, 

w sin t ns Tranav^e load-intensity t to rafter, 

Max. Bending Moments due to the Transverse Load J.' to and H to the 
rafter. || 

Then by the usual formuUe for Maximum Bending Moment, 

Mm' |(w 008 1 + to') B'B*/f. Us. *» I Cw cos i -I- B'B* incMs.^ ... (24a). 

t w sin i B'B* A ^bs. «= | w sin i B'B* inch-lbs (24ft), 

2 0 


^ in His. per s^.ft 
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1 . PufUm of □ Consider the nature of (longitudinal) stresses through 

a solid rectangular cross-section of a Beam 
under two Transverse liOads, viz., 

N perpendicular to and evenly distribu- 
ted over the breadth (i). 

P perpendicular to and evenly distrib n 
ted over the depth (<f). 

The * neutral axes ' of the Section under 
cither Transverse Load pass through the 
centre of gravity (()) of the Section. It 
is known also that the (Longitudinal) Re- 
sistance to each Tninsvcrge Strain is a 
formly-vavyviq Rcsistaiico, viz., 

1®. Varying for the Load N w ith the dis- 
tance from (0) towards A A' or BB'. 

2®. Vaip ing for the Load P with the distance from 0 tow ards AB, A'B', so that in fact 

1°. A A OBB may bo considered the * graphic representation * of (longitudinal) 
stress duo to N. 

2**. ABOA'B' may be considered the ‘graphic representation^ of (longitudinal) 
stress due to P, 

the breadths of these figures being at each point the representative of the (longitudi- 
nal) stress-intensity at tliat point. 

Hence if the breadth AA'or BB' of the section be suited to resist the (longitudinal) 
stress-intensity at those parts due to the Load N, then every part of the figure A A'CuB'B 
will bo equally suited to resist the (longitudinal) stress-intensity thereon due to the 
Load N. Similarly if the de])ths AB, A'B'be suited to resist the (longitudinal) stress- 
intensity^ at those parts duo to the Load P, then every part of the figure A'B'OBA is 
equally suited to resist the (longitudinal) stress-intensity thereon due to the Ijoad P. 

It follows also that the material in the figures AA'OB'B, ABOB'A' is sufficient to 
resist the (Longitudinal) Stresses duo to the Transverse Loads N, P, respectively, and 
that therefore the whole section contains sufficient material to resist the (Longitudinal) 
Stresses duo to loth Transverse Loads : also being a solid section it has excess of 
Shearing Strength. 

Let 01^ be the Moments of Resistance of the material of figures AA'OB'B, 
ABOB'A' at the section of Max. Bending Moment (Mm) 

Then if /b « Modulus of rupture (by bonding) =» 18^b> (Art. 217,) it follows by 


the Result of Ex. 5 in the Table, Art. 200, that 

i A. Jrfs as - M„', (26o). 

J A. as M„”, (26>). 


Hence, solving these equations, the required scantling-dimcusions are 


Piy. 42. 



6 


2 






It follows also from Eq. (22) and (21) that 

J ; d » Mm" : M*' «« w sin- 1 : w cos i -f w' P ; N, 
or in w'ords, — 


(26). 

( 27 ). 
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** The breadth and depth of a rectangular Section should be inversely as the Trans- 
verse Loads applied to them (27 a). 

Again, sinM in most Roofs, i < 45®, cos 8 is generally > sin i, so that the rule hero 
laid down will generally give a section in which rf > 5. 

Theoretical Itemarks. — It is interesting to inquire into the state of strain through 
the section. The above theory provides that along any contour aa'Vh similar and 
similarly placed (about 0) to the bounding contour AA'B'B of the section, there shall 
be everywhere (longitudinal) Stress of equal intensity, and therefore also (by 
Hooke’s Law — ut tensio sic vis), (longitudinal) Strain of equal intensity, but with 
the Loads (N, P) as in the figure, these Strains arc — 

(a). Contractions through aa' and aV ) » ... 

0). Extensions through and M' } of intensity. 

Now, in consequence of the cohesion of the material the simultaneous equal eon^ 
tractions and extensions due to the separate action of the Loads neutralize coeh other 
at every point along the line AOB', which is therefore the “ line of no strain and 
“ of no stress ”, and is in fact the ‘ neutral axis ’ of the section. Moreover the sim- 
ultaneous contractions along OA' and extensions along OB being at every point equal 
under the separate action of the Loadb (N, P) can tale place simultaneously. It 
follows that the lines AB', A'B are the conjugate axes” of the section, also that 
A'B coincides with the direction of the Resultant of the two Loads (N, P). Thus 
the tlieory provides that— 

« The Purlin shall bo placed with one of the diagonals of its cross-section coincip 
dent in direction with the Resultant of the Load 

Practical The tlieoiy hero explained gives the ratio (5 ; d) that is 

most economical of material It is not however convenient in construction to have 
cither hor d < about 3" i];i Timber, which is therefore to bo taken as the minimtm 
practical value of both. 

Engineering practice has been to make Timber Purlins of nearly square section, 
but there seems to bo no sufficient reason (in purlins of scantling larger than 3" X 3*), 
for not using the above ratio, which has been shown {cecteris parihus) to be most 
economical of material, provided that the resulting ratio d : & (which will be found 
usually > 1) be not so great as to introduce undue liability to twist, which it must 
be remembered is not considered in the Theory of Transverse Strain. 

In a case in which so largo a value results for the ratio (d : h) the value of h so 
obtained should be considered only as the minimum required for resistance to pure 
Transverse Strain, and should be Increased at the discretion of the designer, so as to 
provide extra mateiial to resist Twisting. 

[To diminish the liability to twisting, it is very advisable that the purlins should 
bo fixed not only to the Rafters, but also be fixed on “ purlin-blocks ” (o^ same 
depth as the purlins) above the Rafters]. 

Purlin^ Deflexion, ( 0 -Section), — It is of coarse necessary that the scantlings 
should be Stiff enough to resist undue deflexion that might injure the roofing ma* 
terial. 

It is believed that when designed aa above, the Purlins will generally be stiff enough 
whenever— as will generally Itappen— (w cos i -f ca') is considerably > w sin i which 
involves the calculated value of d > 5 in same ratio,— see Eq. (Si). 

The actual Deflexioas parallel and perpendicular to the Rafter slope may easily be 
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calculated, considering as before the Purlin as a Beam under two uniform Transverse 
Loads, viz., 

perpendicular to the Rafter slope, 
parallel „ „ 

perpendicular „ „ 

parallel „ „ 

: Modulus of (tensile) elasticity. 

! the * Roorkec co-efficient ' of (deflexional) elasticity, Art. 100, 


N tt= (m; cos i -f- w*) BB',— 

P » w sin i BB', 

Thus if = Deflexion (in inches), 

r - „ 

Dt ' 

Pd ' 


Th»i, by Results proved in the Chapter on Deflexion, 

6 (12B)».N _ 5 (12 B/ 

32* 




8 


Et hd^ 
B3.N 


r = — . 

32 


B®. P 


(28fl). 


8 * 


.(28J). 


Edit/® ’ 

Results (285) are most convenient for Indian Timber, for which the ‘ Roorkee Ea’ 
is commonly recorded. 

Ex. 2. Purlins of \^Sect>on . — This is the only form of section in common use for 
iron purlins. There is unfortunately no good Theory extant on cither the TRANS- 
VERSE Strength or Stiffness of such a section under two simultaneous Transverse 
Loads. It seems probable that the Twisting Strain developed in this section is at 
hast as important as the Transverse Strain, so that no Results derived from consi- 
deration of Transverse Strain alone would suffice. No good set of experiments, nor 
list of successful examples is, moreover, at present acccssibJt', so that no Rules can bo 
aaid to exist for Design of this section at present. 

Example. 


269. The following numerical example is given to illustrate the prin- 
ciples of this Chapter, and to show the use of the Ibrmulm : — 
jE5p. The small rafters for the Roof-Truss, figured below, (P/ff. i3,) are spaced at 1 
foot apart * centrally,' and borne on 25 equidistant purlins, viz., 7 purlins at the Ridge 
(V), Strut-heads (B^ B', C', C") and Wall-plates (A', A")» and 8 between each of 
these points (so as to cut each Main Kafter-segment into 4 equal parts). Design 
the scantlings in Teak for which /c 12,000 lbs., takings (factor of safety) » 10. 

43. 



Data /or Rua/.-^Spau 64', Else » 24', sin i » J, cos i Rafte^Length 
» 40', Truss-spacing ■« 10', Porlin-jjmcing X 40’ 34 
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Small rafter-spacing s= 1 

Vertical Load of roofing *=* 40 lbs. per sq. ft. 

Allowance for rain 5 lbs. per sq. ft., for pnrlins, &c., 5 lbs. per sq. ft. 
Wind pressure (normal to rafter slope) »= 80 Iba per sq. ft, 


Small Rafters . — ^L = 8^', B = 1', IC « 45 lbs. 

By Eq. (17), T = 45 x § X 1' X ' = 90 lbs. 

By Eq,. (16), M„ = f X (45 X f + 30) X 1' X 8'i X 8’* = 1,100 inch lbs. 

As the scantling will be Bmall, it is convenient to make it square ( 8 = if) ; then 
by Eq. (7). 

> 6 X 1100 . 0^ ^ J2.000 whence <P - -OTSd =>0 5, 

from which it is easily found by trial that d = I'' *8, nearly. 

— It is obvious that in this case the Transverse Load is hy far the more im 
portant portion of the Load.] 


PtincipaU, — L » 18'4, B = 10', » = 4, w = 50 lbs. 

It is convenient in construction to make the Bafter of uniform, scantling throughout : 
now the Transverse Load on each Rafter-segment is the same, whilst the ‘ Direct Stress ’ 
is greatest on the lowest segment. It will therefore suffice to design that segment 
The Direct Stress (T) may be found by any method that is convenient It will be 
found* that if W, W ' be the Total Vertical and Normal Loads on one Truss, then 

Direct Stress duo to the vertical load is W coscc i = 27,777^ lbs. 


( 39 1 ^ 

— g* 1 W' cot i = 7,083 J HJB. 


.V T = 34,860 lbs., nearly. 


By Eq.(19») Mo,=»| (so X | + 8o) x 10’ x ^ X ^ 


1,120,000 

6 


inch-bls. 


It is easy to see that the scantling will be large : indeed in order that the Rafter 
may be a ‘ Short Pillar the scantling depth (d) must be not < L -r- 10, i. c., not < 
^ foot =» 16 inches. 

To design the Rafter as a * Short Pillar taking d IG", Eq. (7) gives 


whence 


1,120,000 84,860 12,000 

5 X 16 X 10 *** & X 16 ““ 10 * 


4876 -h 2178’76 _ 6658*76 
1200 “ 1200 


nearly. 


As the scantling resulting 5)" x lO'* is inconvenient, it must be recalculated os 
for a ** Very Long Pillar *\ AasumiDg 12' as a ' provisional depth *, see Art 7, 


ByEq,(8), 


, I X X y X 144, Wheiicei'-. 


By Ik). ( 18 ), Sijm 


18,000 

*15“* 


ft' X 12 




* These nnmerlcal resulte are worked out ia^x. S, Chap. V, 



286 


nAFTERS AND PURLINS. 


, 8480 /, . S2\ 

whence i' = j^(i+— ; = 


14 


/. 5 = J' + 6" = 6''-48 4- ^"*14 s 10*-62. 

The scantling-dimensions are therefore lO"! X 12", nearly. 

Practical llcmarli . — The scantling required is so largo that it is obvious that Tim- 
ber is not a very suitable material for so great a load. 


Purlins, — B = 10", B' = 3’^ , w =: 60 lbs., w' = 30 lbs. 

By Bq. (,21a), M„' = | (co x | + 30) x ^ X 10’ X 10’ = 36,000 inch-lit. 
By Eq. (216), = | X 60 X | X X 10' X 10' - 16,000 inclt^lbs. 


Hence by Eq. (23) making/b -i- « = 12,000 - 
8 

6=^2 


10 *= 1,200 lbs. 


2 ”/ 10.000 X IP.OQO ^ 2 ^ 1 5-357 = 2 x 1-76 = S"!, nearly. 
1,200 X 36,000 


^.i=gx3-6 = 8-2, nearly. 


Practical Remark , — The minimum scantling for Transverse Strength being Si" x 
8"*2, it would be advisable to increase the breadth say to 6" x 8" to reduce the chance 
of twisting. 



CHAPTEE XIV. 


LOAD ON BEAMS. 

270. The first essontial step in designing a Beam is to ascertain de- 
finitely the whole Workino Load— both Dead and Live, {including in 
the former the Weight of the Beam itself) — ^it will have to carry. 

Beams are used for such varioas purposes, that the Loads they may 
have to carry are very various, and the probable Load must in each case 
be calculated according to the intended use of the Beain, ' 

The principal varieties of Load of Beams may be classed under 1®, Floors ; 
2°, Flat Roofs; 3^, Pent Roofs; 4°, Road Bridges; 5°, Railway Bridges. 

[Whenever it is possible the best plan of ascertaining the probable Working Load 
on a Beam, is to build on the ground any convciiieut quantity, say 100 sq. ft. of the 
actual intended Load, then take it to pieces and weigh it When this is (as com- 
monly happens) impossible, the Working Load must bo estimated from similar 
known cases. Short Tables of Working Load-intensity w^l be found in many of the 
Enginering Pocket Books and Text-books], 

The Load-intensity is usually estimated (in B)s., cwts., or tons) per 
square foot of floor, roof, or platform : in Railway Bridges it is often 
estimated per foot run. 

It must be premised that Beams are in each of the above Structures 
applied to several different uses, the conditions of Load for which are of- 
ten quite different : these may be classed in general as Main Beams, and 
Small Beams. 

and 2®. Floors and Flat Boofs, — The weight of the flooring (and 
of cverythihg on it), or roofing material is usually laid on equal equi- 
distant Small Joists, and (in case of a large span, say over 8 feet) 
these are laid at equidistant intervals oil Main Beams or Main Joists* 
The conditions of Load then are 

(a). Small Joists.^ A pproximately uniform load. 

( h ). Main Girders. — Detached Loads (usnally equal and equidis- 
tant), vis., at the small joists. 

[A.R.— If the detached Loads (t. tf., small joists) be numerous and close together, it 
suffices for all practical purposes to consider the Load as approximately uniformly 
dUtr%buted'\» 
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Antbori^y. 

Description. 

Load per sq.ft. 

r 

Ilnrst’s Architectural 
Surveyor’s Iland-Book, J 
and Moles worth’s j 
Pocket Book, 

1 

Floors. 

Dwelling-house (including weight of floor), 

Public buildings, „ 

Lecture rooms, „ 

WarchouscR, factories, &c., „ 

U cwt. 

IS to2 

H 

2^ to 4 


Flat Roofs. 

i 

1 

r 

Two li* tiles in mortar with 4” mortar ter- 


Keny’s Scantlings for] 

race including 3" x 3" wooden joists 8' 
to C' apart, • . 

100 lbs. 

h lat Roofs, • • * * 

4" mortal terrace on 4” biick arches on wood- 
cn Beams 3' apait, 

115 „ 


PenUi'Oofs»-^A Table of the weight of ordinary roofing materials 
was given in Art. IIG. The following additional data will bo useful 


Timber Trusses. 



span. 

Weipht of Framing 
w ith piuhns and 

ridge-boards. 

Weight of Tie- 
beam. 

Common j 
Rafters 

a| 

Eisg-pos^ 1 

1 d 

20' 

2 lbs. per sq. ft ,. • 

11 lbs. ^ 

i 

1 

1 

1 

so* 


20 lbs. 

•8 

1 

I 


w 

2 lbs. per sq. ft,* • 

18 lbs. 

- i 

1 

1 

•1 

Queen-post, «* 1 S 

SO' 


20 lbs. 

1 

1 

1 


CO' 

ilba, ,* 

80 lbs. ^ 

1 

1 

i 

09 













Abcheo Roofs. rtbinq Trussed Roofs* 

Roofs. * 
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Iron Trusses. 




• 

I Clear 
Span. 

If 



Feet. 

Feet. 

Pent, 

. . 

15 

.. 


r 

37 

5 


Weight i*br pq. pt. op 

COVERED AHli.X IN POUNDS. 


Purlins, Princl- 


Total I Total 


IioU' with 


Gommoa TrusSi 


70 11*6 


Manchester, 
Lime Street, 
Birmingham, 


Small Conrtigatedi 
Iron, •. ,,[[ 


Strasburg Rail, 
Paris Exhibition, 
Dublin, • . 
Derby, 
Sydenham, 
Sydenham, 

St. Pancras, 
Cremomc, 


154 I 26 
211 i 24 


49 

7-3 110 


97 13 .. .. 120 

163 26 9 5 6-6 160 

41 16 3-4 7-3 10-7 

81 5 24 10 8 60 16-8 

120 .. 7-9 8-9 11-8 

72 .. 8-4 2-9 11-8 

240 29-33 7-4 17-1 24-6 


46 14-6 


6-2 6-3 11-6 


Unwin’s Wrought-Iron Bridges and Roofs. 
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4®. Boad Bridges , — Tlie platform — which carries the moving Loail is 
laid on Cross Beams or Cross Girders — usually equal and equidistant — 
which span the space between and rest on (longitudinal) Main or Bridge- 
Girders (usually two or three in number), in very small Bridges the 
platform rests directly on the Bridge Girders. The conditions of Load 
are — 

(a ), Cross-Beams. Approximately uniformly loaded (by platform, 
&c.,) and also loaded at detached points (by concentrated passing 
Loads). 

The Working Load on a Cross-Girder is the weight of platform of one 
Bay resting on it, together with the heaviest concentrated Load that 
can come on the Bay, which is ordinarily that due to 1®, Loaded ele- 
phants; 2^, Heavy Guns; 8®, Heavy Machinery, (e. locomotive en- 
gines,) — V, infra. 

(h). Main Girders. Detached Loads, usually equal and equidistant, 
(via., at the Cioss-Girdeis), — or (in small Bridges) uniioimly loaded. 



Loads of men, and animals. 



Unarmed men, 

Unarmed men, crowded, .. •• .. • 

Infantry in marching order, 

„ „ „ crowded, .. 

,, „ ,, in file, . . • 

„ „ „ in file, crowded, . 

„ „ „ in fours, crowded. 

Cavalry in marching order, in file, cover 12' i 

run, .. .. .. j 

Cavalry in marching order, in file, cover 12' i 


Cavalry in marchmg order, in file, crowded • . 
„ „ in half sections, i 

crowded, / 
Elephants, unloaded, cover 11' x 5' ss 55 sq. ft.. 
Elephants, loaded, cover 11' x 9' 29 sq. ft,. . 
The fore and hind legs are 6^' apart, and bear 

Maximum weight on one foot 

Camels, loaded, cover 10' x 7' « 70 sq. ft , 

The fore and hind legs are apart, and bear 

Maximum weight on one foot, 

Pack Bullocks cover 5' x 2}' s 13}' sq. ft, . . 
The fore and hind legs are 3$ ' apart, and bear 
Maximum weight on one foot, 

Commissariat catUe, cover 9 sq. ft when crowded, 


160 lbs. each. 

138 lbs, per sq. ft. 

200 lbs. each. 

100 lbs. per sq. ft. 

222 lbs., or 2 cwt,) .. 
280 lbs, or 2i „ 

660 lbs., or 6 „ ) 

1,400 lbs. each. 

116 lbs., or I cwt, per ft. 
run. 

189 lbs,, per ft. run, 

378 lbs., per ft. run, 

50 cwt each. 

72 cwt. each. 

44 and 28 cwt 
44 cwt 
15 cwt. each, 

10 and 5 cwt 
10 cwt 
5} cwt each, 

31 and 2 cwt. 

34 cwt. 

4 cwt. each. 
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Gun. 


WEIGHT OH Wheels. 


Fore. 


Hind. 


Width of 
Wheel- 
Track. 


Projection 

of 

Carriage. 


Wheel- 

Base. 


CWT. 


CWT. 


»Ci 


s .. 

3 Ji 
^ o 

S cS w 
^ s 

O « 

ga 


7-in rifled B. L. gun, \ 
(73i cwt.) on wagon, j 


(64-pr 

rifled B. L. gun, ... 

40-pr. 

>» •* 

20-pr. 

II •• 

12-pr. 

i» •• 

9-pr. 

ji •• 

13-in. 

siege mortar, 

10-in. 

ft •• 

8-in. 

II •• 


Heavy Siege Guns, . 


Machinery, 


321 


62| 


5' r 


2' 9"| 


7' 0" 


30f 

25| 

15 

15 

14 

21i 

19i 

161 


78J 

521 

30| 

20 

164 

75| 

371 

23 


5' 3"4 
5' 3'4 
5' 2" 
5' 2' 
5' 2* 
5’ 3"1 
4' 4^ 
4' 4" 


3' 2*1 
S' 2"! 
0 ' 7 " 
0' 7" 
0 ' 8 ' 
3' 2"1 
1» 10" 
1 ' 10 " 


ir i"i 
11 ' 3"1 
9' 3'i 
8 ' 11 '* 
8' 9' 
8 ' 8 ' 
8’ 2'i 
6 ' 0 * 


The weight of these is sometimes excessive, e g.^ 
the “ Woolwich Infants ” weigh 45 and 80 tons. 
For Weights of locomotive engines, see Art. 271, 


A.J?. — Road Bridges arc rarely— except in populous towns — designed to bear the 
weight of unusually heavy siege guns or machinery. In the country it 
is considered sufficient to provide for the ordinary traffic. 


Authority. 

Descliption. 

Load per sq. ft. 

Rankine’s Civil Engi-I 
neering, , . . . j 

Timber Road Bridges. 

Dense crowd, at 120 lbs. 

Planking and joists, at 30 lbs. 

Single wooden platform, 

Add for stone or gravel roadway, . . 

Total, • . 

150 lbs. 

100 „ 

250 „ 

r 

Unwin's Wrought-Iron i 
Bridges, « • * . 

L 

Iron Road Bridges. 

("1), Timber platforms on cross girders. 
Dense crowd, 120 lbs. | 

Timber and ballast, 90 „ > 

Cross girders, 20 „ 1 

(2), Brick Arches on Cross Beams, 
Dense crowd, 120 lbs., ] 

Brick arches, 48 „ J 

Concrete, 36 „ V 

Asphalte, 6 „ f 

Metalling, 118 „ 1 

^ Cross beam, T2 „ J 

230 tbs. 

340 lbs. 
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5°. Railway Bridges. rails are laid on sleepers (usually of 
wood) which rest (together with the platform) either — 

— i, directly on the Main or Bridge Girders. 

[iV.B. — This is the most advantageous mode* especially for short spans. Its adop- 
tion for long spans would provide a Bridge too narrow for sufficient lateral Stiffness]. 

— ii, on equal equidistant Tkansversb or Cross-Girders, which span 
the space between and rest on the Main-Girders, — cither above or below. 

— iii, on “ Longitudinals’*,!, e., small Girders running the whole length 
of Bridge (one under each rail): these rest on equal equidistant Cross- 
Girders, which span transversely the span between and rest on the Main 
Girders, — ^either above or below. 

The Main Girders are usually two in number — sometimes three — 
but in a few instances, of which the Britannia and Conway Bridges are 
typical examples, these have been combined into a single “ Tubular 
Girder”. 

The conditions of Load of Longitudinals, Cross-Girders, and Main- 
Girders, ars so different as to deserve special e.vamination. 

A very important part (often amounting to oue-half) of the whole 
Working Load of a Kailway Bridge is the Live Load of a swiftly moving 
train, which causes moreover (Alts. 7, 26) nearly double the strain that the 
same Dead Load would have. The gauge” of the Railway, and quality 
of its Rolling Stock, are the principal elements which determine the Load, 
both Dead and Live. No definite rules can be given. The Load, both 
Dead and Live, must be estimated from the “ gauge *’ and quality of roll- 
ing Stock (especially engines) in each case. 

The most convenient mode of estimating Load-intensity (on a Railway 
Bridge) is perhaps in tons per foot rwn of track. 

271. Short spans — Live /oaef.— Under the term “ Short spans ’* may 
be classed both ‘‘ Small Bridges and the girders, technically called 
Longitudinals,” used to carry the rails over the spans between the cross- 
girders of Large Bridges. Short spans are subject to proportionately far 
heavier Loads than Long spans, for the Whole Working Live Load of 
a very short span may consist of the very heavy mass of a single engine, 
and that concentrated at a few points, viz., on its driving wheels, whereas 
the average load on a Long span is only the average of a mixed Load 
(e.^., a whole Train), which is much less than that of a locomotive. 

For purposes of practical calculation it is found convenient to calculate 
the distributed load ’’ which would produce the same Maximum Bending 
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Moment as tlie actual Load does, and use this quantity, — styled Equi- 
valent Uniform Load” in all calculations for Load on Short spans,” 
instead of the actual Load, 

[The weight concentrated on each wheel of a locomotive is so much greater than 
any other concentrated Load which can ordinarily occur, that the peculiar effect of 
concentration of Load is far greater on Railway Bridges than on any other. The 
details given below will therefore be applicable to Railway Bridges : the principles 
are of course applicable to any Girder]. 

This may be thus calculated for equal equidistant Loads. 

Let — w = maximum concentrated Load (f on a pair of wheels). 

B = interval between each Load (or “ wheel-base ’')• 
w" 2 = lequired “ equivalent uniform load-intensity ”, 

It would not bo difficult (though tedious — compare Ex. 14, Art. 182) to show that 
the Greatest Bending Moment (M) at any particular sect < on occurs when one Load 
W) is ocer that section^ and as many more Loads as possible on either side of it ; 
and further that the Maximum of these, i.e., the “Maximum maximorum Bending 
Moment ” (Mm) occurs at the middle, viz., when as many Loads (— W) as possible 
are on the span, one of them being at the middle. Then, 

If m zz number of Loads on either side of middle 

s= integer next less than semi-span -f- B, ^ 2 B 

(2m + l)Wz=W; R'= W = R" 

/, Moment of R' about 0 = B' . 4 — - w . 4 

J jS J 

Also — mW = Whole Load between A', 0 and covers space = (?n — 1) , B. 

B + B, or --4— . B = List, of centre of gravity of that Load from 0. 

2 2 


vn "4- 1 

,% — w w. — B = Moment of that Load about 0. 
2 

M 2wfc-f-l I w-1-1 ^ 

— 1 — ^ — TO . — ■ — w B 


( 1 ). 

But the “Maximum Bending Moment” due to the “equivalent uniform Load” 
(w") is (Art. 182, Ex. 11). 

i 0 ?" = i W ] (2 in -i- 1) Z — 2??t (TTt -f 1) . B j 

whence w* = 2 w . | (2in + 1) / — 2m. (m -f 1) B | (2). 

Hence are derived the following results 


Spans. 

m 


1 Referenoa. 

1 < 2d 

0 

2w-M 

(2a) 

1<U 

1 

2W(3/- 4B)-^P 

{2i) 

IkU 

2 

2 w (3/ - 12B) P 

(2«) 


It will be seen tbat the maximum Load that can come on a short span 
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depends chiefly on the weight and size of the Engines, which again 
depend on the traflic, and vary therefore greatly as may be seen from 
the Table — 


— 





Load on 



Engines. 

Length 
in feet 

Wheel- 
base in 
feet. 

Weight 
tn tons. 

one 

driving 
wheel in 

Authority. 






1 tons 


a 

English average, 

25 

15 

30—36 

5-7i 

1 Unwinds Wrought- 

s 

S 

„ large Tank Engines, 

30 

15 

45 

•• 

> non Bridges and 
j Roofs. 

U 

Great Northern of France, 

37 

20 

69 

5 

j 


u 1 Heavy, 

26' 6" 

15' 3- 

31 1 

4 

'1 


Punjab, J 

24' 3" 

14' r 

25 5 

3-3 

1 


Great Indian! Heavy, 

26' 10" 

15' 

34-15 

63 

IMS. information 
f from Railway au- 


Peninsular, \ Light, 

24' 2" 

15' C" 

29 8 

5-5 

M 





thorities. 

Q 

Oudh and Ho- | Heavy, 

65' 4" 

20' 

32 

[4 

1 

M 

hilkhand, j Light, 

40' ir 

14' 8" 

24 

r 

; 


State Railways 1. 

Metre Gauge, \ 

21' 6" 

10' 

16-5 

•• 

J state Railway Type 
) Drawings 


272. Cross-Girders. — The Load on Cross-Girders varies greatly 
with their position, and should be specially considered for each case. The 
following are typical cases according to the classification of Art. 270 — 5°. 

i. Kails resting on the Main-Oirders, — No Live Load on Cross - 

Girders : Dead Load of platform of one bay approximately uni- 
formly distributed over Cross-Girders. 

ii. Kails resting on Cross- Girders, — The Live Load on each track is 

the Load on a pair of driving wheels. The Dead Load is that 
of platform of one bay approximately uniformly distributed over 
Cross-Girders. 

iii. Kails laid on Longitudinals. — The Dead Load is the weight of 
« platform and Longitudinals of one bay. The Live Load is that 

due to the Load on driving-wheels, and depends on the ratio of 
wheel-base to spacing of cross-girders Thus 

(a). Cross-girder spacing < wheeUlase, Live Load on each track is the load 
on a pair of driving wheels. 

Cross-Girder pacing > wheel-base (but < 2 x wheel base). Live X^oad on 
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each track is the Load on a pair of driving wheels (immediately over the cross-girder) 
4- Pressure due to lioad on the preceding and succeeding pairs of driving wheels. 

Thus if w = Load on a pair of driving wheels, 

B = wheel-base. 

|3 = Cross-Girder spacing, 

W" = Total Live Load on Cross Girder, per track. 

(a). If B > iS, then W" = w, (3a). 

(i). If B < /3, but > I then W" = W + 3 . • W = (s - 2 5 ) (3J). 

It will be observed that as the Longitudinals carry both tlie rails 
and the platform the whole Load rests on the Cross-Girder at a Jew 
points, 

273. Cboss-Girdkrs ; Equivalent Uniform Load For the sake 
of estimating the approximate weight of Crobs-Giuders by formulae 
about to be given, the Actual Working Loads on them must be re- 
duced to their “Equivalent Uniform Load*^ (in terms of which the 
formula is expressed). It is considered that the “ Equivalent Uniform 
Load *’ (of the formula) may be taken to be that Uniform Load which 
would produce the same Maximum Bending Moment (Mm), and may be 
calculated* as follows : — 

Lot W sw required ** equivalent uniform load 
I x= clear span of cross-girder, 

JWZ Maximum Bending Moment due to W, (Art. 182, Ex. 8), 

s= Maximum Bending Moment (Mu) due to the actual Working Load 
in each ease, 

W *= SMm -f- ^ in each case, .’ (4). 

Let /3 = cross-girder spacing, 
g ss gauge of rails, 

g' = space between inner rails of double line (often called the “ six-foot way ”), 
B S3 wheel-base, 

= Load on a pair of driving-wheels. 

Case ii (of Art 272). Rails on cross-girders. 


Let w' as! weight of platform, and rails per foot run oj' track, 
(a). Single Line, — w'/3 =» Total unifonn Lead Load on Cross-girder, 
^ w'pi ss Maximum Bending Moment due to above. 


— ^ ? 
2 • 2 


— w 

Maximum Bending Moment due to equal Loads — (on each 


tail) at distances from supports, (Ex. 7, Art. 182). 


* If Tables of the Equivalent uniforzu load ** bo aoceasibie, as is sometimes the case, the use 
of these formulea Is of course unnecessary. 
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W= J + W.^j 

= w'jS + 2 (l - W 


(5). Double Lute. — 2u>'/3 = Total uniform Dend Load on Cross-girder. 

i = Maximum Bcndiug Moment due to above. 

^ ^ Maximum Bending Moment due to four equal Loads 

2 2 

(on each rail) at distances ± , ± (~ -1- y) from 

centre of cross-girder. 


= 2«>i3+4(l 


Cabe ill. (of Art. 273). Rails laid on longitudinals. 

Let w’ = weight of platfoim, rails, and longitudinals per ft. run of track. 

1°. /3 < B, i. <*., Oross-gtrder spacing < wheelbase. 

(а) . Single line. — w(2 = Total uniform Dead Load on 2 longitudinals, 

T ^ "fr -5 Total Dead Load (on each longitudiTiul) at distances (/ — fif) -r 3 

Jit 

from Supports 

... w = ® . ‘~^ = 2 (W'P + w) (I - -p (6a). 

(б) . Double line. — 2w'/3 = Total uniform Dead Load on 4 longitudinals, 

^ ^L^LIL- -= Total Dead Load (on each longitudinal) at points 


and — p) from supports. 

[The approximate hypothesis is here made that each longitudinal bears an equal 
share of load : this is usually sufficiently accurate]. 

^ — J') = Maximum Bending Mo- 

ment due to above, See Ex. 7, Art 182. 

.-. ®. («'/J + vi).i^^J-=2(w’P + W)(l - (6i). 

2*. /3 > B but < 2 B ; 4. e., Cross-girder spacing > wheelbase, but < 2 wheelbase. 

( 2 B \ 

8 — ^ W for W from Result (8i) into Keetdts (6a, b), 

H 

(a). line. W a 2 | w' jS + (s - . W J . (l - p (To). 

(J). DouUe line. W « 2 | /J + (8 - ^) W j . (l - (T»). 

274. Applied teade on RaUmy ar(({g«6.~Th6 Dead Load whether 
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on Longitudinals or on Cross-Girders yarios witliin large limits as in Table 
below— 





Load in tons per foot op i 

TRACK. 1 



Bltilway. 

1 

III' 

! m 

Ballast. 

1 

Authority. 


English average^ « . 

4' 

•08 

? 

•16--*21 

■ 07—17 

( Unwin's W rought- 
l iron Bridges. 

ii' 

Punjab Railway, 

5' 6" 

•025 

•025 

•2 

•15 

) MS. Information 
V from Railway 
) Authorities. 

! 

Oudh and Rohilkhand, 

5' 6" 

•016 

•042 

Nil. 

•028 

I 

State Railways, | 

1 1 
Metre, 

•013 

•014 

•2 

? 

iStato Railway 
i Type Drawings. 


Rolling Loads. 





Tons per 


Authority. 

Span. 

foot run of 




track. 



25' Spans, • • 

2 

s 


30' spans, • • • * • • 

ii 



40' spans, 



Unwin's Wrought-^ 
iron Girders, 

CO' spans, • . • . • . 

u 

ao 


Large spans, light trade, single line,. • 

1 



„ „ double line,. . 

i 

V 

„ mineral trade, • . • . 

u 


Great Indian Penin- I 

Short spans, single lino, 

2 

5 

solar, MS. Report,] 

Long spans, „ • • • • 

n 

O 

; 

Under 12' spans, . . • . • • 

3 

m 


12' — 20' spans, 

n 


Ondh and Rohil- 

20'— 30' spans, 

2 


khand, MS. Re-x 

1 

port, 

80 "*—40 spans, . • . • . . 

IJ 


40'— eO* spans, .« .. •• 

u 



60' and upwards, 

u 

S3 

( 

Clear spans of 2— 4 metres, •• 


Im 
s s 

55 

\ 

„ 4—6 „ •• .. 


Indian F. W. D. CSi»< 
cnlar, ] 

„ 6—1 5 „ * . . . 

•990 


/ 

Add per foot for each m^tre in estem 



\ 

of 16 metres, 

•6 


2 q 
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276r Weight of Beam,— -Considering the Results**^ 

Weight of similarBeams oc (linear dimension)*, 1 

Working Load of similar Beams « -y , f.e. oc (linear dimension)*, j 

it is obrious that the Weight of a Beam increases much faster than its 
Working Transverse Strength (measured by its Working Load, Art. 6) : 
hence there is clearly some limit to the length of a Beam beyond which 
the mere Weight of the Beam may be greater than its Working Trans- 
verse Strength, or even greater than its Ultimate Transverse Strength, 
(in which latter case it could not boar even its own weight at all). 

ASp. Uniform Rectang^dar Beait%-~no exiertial load. 

If ss weight of a cubic inch of the Beam, — then 
Weight of Beam = whdl. 

Max. Bending Moment =: i W 1, (Art. 182, Ex. 8). 


Moment of Working Resistance = . id* as i. . W®, (Art. 208). 

ms b s 


Working Load, i.^., W = ^ ^ 

o S * 

. 4 /b 

• * 3 »' I ~ 


• /i A iL 

y 3' « • w 


which is the limiting length of “uniform rectangular Beam” of depth d which 
could safely bear its own weight permanently. 

[MB. — In consequence of Transvebsb Load being a r>ery unfavorahU manner 
of Load compared to Direct Load, the Weight of a Beam is a much more import- 
ant element of its “ Working Load ” than the Weight of a Tie or Pillar, which latter 
is commonly so small a fraction of the Working liOad as not to be worth the trouble 
of calculation, {see Arts. 33 and 80.)] 


276a Weight of Beam . — Practical Rule, The following is the or- 
dinary method of allowing for the probable Weight of the Beam itself in 
estimaiiag the Total Working Load, and is sufficiently accurate for 
all practical purposes when the Beam under design is <^a t^pe gimilar to 
prmomly erected successfil Beams under similar Load, 

Bulb* Assume the Weight of the Beam under design from that of 
previously erected snocessfu^^ Beams or Girders of similar type^ similarly 
supported^ and ander similar jLoad, This Weight together with the 
Applied Working IiUad (which is of course given*-eee Art 270 and 
Tables in this Chaptet^^ Ac^,) may be asstimed as the ^ptovisional Total 
Working Load from which the Girder may be designed* 
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[In all ninM Beams, the weight of the Beam itself is so small a fraction of the 
Gross Working Load, that an approximate allowance as above is all that is required* 
and it is unnecessary to examine the Result in the manner detailed below. In large 
Beams however the Weight of the Beam is an important fraction of its Gross Work* 
iug Load, and the further stops below should be carried ont]. 

The ‘ actual weight ’ of the Beam so designed should then be calculated : 
if this resulting weight does not greatly exceed the previously assumed 
* provisional Weight the Beam so designed is suitable ; but if the result- 
ing ^ actual weight ’ of Beam is much greater than the ‘ provisional weight 
the process of Design should be repeated : the best way of doing this is 
as follows : — 

Let Wi n Applied Working Load (given), 

w/ = Assumed ‘proMsional Weight* of Beam, 

W] 4* Wi' = * Provisional * Total Working Load, 

Let Wi = Actual Weight of Beam designed to boar (Wi + w/), 

Wi 4 W|' — Wi s= Applied Working Load suitable for Beam just designed, 

. W, 4 - w/ — Wi « i. Applied Working Load suited to Beam 
... 1 = Ratio of Wd^tSTBem ' 

Let w s= Weight of Beam suited to carry (W, 4 - w), 
i. e., suited to carry the given * Applied Working Load * (Wj) and its own Weight (W), 

Wj __ ratio of given Applied Working L^d 
* • *W Weight of required Beam * 

. Wi + Wi‘ - Wi _ Wi 

• • Wj w 

Probable Weight of Beam ss W » ' — zr (10a). 

Wj -t- Wj — W| 

Probable gross Working Load W =s W^ 4 - w sst ...(lOI). 

The process just described is general : one convenient way of applying it 
as follows 

277 . Application of Rule of ArU 276. — Since the Working Load of 

1 Ji 

flimiUr Boams « -j-, the soanUing of a Beam of given span (/) to carry 

a given Applied Worhinp Load in addition to ita own weight may be found 
by snitably hcreaaing either the breadth (i) or depth (d) of cross-aection 
•...(or both of them)»oaleulated as for a Beam nndet the given applied 
Load alone : and since the . 

Working Load « ( (if d, / be constant) (11), 

it ia eaaier (in ealcnlabion) to ndjaat the scantling by varying the hreadth 
mlt/, than by varying either or both b, d ; thna the followihg aiaaple 
process will enffice Beams of Unborn eroee^eeetion. 
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Beam of uniform Crou-eection* 

Jjet W, =: Applied Working Load (given). 

IiCt the three following quantities he calculated : — 

f ij * Provisional Breadth’ \ of scantling calculated for a 
< = ' Provisional Depth’ / Working Load Wj. 

t Wj s= Calculated Weight of above ‘ provisional Beam’. 

I =r Breadth of scantling required, 

W Weight of Beam of scantling I, rfj, 

W =* Gross Working Load of ditto, 


^ ^ . W| (since the Beams arc both of Uniform Cross-section), 

Also W = Wj w s=» Wj -f I* , Wi, 
by Result (11) W ; Wj « d : 5i, 

/. Wi 4- ^ . Wi : W, = ^ r 
Wi + Jwi = 5Wi, 

= 

^ = 




Eq. (1 2®) gives the proper breadth (h) of scantling of depth d ^dy which will 
safely boar the given Applied Working Load (Wi), and its own weight given by 
Eq. (12ft). 

Ex. A flat terraced roof of 20 feet span, weighing 100 lbs per sq. ft. (including 
weight of small joists) rests on small joists at 1 foot apart centrally which resi on 
Beams at 4 feet centrally. Design the Beams, including allowance for their Weight, 
considered as simple * Supported Beams ’ approximately uniformly loaded. Timber — 
Teak, for which *=* 760 (Table VIA.), s = 10, Weight of a c. ft. =* 42 Tbs, 

Solution. Wia=4x 20 x 100 « 8,000 lbs. Take rfj fti (Ark 225). 

ThensWi ss Pi «= 2 j?b . ftirfi*-f- L « 4 pb. V -r L, Eq. (7), Art 168, 

/. fti = I' ^ Pb =* ^ io X 8000 X 20-7-4 X 750 « 8^, nearly, 
di =5 nearly, 

w, « 42 X 20 X 8 X 11*6 4- U4 =« 537 (say 540) tbs., neatly, 

••• * * ** S- m “ 

/, A scantling of S'-a x IV'S would snfiSce. 

[ A'. J?.— Observe the increase of filreadth for'the Weight pf Beam is in this ease only 
■6 inches. In a larger Beam tiie Weight of Beam itself mnld be of more importance]. 


278. Weight of WKmghWroa!Plaiia9dOndew,r-Variou8 more 
or less approidmfttQ Bqles bBV« been ^Oivieed for esthnatiiig d j^riori the 
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probftblo Weight of wrought-iron flanged Girders to carry a given uniform 
Load, These liules have the advantage of simplicity for rapid (aud 
rough) approximation, but are necessarily limited in application. 

[iV.B.— In applying the following Rules, the given Working Applied Load njuat, 
if not uniform, bo reduced to its ** Equivalent XJniiorm Load,’* Art 274 '). 

In each of the following Eules— 

L = Clear Span in feet. 

D' 5= ‘ Effective Depth ' in feet. 

i. Anderson’s RuiiB.*— for Lattico-and Plate- Girders:— 

Applicable when L not > 200', D' s= ^ L nearly ; «c = 4, rt = 6. 

lleavinoBS of Main Girders, 

End-Pillars, and Cross-Brac- 
ing in lbs. per foot run, 

or, in symbols, w (in lbs. per foot run) ==: 4 W (in tons) (18a). 

ii. Stonby’s TXvhE.f^AppUcabk when L not > 200'. 


= 4 X Gross Equivt. Load in tons, ........ . ( 13 ), 


W =: Gross “ Equivalent Load.*’ J 

Wi = “ Equivalent Applied Load,” (given). / in wme weight-units («, j., lu 

w as Weight of Main Girders and End- 1 tons). 

Pillars, J 

WL* _ W,L* 

^ ” 12scD' “ 12 Sc V -Ti? 

iii, Uhwih’s Eule.J— -A pplicable when L not > 800'. 


W = Gross Equivalent Load **, i , . „ 

Wi ss Equivalent Applied Load, I nppor 

W »= Weight of Main Girders, ) 


in Tons. 


in same weight-units, 


rssL-^D'. 

«' Moan working stress -intensity on joint section (At -f* Ac) of both 
flanges at (Centre in tons per sg^uare inch. 

+ tone per square inch (average), 

C s; a certain (linear) factor to be determined from existing successful 
Girders. 


WL^ 

Then w (5711!)* 


W,L’ 




w,Lr 


v(15). 


* Stonay's ** Theory of Btiridni,” BUSTS, Art. 521. 

^ Stoaey^B Theory of Strains,” B08TS, Art. Siio. 
t Unwln'B Wron^iron Bridges end Besid,” Art. ss. 
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The following valuea of C were thus dedneed :■*- 


Wrought-iron Flanged Oirdere. 


Value of 
C. 


Small Girders under 30', 

Plato Girders, small (80' to 60'), 
Torksey, Tabular Girder, 

Britannia, 

Lough Ken, Bowstring 

Cannon Street, Box, . • • • 

Connecticut, N. Truss, • • « • 

Oykoll, 

Cannon Street, Plate, 

Conway, Tubular, 

^Crumlin, Warren, 

Charing Cross, Lattice, • • 


1500 

1280 

1197 

1461 

1490 

1540 

1548 

1590 

1598 

1700 

1820 

1880 


The Weights of Girders may also be found approximately from Ta- 
bles* of Weights of Girders or Diagrams of Weights of Girders which 
have been constructed for showing the Approximate Weights of Girders 
similar to previously construoted ones by inspection. 

[In all important Girders, it would be advisable to consider the Weight as obtained 
by this formula, or from Tables as merely a provisional Weight : after the Design 
of aU the scantlings suited to cany the given Working Load, including this provi- 
sional Weight has been calculated, the actual Weight of the Structure so designed 
should be calculated and compared with the provisional weight : if the Weight so 
found bo much greater than the “ provisional weight ”, the Design must be recast 
assuming a larger provisioml weight. Another tentative method of estimating 
the probable Weight of a Girder is explained at great length in Vol. II. of Stoney’s, 
"Hieory of Strains ”, but it is too long for insertion in this Manual]. 

Find i^proximate weight of Loi^axTUDiNAXiS, Cho9is>Gibdibrs, and Main- 
Gibdbbs for a Wrought^iron Girder Bridge for a single line with following data 
Load on npair of driving wheels W as 16 tons. 

Wheel base B a; r|, 

CroBs*girder spacing as 12V 
Span of longitudinals «; 12V 
Span of cross-girdexs as 14V 
Span of bridge as 8 bays as 1 12 V 


e. jf., Lang Span BailWair Bridies* ” by B. Bidcer. 
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Batioof 


span 

effective depth* 


r s 12 for longittidiaala. 

ss 10 for cross-girders, 
s: 10 for main-girders* 
1 4'-7, nearly. 


Gauge of rails ^ as 4' 8*'} : 

Six foot way p' s= 6', 

•’^nivalent nnifonn •’ on 2 longitn- > ^ HtonsperAmno/tracA. 

dinals, Result (2a), Art. 271, ) 12 * ^ 

Dead Load of rail and platform = about *3 „ „ 

.% Total equivalent uniform load on 2 longitudinals =s 12 (14 4- *3) ss 18 '6 tons. 


18 8 V 12 V 12 

/• Approximate Weight of 2 longitudinals =s 12HrT2 “ 

ss *037 tons per ft. run of track. 
Dead Load on Gross Girder = (*3 -f- *037) = 

ss *337 tons •per foot run of track. 


Live Load, tee Result (36), = ^3 — 2x^)xl5 = 264 

,% Kquivalent uniform Load, see Result (6a) s= 2 (*337 x 12 4- 26*23) 

= 40*4 tons, nearly. 

40 4 X 1 4 X 10 

Approximate Weight of Cross-girder = X5b6 ' 14 x To ”^ nearly, 

8 *081 tons per foot run of track. 

Total Dead Load on 2 Main Girders ss (*3 -H *037 -4- *081) 

ss *418 tons per foot run of track. 

Also Live Load as 1 ton per foot run of track. 

Total Uniform Load on 2 Girders ss 1*418 x 112 ss 159 tons, nearly, 

Hence approximate weight of 2 Main i ^ 169 x 112 x 10 
Girders taking C ss 1600, • « . . J 1600 x 4 — 112 x 'fO 

ss 34 tons, nearly. 

sa *3 tons per foot run, nearly, 

Tptal Dead Load aa (*3 4- *087 4- *081 4- *3) 5= *72 tons per foot run, nearly. 
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279. Deflexion^ Elastic Otirve, Deflexion Curve.— The princL 
pie visible strain (change of sbai)e) of a Beam produced by its Load is a 
slight * sagging/ ^ bending/ or ‘ Deflexion ’ from its unstrained posi- 
tion. 

Experiment , — Let the trace of the ‘ neutral surface * of a horizontal unloaded 
Beam ^vith (vertical) plane faces be drawn on one face ; (this * trace ’ would usually 
bo a horizontal ^ 

After being loaded, the figure of the Hraco’ will be found to have become slightly 
altered in shape — thus if originally straight it will have become slightly curved, and be 
convex downwards j or more generally whatever its origfftal figure, the middle portions 
will bo found slightly displaced downwards. The amount of this displacement of 
course depends on the Load, Sup])ort, figure of Beam, and Stiffness of the material/ 
but within limits of practice, (or within proof strain) it is always very small. 

Dbf, The vertical displacement of each point of the ^ neutral surface * 
is called the Deflexion at that point, and is denoted by v. The maxi-^ 
mum (vertical) displacement i« called the Deflexion, and is denoted 
by 5. 

Dei^« In a Beam ^ whose < neutral surface’ is plane when unloaded, 
the curved figure of the < neutral surface ’ after being loaded is caHed the 
Elastic Ouuvb or Deflexion Curve. 

Def. In a Beam in general^ the curve whose ordinates are equal to 
vertical displacements or Deflexions at each point of the neutral surface 
of a loaded Beam plotted from a horizontal straight line — is called the 
EiuAstic Curve or Deflexion Curve. 

280. Transverse StifBaess.— Agreeably to the definition of Art. 86, 
this is the property ef a Beam of resisting Transverse Strain (t. e., De- 
fiexion). A Beam must possess sufficient Tuansverbe Stiffness to 
prevent its yielding (bending or deflecting) to such an extent as would--* 

1^, — injure its superstructure. 

2®, — injure its own joints Or framing. ^ 

3®,— be msthetically disagreeable. 
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It should be observed that the Transverse Strength of the Beam 
is quite an independent question : it is quite possible that a Beam amply 
Strong enough to simply carry its superstructure, might yield (bond) 
under it so much as to injure either its own superstructure, or its own 
joints or framing. 

A flat terraced roof, or a ceiling would be cracked and rendered either use- 
less or unsightly by a slight yielding of its supporting Beams, although the Strength 
of the Beams might not be seriously tried. The joints of a Framed Structure would 
be injured by a slight yielding (deflexion) that would not seriously test the Strength 
of the continuous portions.] 

281. Working-Deflexion, Proof-deflexion.— The Maximum De- 
flexions under Working Load aUd Proof Load are called the Working- 
Deflexion, and Proof-Deflexion. The safe limit of the ratio (S : 1) 
of Working- or Proof- Deflexion to Length of Beam is fixed from practical 
experience, (and is analogous in case of Stiffness to the safe Stress- 
intensity fixed by experience for case of Strength). No good set of 
values has been established for it. Professor Bankine states* as its limit^ 

For Working toad, B -j- ^ z= from to 

For Proof Load, 5 -j- ^ = from to 

Tredgold adoptedf the value S -r I = for Timber joists carrying 
ceilings (under Working Load). Professor Bankine gives* examples 
in Ironwork, in which its values are 2 -r- / = for Cast-iron, 

and = TTHTd for Wrought-iron, (both und^ Working Load). 

[JV. j9. — Were the ratio 5 ; I dependent solely on the stiffness necessary for the super- 
structure, the ratio would be the same tor every Beam’ carrying one kind of superstruc- 
ture ; but as it also depends on the Stiffness necessary to preserve the joints, it will vary 
also with different materials. No good set of values have however been published.] 

282. Use of Deflexion-formulcB. — The formulas (about to be investi- 
gated, all give a relation between the actual maximum deflexion ($) of a 
Beam of given figure and lengthy with given Load and given Support^ and 
the quantity (where, as in Art. 165, 5, d are the breadth and depth 
of rectangle circumscribing the cross-section of maximum deflexion). 
The formulae may therefore be used in two ways, either 

(1) , for calculating the maximum Deflexion (S) of a given Beam under 

given Load. 

(2) , for Design of Scantling of a Stiff Beam of given length and figure, with 

given Load and Support. The ratio S : I having been fixed from 

experience as in Art, 281, the Deflexion-formula (suited to the 

* Raukiue's * Manual of Civil Engineering % 5th Ed., Art. 170. 

t Eieznentaiy Principles of Oarpent0, Art. 79, 89. 

2 R 
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case) gives the value of the quantity hd^ at the section of maximum 
deflexion. The proper formula of Transverse Strength gives the 
value of the quantity bd* at the section of maximum Stress (which 
is also that of maximum deflexion). Thus from these two equa- 
tions, can of course be calculated both dimensions (&, d) of scantling, 
which shall be both— 

(<t). Stbong enough (to carry its Working Load). 

(ft). Stiff enough (not to injure its superstructure, nor its own joints). 

The latter use which gives both dimensions (ft, d) of a scantling both 
Steong and Stiff is obviously the more scientific. For want of a set of 
established values of the ratio h : I proper for Stiffness, it cannot be gene- 
rally adopted. The usual procedurals as follows : — 

Design of Bemx. — The scantling-dimensions (ft, d, t) are usually designed so as 
to secure sufficient Transverse Strength, according to the methods in Chapters Yl. to 
XIL, a sufficient number of relations being assumed to have but one quantity to 
be determined by the Equation of Transverse Strength, in such a manner that the 
scantling may from previous experience of similar cases be expected to be nearly 
Stiff enough. The actual maximum Deflexion ft of the Beam so designed, is then 
calculated as in (1), and it rests with the practical Engineer to decide whether that 
Deflexion is admissible or not : if not, the scantling must be re-designed. 

[Examples df nse of these principles are given at end of the Chapter}. 

283. Curvature of neutral surface. — Fig. 44 represents the (vertical 
plane) face of the slightly bent Beam of the Experiment in Art. 279 ; oo' 
is the ^ trace ’ of the neutral surface after strain, and is therefore the 
* Elastic curve ’ (if oo’ were straight before strain). 

[W.J?.— Fig. 44 is drawn for a * Cantilever* ; the convexity in a * Supported Beam* 
would of course be reversed}. 

AB, A'B' are any two (originally vortical) sections taken very near 

together^ and produced to meet 
in C, which is therefore the 
common * centre of curvature ’ 
of the (sensibly circular) arcs 
AA', 00% PP', BB'. 

Now od being taken on the 
^ neutral axis is of course 
unstrained^ and is also equal to 
the unstrained lengths of the 
arcs PF, BB'. 

Draw oyh parallel to oT'B'; 
then the arc co* s pV* ss sothft ftB' are the unstrained lengths 
of PF, BB'. 


Fig. 44. 
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Let (?o'=rPP' = BB' = /, 

Fp = X, the strain of length 
Py — stress-intensity at P, 
p =: Co, radius of curvature at P, 
oP = y. 

Then by similar triangles Co : oo' = oP : Fp, 

.% -J- = 5:=^byEq. 5,Art.93, 

hut = tff I, Eq. 16^, Art, 207, 


= & I, Eq. 2, Art. 200, 


. 1 _ 1 I 

•• "E ‘"p— E * I 

(!«)• 

And by the Equation of Moments Id = M, 


1 M 

•• p El 

(!)• 


284. Reduction of Eq. (1). — This important equation is the founda- 
tion of all mathematical investigations on Deflkxiok, on the Elastic 
Curve, on Fixed Beams, and on Continuous Beams, It is shown in 
works on the Differential Calculus that 


= “ (^ + dS>) — 3 ? 


— ('I + 

<«*» • V ^ 




rfa»9/ * 


M 

El 


( 2 ). 


This is the differential equation of the ^ Elastic Curve.’ Its general 
solution has not yet been discovered. But it admits of complete solution 
in Beams as occurring in Engimering practice^ from the consideration that 
the (practically admissible) maximum deflexion (S) is always a very small 
quantity compared to the span (^). This involves that if 
^ i inclination to horizon of the tangent at any point (a?, v) of the 
elastic curve, then 

** if and tan i, (or aie both very small quantities,” 


so that within the limits of practice *nay be neglected, and Eq. 


(2) becomes ; 


M 

2p— " m 


(2a), 


which is the approximate differential equation of the * Elastic Curve,* 
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As M, I, involve only a, and J, cf, t ory, t the latter of which are sup- 
posed to be known fanctions of x, the preceding forraulse give the values 

of t, V whenever the quantity is of such form, as to render the inte- 
gration possible ; and this is generally the case in the simple cases of engi- 
neering practice. But the actual integration requires a familiar practical 
knowledge of Integral Calculus. 

It is convenient to assume the origin at the point where the curve is 
horizontal^ so that v, f, tan », ^ each = 0, when a? = 0, hence 

Slope t, or tan i = ^ =y** M (3). 

and if x\ x" bo the distances of the ends A', A" from the origin 

/*x' or x" V 

♦ Greatest slope =z J 

Again integrating (3), 

Deflexion at any point (a?, v\ is v w- 

Maximum Deflexion is 2 = (4«)- 

[Eq. (4) is (when integrated) the final equation of the Elastic Cueve, its ordi- 
nates being v, and the maximum ordinate is I of Kq. (4a)]. 

It is easily seen (from general reasoning) that the Greatest Slope and 
Maximum Deflexion occur as follows : — 

i. Cantilever, a;" = Z. 

Greatest Slope and Maximum Deflexion are both at free end (A'), 

ii. SupRORTED Beam. 

Greatest slope occurailat one support A' or A*". 

Maximum Deflexion occurs at point where the curve is hori - 

zontal (i s= 0) to be found by solving the equation ^=0. 

285. Practical D^fiexion-formulce. — The only quantity of practical 
importance in the preceding formulas is the Maximum Deflexion, or as 
it is commonly styled the Deflexion (2). Its evaluation from Result (4a) 
requires a good practical knowledge of integration. The Results of this 
integration performed once for all, for the most useful cases of Engineering 
practice may however be exhibited in a single algehraie prm immediately 
available for calculation by the practical Engineer, With the following 
notation 
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c = Span (= 1) jn a Cantilever, ^ , 

« . . . X j 1 . 5^*^ inches. 

= Semi span (= 4) * supported beam, J 

W =i= Total Load in pounds. ♦ 

Mm = Max. Bending Moment. 

b = breadth "j of (vertical) rectangle circarascribing {niches 
d — depth / the cross-section of Mm / 

= Moment of inertia of cross-section of Mm about its * neutral- 


• in inches. 


p\ or c = Max. Stress-intensity in pounds (tensile or crushing) at cross- 
section of Mm, not to exceed the proof -stress, 

_ yto rc^ 211 ( 5 ). 

Im 

ni\ or a n! the quantities defined and tabulated in Art. 208, viz., such 

that yt ot c — ni\ or c . and I = nb(Py (6). 

Et = Modulus of (tensile) elasticity (assumed equal, see Art. 95, 
to that of crushing elasticity, i, e., Et = Ec). 
t = Maximum Slope. 

3 = Maximum Deflexion in inches. 
m'", n", n*” numerical factors in the solution of the expressions (3a, 
4a), which will now be recorded for reference, and con- 
nected by the equations 

m'" Wc = m" Mm, and n'" Wc = n" Mm, (7). 
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Then the Besults of solving e^epression (4a) may be exhibited in the 
following formulfe, the most useful of which is perhaps (8a)« 
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Et . 71' hd^ 


= 17717 Xby nse of Eq. 7), 


The above formulas are applicable to any Load which does not exceed 
the proof Load. In the case of the Working Load^ S would be styled the 
Working Dbplkxiov, and Ep (8c) may be reduced to form 


J (8e). 


Working 1 ^ ft or c ^ ft m c (8cf). 

Deflexion / K* * s * yt or c Et * s ‘ m\ ore d ” 

/i 4- /c f in cross-section of ] 

““ i: ‘ “!“• 7 i ‘equal strength’ / ^ 

[The last result is obtained from Eq. (8d) by use of the property of cross-sections 
of equal strength proVed in Eq (57), Art 220, viz., 

Vi -Ve-d =/t : /e A + /c]. 

Prom these formulae (8a— 'C) may be deduced any one of the quantities 
shown when the rest are known, thus — 

1*. For a given Beam («', m\ or t, yi or c, d, c, T, Ei, fu fc given), with given 
mode of support ^ muX given load distribution /<*' given— the ratio of the De- 
flexion (^) to the corresponding » 

(a). Total Load (W). 

(5) Max. Bending Moment (Mr,). 

(<j). Max. Stress-Intensity {p\ or c)» 

{d^ e). Working Stress-Intensity (/t or c -r 
so that ( ^ found when W, Mo,, p\ or c, A or c -r ^ are given. 

\ W, Mw, p't or c may be found when 3 is given. 

2®. For a Beam of gi vbn material (Et,/t,/c given), given figure {n\ m\ or c given), 
and span (/ given), given mode of support^ and given Load (w*, n**\ W, Mm given) — 
— the value of the quantity bd^ 3 ; so that if 3 be given, hd^ can be^found. 

8®. For a Beam of given material given), given figure {n\ m\ or c giv^n), 

and span (c), given mode of support and load-diatrihution (jt"^ n" given), and given 
Deflexion (O*— 

—the values of the ratios go that if one terra of any 

of these be given, the rest can be found. 

Solution of Eq, da. The Results of solving Eq. (da) are also here exhibited for 
reference, though they are fax less practically useful than Results (8). 

, mT Wc* Wc* 

‘ = -ET— CTW »*>■ 

= 5^ («)■ 

El or c d 
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286. Case of Stipported Beam under umynmetric Load . — It will 
be observed that the values of n'", m'** iu the Table of Art. 285, 

all refer (in case of Supported Beams) to Loads symmetiic about the 
middle. These are the cases of greatest practical importance. The 
principles of Art. 285 of course apply to any Load^ but the reduction of 
Eq. (4) is so tedious and the Results so complex, that — as the case of 
unsyinmetric Load is not of much practical importance, the Results are 
not published in any ordinary work of reference. The Results of one case 
however seem worth recording, viz., 

Ex, Uniform Supported Bearn under single Load ( — w) distant 
a/', from A', A!\ {see Fig. 9, Ex. 4, Art. 182). 

Deflexion at Q (where the Load rests) = ^ ^ (10). 

O • Jl 6 


The maximum deflection (<5) occurs in the longer segment (A"Q = 
xf) at a point whose distance (a;") from K" is 


x" = Vi a-," (V +' 2V), (")• 

[This point falls always between the middle point and the Load]. 

The actual value of ^ is so complex as to bo hardly worth quoting : it is when 
ii' Xj" are not very unequal — nearly the same os (10) above, and may be considered 
the same as (10) for piactical use. 

287. Calculation of wi", — It will be well to indicate the manner in 

which the quantities w", w*', n", a*" are obtained from the equations (3, 3a) and (4, 
4a), as some redaction is required previous to integration. 

ife /IS*’ 


/ c Min dx 

o IMn • T’ 


( 12 ). 


B, <») (1), ^ . 0 .fj\ “ 


EI„ 


M 


-r.A 


fiST' 


.(18). 


The further reductioii of the quantity is the only difficulty, and takea different 

forms in the three cases of 

Beams of uniform section. 

2^ Beams of uniform strength with uniform depdi. 

Beams of uniform strength with uniform br^th. 
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Case 1®. Beam of uniforni station —In this case I — IlBf 


y oMm‘ c 

"■=/y: 


M 

Mm 


dx^ 

0* 


(12a). 

(J3A). 


Case 2®. Beam of ttnfoi'm strength mth uniform depths {Axt, 221).— In these 
Beams, the maximum strosa-intcnsity {pt or e) is hy definition a constant throughout 
the Baanu 

M 

/. by Eq. (6), -y y, or c == constant. 

Also yt and yc arc constant throughout the Beam, (because it is of uniform depth). 


is a constant, and therefore = 

J. Im 


Therefore equations (12) and (18) reduce to 

fe dm 


m" = ^ cases ^ . 


n* = w all cases f 


.(12b). 

(ISB). 


It is also seen by Eq. (1, 5) that in these Beams 

- ^ sr constant, ....,(14). 

p JLl 

Thus ** the curvature is constant ” in these Beams. 

The curvature may also be calculated from the stress by Eq. {la) thus 


^ — - y** p** c 

p El E yt or c 


(15). 


Case 3®. Beam of uniform strength and uniform hreadth,^ln these Beams also 
the maximum stress-intensity (p't or c) is a constant throughout the beam. 

by Eq. (6), . y t or c » or ^ . w't or c = constant 


But as the cross-sections are usually made of the same figure (Art 221} throughout 
the Beam, the quautities rn't^ m'c which depend only on the figure qf oross’-section^ 
(Art. 208), are constant throughout the Beam. 

Thus if = depth of cross-section of Mm, 

— • is a constSht throughout the beam, and therefore =s ~ d^, 
and by Besolt (48(&), Art 221, oc M, 

. Mim ^ /m;: 

V ni; T y iT 

Hcnco Eq. (12) and (18) are rednoed to 
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c 

Cia'O- 

„ /f* /Mm rfr® 

"" yoe/oyM-c^ 

(13c). 

are ohtaiued from their definition in Eq. (7). 


in Bm m ■■ — 


Wc 

_ * Mm 

- ” • Wc 

|(7). 


The values of the element-functions (M -r Mm, \/Mm 4- M) required for integrating 
(1 2a), (12c), (13a), (18o) are here given. The values of M, Mm are taken from the 
examples ot Art. 182, modified of course according to the position chosen for the 
origin. 
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Constant Moment of Flexure (M), . . 

Ex. 7. 


1 

1 

(18). 

pS 


1 





a 

H 

fji 

H 

Load (|— w) at free end A", . . 

Ex. 1. 

'tJ 

s 

•g 

1^0!^ 

1 

Jr^ 

(17). 

g 

o 

Uniform Load ( — w), • , 

Ex. 2. 

ca 

■4^ 

< 


1 

\ 

(18). 


Load ( — w) at middle, • . 

Ex. 5. 

o 



(19). 



1 

c 

V c-e 



Uniform lioad ( — w), • . 

Ex. 8. 

a 


0 


p 

S 


o’* 

^/c» - «* 

(20). 

H 




ipj' — 



Pi 

2 

Load ( — w) at Q, J Thro* A'Q, 


Cf 


(21). 

Hi 

P 


'S 

J mi-«l 

CQ 

A'Q = ? 

Ex.i. 



1 



1 

— a?" 




A"Q == ) Thro* A"Q, 


■*a 

< 

M * 

y 

(22). 


[The calcnlation of the quantil;ieB n^' from the reduced equations (12a, 

13a, 12o, 130) should now present no difficulty to a Student acquainted with Inte- 
gral Calculus]. 

288 . Elastic has been explained (Art, 284’1 that Eq. (4) 

•=/:/: 

2 s 
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is that of the “ Elastic Curvc’^ or Deflexion Curve of the neutral surface as de- 
fined in Art. 270. The preliminary redaction of the equation is effected in the same 
manner as explained in Art. 28G. The general reduced equation’’ and 'the final 
resulting equations are exhibited in the following Table, (p, 316). 

Use of the Elastic Cnrve. — The ordinate (?’) of course shows the height of the 
deflected “ neutral surface ” above or below the origin at the section x or The 
most convenient way of calculating the Deflexion (w or d) under a combination of 
Loads, the sejmrate Deflexions due to which are given in the Tables of Art. 286, 28G, 
is by summing the partial Deflexions, thus 

Resultant Deflexion (v) = S | partial deflexions (v) | (23). 

When the maximum Deflexions due to the separate Loads occur at the same section 
the Resultant maximum Deflexion (^) of course also occurs at the section, and is 

Resultant Max. Deflexion (<D = S ^partial max. deflexions (^)} . ... (23A). 

But when this is not the case, the simplest piacticnl plan of finding the section of 
maximum deflexion, and its magnitude (6) is to plot the ‘ Elastic Curves ’ due to each 
separate Load — exaggerating of course the scale of ordinates (i?), which arc always 
very small quantities — on the same base lino, and also the Resultant Elastic Curve, 
whoso ordinates (u) are given by (23) ; the eye will then easily detect with sufficient 
accuracy for practical purposes the \alae of the liesultant maximum deflexion (5) 
and its position. 

[The whole of the Results of Art 286, 286 for finding 6, /?', &c., might of course 

be found by finding the maximum ordinate (^) of the Elastic Curve as given by the 
Tabic below, but the Elastic Cuno is of so little practical nsc, that it was considered 
better to derive the quantity (which alone is of much prac ti^al use) independently]. 

[A Table of tlic ‘element-functions ’ M ~ Mm, “5“ ^ required in forming 
the equations of the Elastic Curves in the Table below was given at end of Art. 287: 
with the help of this, a Student with a moderate knowledge of Integral Calculus should 
bo able to form these Equations for himself]. 

289. Barlow's D^exion-formulm , — Four fonuulsB were given by P. 
Barlow for the Deflexion (^) of a Solid straight horizontal unifonn Beam 
of rectangular section which, as they arc in a form particnlarly suited to 
Timber — especially to Indian Timber (for which in general the * co-eflfici- 
eht of Elasticity ’ Ed (not Et) is recorded) — are here quoted. 

As to the meaning of Ed, and the many different forms in which it is 
recorded in various Tables, see Art 100, Chap. IV]. 

They are here given in three forms — 

1®. Suited to European Timber, for use with the partieular form of Ed tabu- 
lated in Barlow’s ‘ Treatise on Strength of Timber ’, Ed. 1867. 

2^ Suited to Indian Timber , for use with the “ Roorkee see Art. 100, (4), 
also Table VIA. for Indian Timber. 

3**. SuHed to any material, for which the ‘ modulus of (tensile elasticity Et is 
known : this set is obtained by direct reduction of the general formulae 
(8a), and is inserted for comparison with Barlow’s formulas. 
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Barlow’s Formulas for Maximum Deflexion (5), 




1 

1 Solid straight horizontal uniform rectangular Beams. 

s 

Load. 

1 

1 

European Timber. 


Any Material. 


1 

•s 

Use Barlow’s 
in Treatise on 
Strength of Timber, 
Ed. 1867. 

Use Boorkee 

Use B|. 

Resul 

ti 

I 

i 

W at free end, . . 

1 

PW 

1C- 

PW 

(32). 

Ed . 6d^ 

Ed . irf’ 

Ei.iiP 

Uniform Load (m), 
W c= Whole Load. 

i 


• W 

Ed . bd^ 

PW 

« E,. 

(83). 

Q 

Sg 

o ^ 

W at middle, . . 

tV 

, PW 

” ‘ Kd . W 

L«W 

Ed . b(P 

/’W 

* E,.W’ 

(34). 

H 

Imi 

Uniform Load(w), 


1 ' A * ^ 

w 

. m 

(33). 

in 

1 W =: Whole Load. 

Ed ■ 

® ‘ Ed . 1 

” • eJ. id-* 


The evidence of formula (34)— partly theoretical but confirmed by ex- 
periment) — is given in Ait. 99, Chapter IV. The ratios 1 : i : iV • I • iV 
wore established on theoretical grounds similar to Art. 283, et seq. 

Mistake vi Barlofv*s earlier Works , — ^The ratios given in the earlier Works were 

^ 5 t * A • i . rfffJ 

‘Essay on Strength and Stress of Timber 8rtl Ed. 1826. 

‘Treatise on Strength of Timber &c., New Ed. 1845. 

The fraction ^ is wrongly deduced* from the reasoning given : the fraction really 
ileducible is as in the Text, and as in Barlow’s later Works (‘ Treatise on Strength 
of Timber *, Ed. 1867). 

[This mistake as to these ratios led to the mistake (alluded to in Art. 159), in the 
attempted theoretical demonstration in Barlow’s ‘ Essay ’ and ‘ Treatise ’ (of 1826 and 
1845), that the “ Working Strengths of a ‘ Fixed Beam ’ and of a ‘ Supported Beam ’ 
loaded at middle are as 8 : 2], 

290. Limits of applicahility of /omwZcB.— -All the formula and 
results for Deflexion, Elastic Curve, &c., are essentially dependent on the 
method used in Art. 283 for investigating an expression for the Curvature, 
and in Art. 284 for reducing that expression. In applying these results, 
care must of course be taken that none of the limitations implied in that 
process shall bo violated, thus 

• For a full dlKcusslon on this point, and on the relatloriH between Kt, He, and many different forms 
of Ert Paper No. XUV. of ‘ Profcislonal Papers on Indian Engineering (Second Seiiei) by the 
piewnt TMiiei. 
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The use of the property -j = ^ JE = ^. 1 in Art. 283, implies 

the v&ry sctrne limitations as for the E<iuationB of Transverse Strain, Method 
ii, Art. 215, viz., ' 

1®,— that the Beam be only slightly bent. 

2®, — that the material be one to which * Hooke’s Law ’ is applicable. 

3®,— -that the ‘ limit of elasticity ’ be not exceeded. 

4®,— that the material be nearly * isotropic’ e., Bt = Ec-'l 

Again by the use of the approximate form Eq. of the etjuation f2) 
of the ‘ Elastic Curve', the limitation (1^) is again expressly affirmed. 

Thus it appears that the formula for Transverse Strain (Method ii) and 
Deflexion imply the very same limitations^ and that therefoie (when these 
limitations are observed), the results of either may be used together as 
simultaneous equations. 

This justifies the Method described in Art. 282 — (2) for desiging the 
scantling of a Beam so as to be both Strong and Stiff. 

The practice of Engineers is however to use the Deflexion formula also alonq with 
the Kesults of Method i of Transverse Strain. Now although on dividing the for- 
mula for ‘ Breaking Weight ’ (P) of Method i (Chap. VI.) by the factor of safety («), 
the four limitations above appear to be complied with, still this procedure isopen to 
the same objections as explained in Art. 218, vi«., that the Deflexion and Breaking 
Weight-formulas are probably incomparahh^ and for the same reason, viz., that 

(«). In Method i of Transverbc Strain, the * Working Load, (W) is a&sumed to 
be some constant fraction of the Breaking Load ’ (P), ?. e., W = P -f- a, 

(5).— In Method ii of Transverse Strain, and in the Deflcxion-formula the * Work- 
ing Load ’ (W) is defined as that which shall produce the ‘working (longitudinal) 
stress-intensity (/% ©r c -r «)* so that until it is shown that these two Working Loads 
(W) are identical m value^ the joint use of the formulae involving them is objec- 
tionable. The practice is nevertheless almost universal, and certainly has the sanction 
of authority. 

291. Keay^t Method.— A method was devised by (the late) Ensign P. Keay, 
by which it was proposed after assigning the ratio 6 : d for Timber Beams from 
other practical considerations of convenience (c. as 1 : ^/2) to find from the Deflex- 
ion formula such * a factor of safety ’ (s) in case a function of the length 

(L)— that the Transverse Strength Formul» W=sP- 7 -« = ehoM yield 

the same result as the Deflexion-formulss. The objection* just explained as to the 
i n comparability of these formulss, of course applies to this procedure. Moreover the 
utility of the Hesult is questionable, because the original Deflexion-formula alone 

* other objectiona were raised (on theoretical grounds) to Mr. Keay’e Method by (the late) Mr. 
Valentine, in Paper No. Vltl. of Professional Papers on Indian Engineering^ (Second Series;— but 
this Paper Is Itself so fiill of mistakes in theory, that no conelustons can be drawn from it. In the 
present writer's opinion, Mr. iteay’s Method was not open to the objections there urged, for the four 
'limitations’ of Ait. 28$ were complied with. 
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would yield the required result, and is itself, more simple than the proposed (modified) 
Transverse Strength formulre. 

[It was given in the 2nd Ed, of Vol 1. of the Roorkee Treatise on Civil Engineer* 
ing, and in the Thomason C. E. College Manuals of Strength of Materials, previous 
to 1873, but for reasons above, it is not here repeated], 

292. Camber. — It has been explained that all Beams yield by de- 
flexion under Load however small. The resulting Deflexion is not a 
proof of weakness : it is the natural consequence of the elasticity of 
material. 

When however its visible effect is a drooping or sagging’* of the 
ideal mean line of the Beam, or even of its visible “ soffit”, the result is 
ajsthctically disagreeable, and suggestive (to the eye) of weakness. 

The appearance of sagging in the soffit may be avoided, by making the 
Beam with a camber (when unloaded) somewhat greater than the expected 
Deflexion after loading. ^ 

[This cannot of course be done in solid wooden Beams without cutting away tlie 
soffit at the middle, and thereby reducing their depth at the very place where great 
depth is most necessary j. 

This can always be conveniently done in Cast-iron Beams, and in all 
Framed Girders— e. g., Lattice, Warren, &c., Girders. 

The amount of Deflexion investigated in this Chapter is that of conliuT 
nous material — i. of Beams in one piece without joints. A ^Framed 
Girder with numerous joints always deflects when first put up^ and for 
sometime after, much more than a Beam of continuous material, until in 
fact the joints have closed, so as so bear sufficiently on one another, thus 
producing a permanent Set, which may be as great as the ordinary De- 
flexion of a Girder in one continuous piece. The original Camber of the 
soffit of a Framed Girder should therefore be twice the expected Deflexion 
of a similar Girder in one continuous piece. After fhis Set is produced, 
the Deflexion due to passing Load falls under the principles of this 
Chapter. 

The Camber in a Framed Girder is effected by making the segments 
of the Top Flange slightly longer than those of the Bottom Flange, i. e., 
sufficiently so to produce an upward curvature somewhat greater than the 
expected downward curvature under Load. 

293. OentiifUgal the Roadway of a Bridge be origin- 

ally concave upumrde (longitudinally )| or become so during the passage 
of a Load, there will be additional dowma^ pressure on it during the 
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passage of a moTing Load, equal in magnitude to the ** centrifugal force ” 
due to the motion, which will of course increase the curvature and de- 
flexion^ 

This increase is always a small quantity, but for high velocities, it is, 
suificient to lequire examination. 

Let — W'' = Total Live Load. 


V = Velocity of W". 

— P = Centrifugal Force due to V. 

— (W" + P) = Total (downwaid) pressure on Beam due to Live 
Load alone. 

Mm = Max. maxirnoium Bending Moment, j 

f) = Radius of curvature, > alone, neg- 

I = Max, deflection, ) V. 

Mm", p", S" = Values of M„„ p, S due to (W'' + P). 

Then it is shown in woiks* on elemental y Mechanics that 


p _ ^ V^ 

^ * p" 


(36). 


Now a little examination of the Results of the Examples of Art. 182, will 
show that with similar Load-distribution, the maximum Bending Moment 
is — cmterie paribus — proportional to the Total Load. 

Hence assuming that| the distribution of (W" + P) is similar to that 
of W", 

Mm": Mm = W" -h P: W", 

V* 


= byEq(l), 


s=M». (l + nearly, 


since Y* is always a small quantity. 
Hence also, by (87) 


P + W": W =s: 1 + 1, nearly. 

mV 


(37), 


(38), 


* See Todhttater*e ** MecliaiUos for Beginner®,” Art 166 of Dynomlcs. 

t This ueumption is of course usnailj Inaccurate, but the accurate Invcstigailon would be highly 
complex, and all that is aimed at is a rough estimation of the increase of pressure (P). 
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/, Increase of pressure = P = — . ~ , nearly^ .. 

Also by Eq. (8fl), r : 2 = P + W" : W'^ 

V* 

Increase of deflexion = J = S . — , nearly. 

99 * ^ 

and by Bq. (1), y : y = M*™ = M™ 

V’ 

= 1 + ^ : 1. neaj’iy. 

Increase of durvature = — 1~= - , nearly, 

P P 9 9P 


.. (30) 
• (40). 

..(41). 


These Results may be summed up thus — ■ 

“ The increase of do\vnwar(3 pressure, maximum Bending Moment, curvature, 

and deflexion due to * centrifugal force* are each proportional to the quantity 
(42). 

294. Stiffest G -Beam out of a Q-log , — The most useful cross-section 
in timber being a solid rectangle, it is of some importance to find the 
Stiffest section that can be cut out of a round log (this being the form 
in which the Timber is obtained naturally). 

[Coinpare this Problem with that of finding the STRONGEST [1 ‘Section that can 
be cut out of a round log, Art. 225]. ^ 

Let y s= depth of section, 
z s= breadth of section, 
r = radius of section of log. 

Then '/ AD is Jf to DC, /, AOC is a diameter, 

-f- = 4r^ 

And by Eq. (fia)^ S = -g — ^,— 3 * which should be a minimum 

in case of stiffest section, and consequently— (since n' ", n* are con- D 

stant throughout the Beam, being a uniform Beam)—, and therefore also or 
(4r* — y®) y® should be a maadmum. 

Hence (by the principles of the Differential Calculus)— 

^ (4»^y® — y*) s: y* — 8 y’ s 0 , whence y zz , r, 1 

Hence also a as r, AOB as 60®, BOC as 120®. > (43). 

And if B«, Du be drawn X* to AC, of course Aw ss mO as 0^ sa 7 ^C I 
as I diameter. j 

The Geometry shows that this corresponds to a maximum (not a minimum) of zy\ 
and therefore to a minimmn of d. 

Thus in the BTiFFSeT Beam obtainable of a round log^ 

S : e? as 1 : Vs (48A). 

Now in Art. 225, it waa ahotn that in the Stronmst □ -Beam obtain- 
able from a round Ipg, 1 : V^i ^st a □ -Beam cannot be at 

once the Stbokgsst and @TiFFs$t obtainable from a round log* 
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295. D6fl6xion-measur6ment.-^Thd measm^emont of the maxi- 
mum Deflexion (5) of a Girder for testing or proof” is often required 
of an Engineer. The following simple Methods will suffice in ordinary 
cases when extreme accuracy is not required. It is premised that the Gir- 
der should be set up, — as it ordinarily would be, when its construction was 
just finished,— with its Ends on the same level, and supported underneath 
throughout its length, so as to be unstrained, i, e., free from all Load, 
even that of its own Weight. 

Method i. Fix a finely divided scale (a paper scale will do very well) in a verti- 
cal position on one face of the Girder at the section of expected maximum Deflexion. 

Fix two smooth pins one at each end of that face of the Girder about the level of 
the ncatral axis. 

Fasten a very fine wire to one of them, and strain it over the other, with as great a 
weight as it will bear without injury. Mark where the wire crosses the scale : this 
will be the zero ixdnt of the scale. 

The supports sholild then be gradually lowered^ so as to bring the Girder gradually 
under the Strain due to its own Weight, in which condition —strained by its own 
Weight alone — it should be left for some time, as the full strain (Deflexion) takes 
some time in being fully produced {see Art 2). The reading on the scale will then be 
the Deflexion due to the Girder’s own weight. 

The Girder should be now gradually loaded— the scale reading occasionally 
noted — ^up to its Proof Load, which should be altogether (^, c., including the Girder’s 
own weight) about twice the intended Orosg Worhng Dead Load (i. e,y including the 
Gilder’s own weight, and doublin'! the intended Li\o Load in calculating the Dead 
Load, which would produce the same strain). The final scale-reading will of course 
be the final Proof-Deflexion required. 

This Method is not susceptible of much accuracy. 

Method ii. Fix throe levelling staff- papers ” upright on one face of the Gir- 
der, viz., one at each end, and one at section of expected maximum Deflexion. Set 
up a good levelling instrument— previously adjusted— in front of that face, and re- 
cord the readings on all three scales, 

(a). When the Girder is unstrained. 

(5). When strained by its own Weight only (for some time). 

(c) . At intervals when partially -Loaded. 

(d) . When under proof Load, 

The horizontal hair of the Level should of course on each oceasion show three 
points on ths saMe levels and the comparison of these will show the zero points and 
amount of sinking. 

This Method is — with care— much more accurate than the last : the Level should 
be act up equidistant from the Girder’s ends, i.c., m fche vertical plane perpendicular to 
the Girder’s face at its middle, and (if possible, sq^Sciently far off the Girder to allow of 
all three readings to be made without touching the focussing serewy as in this case aa 
error (in altitude*) in the Lino of Collimation is not of mneh importance. 

(If in order to secure accnracy of reading, the Level has to be placed so near the 

2 T 
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Girder^ that these readings cannot be effected at the same focus, care most be taken 
that the Line of Collimation be in proper*^ adjustment altitude before commencing3* 

It must be observed that the actual sinking of any point of a Girder 
is generally greater than real Deflexion at that point, because the 
Supponis of the Girder are often sensibly compressed by the Load. 

It follows that the relative sinking of any point, and of the Girder’s ends 
should be measured, and this is what is effected in both the Methods de- 
tailed above by chosing moveable points of reference ” on the Girder’s 
ends which sink with the Supports. 

296, Very Long Pillars. Gordon’s Formula. — It has been ex- 
plained (Art. 53), that Very Pillars fail hj Bending — not by 
simple crushing, and the formula (known as “ Gordon’s”) 

ID*— /-A 



was given (Art. 70), as representing the law of Ultimate Strength” — 
measured by P — as ascertained from Hodgkinson’s experiments. This 
formula will now be investigated. 

The Pillar is here supposed to be a straight (venipal) Pillar of uniform 
cross-section (A), and loaded by a Weight (W) uniformly applied over 
that section^ so that the Resultant of the Load coincides with the axis of 
the piece, which is also supposed to be straight before loading. It is also 
supposed that all the limitations of Art. 290 are complied with, so that 
the principles of Chapters IX., XV. are here applicable. 

The Pillar will clearly yield (bend) laterally in the direction in which it 
is most flexible, i. e., in the direction of the least diameter of its cross- 
section. 

Let d — least diameter of simple figure (square, rectangle, triangle, 
circle, &c.,) circumscribing the cross-section, 
h « diameter of same circumscribifig figure JL' to d, 

S ==: max. Deflexion of axis of Pillar. 

Po = mean stress-intensity due to W = W -r A. 
p' » max, stress-intensity due to deflexion. 
p = Total max. stress-intensity. 

THien since the Pillar is vertioH]^ and the sole Load is the Weight ( — W), 
it is clear that 4he Resultant ^rtical Resistance at every section is W, 

• As to tbe proper mode of effecting thie, tbe Author’s Paper on Adjustment of neveJe,” No. 
OXXV. of “ ProfoBsional Papers on Indian Nngineerin# 
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and that at any section these constitute the Bending Couple ” (Art. 172,) 
and that its arm is the Deflexion at that section, and that therefore the 
Max. Bending Moment Mm = WS. 

But by Art. 210, the Moment of Eesistance^ I® = ^ . p'icP. 

Hence, (since = Mm), P* — ^ ^ 

But by Eq. (8c) supra, S — > or 


W P ^ W /K* 

“ P ** i(/» • 5 ’ * W w) 

Qc . ^ 2 ) ", —since obviously A oc 6d, 

=c, , where c is some constant, 

w 

But it is clear that = -j-, 
and that p = Pq + p* • 

And if nonr W be taken as the Workino Load, then of courae the max. 
stress-intensity (p) = working stress-intensity (/. — s). 


Working Load, W j 




(44a). 


whence Breaking Weight P = sW = — 

1 

And this is Gordon’s formula, (Eq. (18), Art. 70) as to its use, see Art, 
70, 71, 83. 

[JV.E. — There is apparently no objection to the formula as presented 
in the form (44a), and the form (44) is of course algebraically derived 
from this by multiplication by s, but since all the limitations of Art. 290 
are violated when the stress exceeds the proof stress, it is extremely 
doubtful whether the quantity sW (where s is a constant fraction) is re- 
ally the Breaking Weight” defined as (Art. 6) the Dead Load whfeh 
wmld just produce fracture. This is course involved in the same dif- 
ficulties as explained in Arts. 216, 218, g. v.] 

297. A few Examples on the use of Deflexion-formulce are subjoined. 


/c . A 


l\^ 


+'•( 3 ) 
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L Direct Problem. To find the rnaxirntim Dejlexion (S).— This is 
80 easy that a very few Examples should suffice. 

Ex. A flat terraced roof weighing 100 lbs. per aq. ft. (including the weight of 
Beams) rests on sfil * burgahs/ (Stnall joists) of 3" x 3* uniform rectangular section, 
placed 1* apart centrally : those rest on s&l Beams of 7i" x 10" uniform rectangu- 
lar section, at 4' apart centrally, and of 20’ span. Find the maximum Deflexion (d)— 
the Beams in both cases being considered simply * supported \ and approximately 
uniformly loaded. 

Solution. 1®, (for the small joists), 6 =: 8" «?, L = 4', W = 400 lbs., Ed =5 4,600. 

43 ^ 400 82 

By Eq. (85). 8 = | .X ^ 3, = ,-^3 = ’044 in. nearly. 


2* (for the (large Beams), 4 = 7J". = 10*, L = 20', W = 8,000, Ed = 4,500. 


By Eq. (35), 4 = i 


20'' X 8,000 _ 82 

^ 4,600 X 7-5 X 10'* ~ 27 




By Tredgold's rule, the admiasihle Deflexions would be 
P. Buriahg, 4 = X 48* = -1*. 

2®. BeamSy d = X 20 x 12 = *6, so that the Beams are not stiff enough. 


Find the maximum Deflexion in each of the Beams of the Examples 
of Art. 226, Chap. VIII., which see for the data. 

Ex, 1. A room 10' wide has a flat terraced roof on brick arches, which rest on 
Beams of uniform section 8' apart centrally. (The Hoof weighs 116 lbs. per sq. ft. 
including allowance for weight of Beam). Find the maximum Deflexion of the 
Beams, (^t) in Sdl Timber 4"f x 0"t, in wrought-iron of rj’S^ction in which 
5 = 2''J,d = 3''f,t = r. 


(o). ByEq.(85),^ = 


L»W _ 
Ed 4rf» ” * 


10’ X 8460 
4,600 X 2-6 X (8’76)* 


= S"'63 nearly. 


(4). By Eq. (8tf), 4 = ^ . • j 

_ V'tf 60,000 + 36,000 ' (12 x 6)* 

""20,000,000 4 X 3-75 


J*, nearly. 


Ex, 2. A Dead Load of 4 tons is carried at thiddle of a wroughtdron Beam of 
20' span, and 1' depth of uniform Ti^ssetion symmetrical about its * neutral axis,* 
Flange breadth I as 6^, Flange thickness f ss 4*, Web thickness 
For other data, see Ex, 2, Art. 226. Find Maximum Deflexion, 


Here«' = A(f + 6|)=A(fx* + 6xi) = jIj 


By Eq. (8tf), 4 


n“‘Vre* _ I X- 4 X 2840 X (12 X 10)» 
Et#' 4rf> ~ ISJoSSrOOO X tfi K 6 X 18* 


sa I®, nearly. 


[Here w"'as J for a Unifortti Beium Sad the Beam been of Uniform Strength, 
V would have been as } if of uniform or « J if of uniform breadth]. 
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Bip* 3. ^ A rolled iron Beam of 20' span and cro6S<^section as in Ex. Art* 226, 
under uniform Load of 11-6 tons. For other data, m Ex. 3, Art, 226. Find Max- 
imum DeBexion. 


By Eq. (8n), d = 


Et. In, 48 ^ 


11-6 X 2240 K (12 X lOy 
29,000;ob5 X 878-2 ■ ' 


= *42^ nearly. 


Ex. 4, A rolled iron Beam of 20' span and cross-section as in Ex. 8, Art. 226, 
under Dead Load of five tons at middle and ^ ton per ft. run uniform over its length. 
Find maximum Deflexion. 

[fV.if. — The separate Deflexions due to the concentrated Load (w) and uniform 
Load (w) must be separately estimated, because the values of w"' arc different for 
different Load- distribution, see Art. 288]. 

By Eq. 8a these deflexions are — 




Et Im 


, and $2 = 


Et ■ Im 


/, Whole Deflexion = =: 


J X 6 X 2240 X (12 x 10)3 224 0 x (1 2 X 10)^ 

20,000,000 X 878*2 “29‘060',00'0 x'’378*2“ 


=s *29 + *18 = *47% nearly. 

II. Indiheot Problem. To final scantling of sufficient Stiffness and 
Strength . — The Problem of Design for Stiffness usually occurs along 
with that for Transverse Strenoth. This is explained in Art. 282, (2). 
The limiting value of ratio 2 : Z is supposed to be given. 

The general formul® are, {see Eq. 495, Chapter IX. and Eq. (85) of 
this Chapter). ^ 


For Transverse Strength, hd’^ = 


n' ' A -r* « 


(45). 


M /»* 

For Transverse Stiffness, Id^ ^ • 

. n xjUt Of 


.(46). 


Solving which 


d 


A JL 

m' * s ’ Ej; ^ 


(47a). 


(47J). 

These two results are?; perfectly .jgeneral, and give the scantling-dimen- 
sions (5, d) requisite for both Transverse Strength and Stiffness. 

Practiced Instead of using the general values of b, d just given, the usual 
method adopted ii practiee has been to calculate separately the mmerkat values of 
the quantities 5^, from anjr of the Transverse Strength an^ Deflexion Foimnl® 
that may be most convenient— which being deme 5, d can of course be found. 

But as already remarked (Art 282 — 2), this — ^the' strict scientific 
method is seldom adopted in consequence of uot good set of values of the 
ratio 2 ; Z, having as yet received general acoeptation. But in oases— 
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e. g.y in Beams for floors and ceilings — for which there is an admitted 
value for the ratio 2 : /, there seems no reason why this procesaT should 
not always be used. 


A flat terraced roof wefghing 100 ttss. per sq. ft. (including weight of Beams, 
rests on 3* x 3" uniform sAl * burghas placed 1' apart centrally : these rest on sdl 
Beams of uniform rectangular section at 4' apart centrally and of 20' span. Design 
the scantling of the Beams, so as to be both Strong enough and Stiff enough. 

— The Beams may be considered approximately uniformly loaded ** Sup- 
ported Beams 

Bfere L = 20', ^ = 12 x 20' = 240^ c = 120", W=s 100 X 20' x 4'=s 8,000 lbs., 
and by Tredgold^s allowance (Art. 281), d = f = J", 

Solution 1®. Being Indian Timber, it will be convenient to use formula involving 
Ph) Ed (instead of /b, Et). 

And for sal pb = 800, Ed = 4,200, s ss 10. 

T> -p /IN A ni. ttt 1.J2 10 x 8000 x 20 . 

By Eq. (1) and (7), Chap. ^ I., hd^ = — = irTrzTu : — = 1000 c. in. 


2pb 2 X 800 

« -r. . !-» « E*W , 20* X 8000 

By Eq. (85) «,pra, = | X TgOOlT^ 


= 19047*6 


, 19047*6 , , „„ 

Whence d := ~ = 19 nearly, h ss 3 . 

1 Ul/0 


Solution 2”. It will be nsefal to show the solntion as for other Timber, for which 
/b, El are recorded, 

Hero/b = 18;)b = 18 X 800, E, = 432 x Ed = 432 X 4,200, $ = 10. 

By Bx. 8, Art. 182, M„ ss i W/ = J X 8,000 X 240 = 2,40,000 inch lls. 

By the Tables, Art. 208, 286, a' = = i, a" = 




By Eq. (495), Art. 222, hd* = -^. 


. 2,40,000 , 

’ ® ^ 18'x 800 -i- 10 “ 

•n -o /A N n"'Wc® 8000 X 120® r* 

By Eq. (8a), oupra, W = = 19047-6 o. *». 

Whence d *=» 19", h = 3", as before. 


JRemarka. — The scantling just obtained (3" x 12*) is so unusual that the process 
demands closer consideration. What is really provide^d by use of the two equations — 
bd* = 1000 ; bd^ =: 19047'6 

is a Beam bot^ Strong enough (i. factor of salety = 10) and Stiff enough (i, 

S sst t) and without waate of matei'ial. I., 

Any other arrangement must fail either in Strength or Stiffness, or if It have 
enough for both — must have excess of one or other and be to that extent, wasteful 
of material. 

Thus let it be proposed to make Ihe Beam Strong enough (i, e.^ » sa 10), and with 
the ratio h \d^li $/2, which gives the Strongest Beam out of a round log, (Art 
226). . 

Then 

M». «1000 > A 26® sr 1000, 

6a5:7**94and<?te=ir*22 


hence 
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Bttt this Beam (7**94: x 11" 22) would bend more than the proposed amount (O^-S) : 


in fact its Deflexion would be 

* ~ ‘ Ed . 


= f X 


20® X 8000 




4200 X 7-94 X (ll"-22)® 

Nestll^let it be proposed to make the Beam Stiff enough (z. e., d 1) and with 

the ratio b : d s= I : ^/S which gives the Stiffest B^m out of a round log, (Art 
294). 


Then 

bd^ = 19047‘6 ; /, 3 v'S = 19047*6, 

hence 

b = 7"*78, d = 13"*48 

But this Beam has obviously excess of Strength, for the scantling 7"*94 x ll"-22 
previously found would have been Strong enough. And both the scantlings (7"*94 x 
11"*22 and 7"*78 x 13"*48) just obtained, have obviously far greater sectional area 
than the first one (3" x 19") — nearly double in fact. 

Nevertheless, the scantling (3" x 19") would not be adopted ; as being practically 
unsuitable for Timber in which a 19-inch depth is seldom obtainable ; and also, in 
consequence of the great excess of the depth (d5) over the breadth (2>) which would 
render the beam liable to fail by twisting. 

The third scantling (7* *78 x 13" *48) would probably be adopted ; or the second 
(7"*94 X 11"*22) as its Deflexion (0"*85), though exceeding the propos^ amount 
(0"'5) is not excessive : or else a Trussed Beam or Framed Truss would be adopted. 
This example illustrates well the difSculties of application of Deflexiou-Formulie. 



CHAPTER XV4. 

TRANB VERSE IMPACT. 

298. Deflexion under Sudden Load. — The jprinciple of Art. 26 

enahltiB the defloxion due to suddenly applied Load to be found from the 
preceding results. 

Let = Transverse Load suddenly applied in a given manner, 

^ 3 =: Deflexion produced bjr W". 

W', =r Dead Load {distributed similarly to W*') which would pro- 
duce the same deflexion as W'\ 

Tlieii in the act of Straining the Beam, Jhe Dead Load (W') is gra- 
dually, and the Live Load (W ' ) suddenly, moved each through the same 
space (S). Hence the ^ Work’ done or ‘Energy’ expended is ^ W'S, 
respectively : and as the same amount of ‘ Energy ’ has in each 
> ease been expended on the beam, it follows that 

^ W'2 =: whence W" = ^ W'. 

Again, if the Dead Load W be applied so as gradually to produce the 

Deflexion 2, the ‘ Work ’ done or ‘ Energy ’ expended is i WS = 

which is the very same as would be expended by the same Load W ap- 
plied so as suddenly to produce the half deflexion (2 -f- 2). 

Again, it i| obvious from Equation (8c), Art. 285, that the maximum 
(longitudinal) stress-intensity (p*totc) is proportional to the corresponding 
deflexion (2), and further by Hooke’s Law (Art. 91), the strain-intensity 
(\ -r- 1) is proportional to the stress-intensity (p\or^* Combining 
these with the preceding results, are obtained th^ following important 
Theorems. 

Thboem I. The Lead W" which suddenly produces the same Deflexion (2) or 
same maximum (lougitudinal) stress- and strain-intensity as the Load (W) gradually 
produces, is one-half of the latter (W" « i WOt 
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Theorem II. A Load suddenly applied to a Beam prodncea (at first) twice tlm 
Deflexion (^) and twice the maximum (longitudinal) stress- and strain-intensity 
(P i or c At or c would if gradually applied. 

Similar Theorems were proved in the case of ‘ Direct Load ’ (i. e., for 
Simple Tension and Compression) in Art. 102, v. 

Scholium, It is tacitly assumed in the above that the uohole energy of the sud- 
denly applied Load is really expended in producing Deflexion^ and that deflexion 
is produced quite suddenly. Now it is doubtful whether such sudden deflexion could 
possibly be produced in nature. In fact all very sudden ‘ Impacts of small bodies 
expend a very large portion of their ‘ Energy * in Shearing, e, g,, a bullet with 
high velocity will pierce into or through most solids, whilst a larger mass with the 
same momentum would probably lend (not pierce) any Beam which it struck. Never- 
theless the above Theory is useful in indicating that rapidity of application of a Trans- 
verse Load greatly increases its straining effect. 

299. Live Load. — The straining action of a rapidly moving Load 
is intermediate to that of a Dead and Sadden Load. It has been inves- 
tigated* mathematically by Mr. Stokes, and expeiimentally by Captain 
Galton, B.E. It is usual to meet (his by making the factor of safety 
(fi") for Live Loads] about double that ( 5 ) for Dead Loads ( 1 . 5 " = 2s 
roughly)— for the reasons in Art. 298 (Compare Art. 304, and 7). 

300, Besilience of Beams. — The Resilience or Spring of a 
Beam is the ‘Work* performed in bending it to a given Deflexion (^) 
(Art. 27), or so as to produce a given maximum longitudinal Stress- 
intensity (/?') — (not > the proof Stress-intensity). 

Let W = Total Dead Load. 

I = JOeflexion produced by W. 

p* = Maximum Stress-intensity (tensile or crushing). 

Then by Art. 26, | W2 r= ‘ Work’ done by the Load (W) gradually 
producing the Deflexion (2). 

To express this in terms of the dimensions (5, cf, 1) and of the maxi- 
mum stress-intensity (p') produced, the load-distribution must of course 
be given. The only two cases of much interest in practice are — 

i. Cantilever. SingU Dead Load (— W) at free end. 

Combining Eq. (26), Art. 182, M« = - W/ 

yfiOi Eq. (25c), Art. 210, « = . p' . M* 



* See** Report of OosunteelonerB on the Application of Iron to Railway Structures,** also Rarlow*s 

** Strength of Materials,'* Ed. 1967, Appendix C. 

2 V 
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Also ! = ^ .p' . -TT by El- (8c), Art. 285, 

‘ Resilience’ = ^ WS = J ^ ^ , bdl (1), 

and if W be the Working Load, = /b -r a 

‘ Working Resilience* = ^ WS = ^ ^ • idL(\a), 

ii. Supported Beam. Single Dead Load (— W) at middle. 
Combining Eq. (35), Art. 182, Mm = ^Wl 

witli Eq. (25c), Art. 210, M= ^,.p' .hd? 


W = 4 


,p .T 


Also a = ^ . p' . -^ = by Eq. (8a), Art. 283. 

‘ Resilience ’ = ^ WJ = \ '■ 


^.Ul. 

Kt 


.( 2 ), 


and if W be the Working Load, y = /b -r- 5 

/. < Working Resilience * = ^ W? = ^ . hdl ..(2(«). 

301. Stress due to Impact on Beam.— This may be investiga- 
ted by help of last Article. 

W"' = Weight of impinging mass in pounds, 

V = velocity of impact in inches per second, 
g = measure of acceleration of gravity in inches (= 12 X 32’2). 
h = ‘ height due to velocity ’ = -f- 2^ in inches, 

I = Deflexion produced by W" in inches. 

W' = Dead Load (applied similarly to W''') which vxmld produce the 
same deflexion (2) as W". 

By Art, 22, W" — or W" h = Energy of impact (3), 

By Art, 298, ^ W'2 = Energy of Dead Load W' gradually t 

producing the Deflexion 8, j ’ ’ ' 

and assuming that the whole Energy of Impact is alsorled in producing 
deflexion, 

W'^ or W'^A = i W'c = Resilience of Beam, (5). 

The only intere|tirig caaes in practice are — 

i. QKmu.'^%'n,mder Impact at free end, ^ 

ii. SupFOETBi) Bbah, under Impact at middle, j 
in each of which cases by Eq. (1), (2), Art. 300, 
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W" . ^,orW''A = i W'8 = i . Idl (C), 

from which equation the maximum (longitudinal) stress-intensity (2>'«orc) 
produced by a given Impact (W" or W7i) on a given Beam may bo 
calculated. 

302. Deflexion due to Impact.— Eliminating p* from Eq. (6), 
by Eq. (8c) of Art. 285, viz., p* = there results for the same 

two cases, viz., 

i. Cantilever, under Impact at free end^ {I = c), 

ii. Supported JIbam, under Impact at middle^ (Z = 2c), 




hA^ 


.(7). 


-i- 

2c 


Et 


IS* 


( 6 ), 


from which equations the Deflexion (2) due to the Impact W'7y 

may be found, or vice versd. 

303, Design of Beams under /mjoaef.— Eq. (C), (7), (8), of Art. SOI, 
S02, are sufficient for the two cases— 

i. Cantilever under Impact at free end* 

ii. Supported Beam under Impact at middle. 

The maximum stress-intensity p' of Eq. (6), should of course then bo 
the ‘ working stress -in tensity (/b -r s)\ the ratio 8 : c of maximum ad- 
missible deflexion (8) to length (c) of a cantilever or to semispan (c) of a 
Supported Beam should if possible also be assigned (from experience or 
otherwise), in which case these arc the two Equations — 


1^, of Transverse Strength, , or Wh r= J ,ldl (9). 

2°, of Transverse Stiffness, or 


Eq. (9) gives a value of hd, and Eq. (10) a value of hd? for sufficient 
Transverse Strength and Transverse Stiffness, respectively. The 
values 5, d deduced will of course be those of the section of Maximum 
Bending Moment (Mm), and provide a scantling both Strong and 
Stiff enough. 

But it will commonly happen that there are no good data for Assigning 
the value of the ratio 8 : c, in which case only Eq. (9), is available, and 



332 


TBANSVERSE IMPACT. 


Bome value either of or d, or of the ratio i : d must be assigned at 
the discretion of the designer to make the solution possible. 

Tables of values of n\ m', see Art. 208, and of w", see Art 285]. 

304 . Bemarks on Eq. (6, 9). — The form of Eq. (6, 9) merits atten- 
tion ; it contains three factors— 
n'n!* 

1®, ) — depending solely on the figure of Beam, mode of support, and load- 
distribution. 

p'8 /a 

2®, ~r, or ’ depending solely on the material. 

8 * . Jlfk 

S", Idl, the volume of right prism of length I circumscribing the cross-scction 
(}(/) of maximum bending moment. 

This equation, shows that — 

** The Impact which will produce a given maximum (longitudinal) stress- . 
intensity is proportional to Idl*' z hence, also [ 

“ The Resistance to Transverse Impact is proportional to the breadth, depth, j ^ 
and length of the Beam, and therefore to its volume.” J 

The fact of the Besistance to Transverse Impact increasing as the length 
of the Beam is so remarkable (being exactly the reverse of the case for 
Dead Load), as to require special attention. 

At first sight, indeed, it seems hardly possible. A little consideration, 
however, will show that all that is meant is this — 

“ The admissible Deflexion (^) of a Beam increases with its length, so ] 
that increase of length increases the admissihle Deflexion {d) without / 
increasing the maximum (longitudinal) stress-intensity developed ; soV(12). 
that with increased length, a greater Impact may be borne without in- V 
creasing the maximum (longitudinal) stress-intensity ”, ) 

This may also be seen by considering the expression ^ W'3 which is 
the measure of the Impact (Eq. (4)) ; in which it is at once seen, that an 
increase of length of Beam permitting a greater value of 3 decreases 
thereby the magnitude of Dead Load (W') equivalent to the Impact, and 
therefore decreases the maximum (longitudinal) stress-intensity produced. 

306 . Limits of applicability of Hemlts.^AW the Results in this Chap- 
ter essentially depend on the assumption explained at the end of Art. 298, 
and also on the previous Results in Chapter IX., on Transverse Strength, 
and Chapter XV. on Deflexion, and are therefore also subject to the 
same limitatiqiis as explained in Art. 215, 290, vm.,-— 

1®, that the Beam be only slightly bent. 

2®, that the material be one to which * Hooke's law ' is applicable. 

3®, that the limit of elasticity be not exceeded. 

4®, that the material be nearly iscHaropic (i.^., as Be). . 
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6®, that the whole energy of the Impact be expended solehj i ii product ng Defex* 
ion^ i.e., that no sensible portion of the energy be expended in producing 
Shearing, Heat, &c. 

Unless these conditions be approximately fulfilled, the Results of this 
Chapter are of course quite inapplicable, 

306. Modulus of (Transverse) Resilience.— This name is ap- 
plied to the quantity f^? -f- Et in Eq. (9). Compare the corresponding 
Moduli of (Direct) Resilience, Art. 103. A * physical interpretation * of 
this quantity may be thus assigned. 

In a uniform rectangular Beam mf = 7i' = see Table Art. 208, 

also in the only cases contemplated (with a uniform section), viz.,— 


i. 

ii. 


Cantilever under Impact^ at free end^ 
Supported Beam under Impact^ at middle 




the first factor J ^ X |) -r (i)’ = 


Hence for a uniform rectangular Beam Eq. (9) becomes 

bd k 


= 18 W" when h = 1", d l\l xs: h 

= 18 W (if 5= 1) (13). 

Making s (the factor of safety) = 1 involves that W" becomes the 

Breaking Weight, so that under above circumstances becomes equal 

to the Breaking Weight. Hence it may be said that— 

'‘The ‘Modulus of Resilience' (/*b -f- Et) = 18 times the Weight which falling 
freely on to the top of a Cantilever or middle of a Supported Beam of 1" x 1" uniform 
^rectangular section from a height equal to the length of the Beam would just break 
it — under the absurd hypothesis that the five limitations of Art. 805, are all satisfied 
at time of fracture,” 

Although these conditions could not be physically realized, the expla- 
nation above is useful if only as furnishing a conception of a physical 
meaning to this co-efficient — (compare the meanings similarlj assigned 
to Et, Ec in Art. 94, and /I, in Art. 217). , 

Observe also, that (like /b, or in consequence of involving /b) this 
Modulus /b* Et) has no physical existence separate from some divisor 
(s) sufficient to reduce /b within the proof stress. 
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[It is suggested therefore that this modulus should never be written separate from 
/b® 

the necessary divisor (s)— -thus '• 7 -rrr 1 or /b* compare use of /b -f- s, sug- 

S • ii(b 

gosted at end of Art. 217.] 

Note. — It seems hardly worth while giving Examples of application 
of the formulae of this Chapter, as they are not often required in practice. 
Tlie Student who has understood the application of the formulae of the 
Chapters on Transverse Strain and Deflexion should have no difficulty in 
using those of this Chapter. 
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FIXED BEAMS. 

307. Fixed Beame. — The investigations of the preceding Chapters 
on Transverse Strain (especially those of Art. 182) apply for the most 
part only to Cantilevers and Supported Beams. In these the inves- 
tigation of the Shearing Force (F) and Bending Moment (M) is a com- 
paratively simple direct Problem, as these quantities do not depend on 
the Curvature or Deflexion of the Beam. But in Fixed Beams these 
quantities depend on one another ; this greatly increases the complexity 
of the Problem. 

In Supported Beams {Fig. 45), the effect of the Load is to deflect the 
Beam so that the figure of its ^ neutral surface ’ is slightly altered, thus 
forming the Elastic Curve (A'EA"). Fig, 45. 

The alteration of slope is greatest at the 
ends (A'A*^) of the Beam ; thus, if the 
‘neutral surface’ be horizontal before 
loading, its slope will bo steepest at the ends ^after loading. 

By wholly or partially fixing the ends of the Beam {Fig, 46), this 
change of direction at the ends may be wholly or partially prevented. 
This leads to the following definition: — 

Def. a Supported Beam whose cuds are so fixed that the ^ neutral surface ’ retains 
its direction (at the ends) under Transverse Load, is called* a Fixed Beam. 

By this fixation of the ends, the Deflexion (Transverse Strain) will bo 
found to be in general diminished^ and its (available) Transverse Strength 
thereby virtually increased. The diatributioii of Longitudinal Stress will 
be found to be greatly modified^ and its character even reversed through- 
out part of the Beam, 

For all these reasons the investigation of the condition of Stress is 
Fixed Beams is an important matter. 

• The French term Encastrbb is adopted by some writers, instead ol Fixed {as here used). 
The term Excastremext is applied to the FUatioUi and also to the Fixed portiotis( Fig, 46) . 
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It will be found to depend essential] j on a complete knowledge of the 
curvature of the ‘ neutral surface ’ of a similar^ similarhj loaded Supported 
Beam; the solution of which assumes a tolerably simple form only in 
the case of a SymmetricaC Load. 

[On reference to Chap. XV. (Art, 285, et it will be found that this is the only 
case for which the Slope, Deflexion, Carvaturc, and Elastic Curve have been com- 
pletely worked out]. 

For this reason the investigations in this Chapter must be understood 
to apply only to case of Symmetrically Loaded Fixed Beams. 

308. Transverse Strength not really int:reased hy fixing, — The common ex- 
pression that “ the Transverse Strength is increased, is a mis-statement of the 
the case. By fixation of the ends the Transverse Strain (Deflexion) is diminished 
and the Bending Moment (M), and longitudinal Stresses (C, T) arc thereby dimin- 
ished— or in other worna — 

“By iixing the ends, the Strain and Stress developable by a particular! 

Load are diminished,’ ' [ ^ 

But the SXBENaTU of the material, (L e., its power of resistance to that Strain) 
being an inherent quality of the material, is not affected at all. The Working, 
Proof, and Ultimate Strain and Stress-intensities of the material remain constant, 
but it fvill take a greater Load to develop them, 

309. Be-action Couple.— The state of fixation contemplated— viz., 

that of ** unalterable direction of neutral surface at the ends ’—may be 
conceived as caused by the ap- Fig, 46. 

plication of a pair of equal op- 
posite Couples at the two end 
segments of Moment sufficient 
to retain the * neutral surface ’ 
in a constant direction. These 
Couples are of course part of the complete Re- action to be supplied by the • 
Supports, and may be called the Ile-action-Couples, 

These Couples are usually applied by carrying the ends of the Beams 
well over the Supports, and either firmly bolting them down or building 
up in a massive way over them, so as to yield—in addition to the ordinary 
Re-actions necessary to the mere support of the Load (R' R" s=z Wj 
— a pair of equal opposite Ee-aotions (Ri', — R/ ; R/, ^ Rj^) at each 
end, constituting ^Statical Couples applied at the end segments. 

By reference to Example 7, Art* 182, it will be seen that such a pair ' 
of equal opposite Couples applied et the end segments of a Beamcaul|w^, 
simply a Ukiform Mohskt of PmuRB throughout the intercepted^ 
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segment A' A". And by elementary Statics-— the effect of a Couple being 
unaltered by rotation in its own plane— this will be the effect throughout 
the portion A' A* at whatever part of the end segments and in whatever 
directions the Forces constituting the Couple^ be applied. The Moment 
of the Couple is therefore the only quantity affecting the investigation, 
80 that the constituent Forces need not be considered. 

Observing that the function of the Ee-action-couples is to counteract 
the slope (i) that would be produced at the ends of the Beam by the ac- 
tion of the Load alone, it is clear that their moments must be negative, 
t. e.j of contrary sign to that due to the Load (usually styled Bending 
Moment). It will hereafter appear that the Moment of each of these 
Couples is the absolute maximum Bending Moment. For these reasons 
it is conveniently denoted by the Symbol (— Mm). 

f The condition of Symmetric Load laid down in Art. 807, involves that the slopes 
(i) which would be produced at the ends of the Beam by the Load^alone would be 
eq^ualy and therefore removable by equal Re-action-Couples. Without this limitation 
the slopes at the ends would be unequal; this would greatly increase the complexity 
of the Problem, see next Chapter. With this limitation, the investigation will require 
no use of Integral Calculus beyond that already used in calculating the values of 
m", n*, the values of which for all the easily solvible oases have been recorded once 
for all in the Table, Art. 283]. 

310. Shearing Force, — Fixed Beams differ from Supported Beams 
(by definition) only in the application of the Be- action- Couples, and {sec 
Ex. 7, Art. 182) the Shearing Force (F), due to these Couples only, is zero 
throughout the span between the Couples. It follows, therefore, that these 
Couples in no way affect the distribution, magnitude, or character of the actu- 
al Shearing Force (P), which is therefore precisely thesame in caseof a Fixed 
Beam as in a similar^ similarly loaded^ and simply Supported (but not fixed) 
Beam : for calculation of which see Arts. 173, 174, and Examples Art. 182. 

311* Bending Moment. — The Be-action-Couples at the ends have 
been explained tp produce a constant Moment of Flexure (— M») 
throughout the Beam : the Load applied to the Beam produces a Bending 
Moment (M) whose calculation has been already explained in Chap. Yll., 
and in great detail in the Examples of Art, 182. The Besultant Bending 
Moment (M) in tko present case is of course the Resultant of these. 

^KF -- Mm 5» Moment of Be-actipn-Couple. 

^ / M zst Bending Moment due to the applied Loads only— oalcu- 
lated as for a Beam simply supported (not fixed). 
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M sr Besulfcant Bonding Moment. 

Then M = Jif - (2). 

3l2. Maximum Bending Moment,— OhBetvin^ that the term Mm in 
the expression (2) for the B|f5sultant Bending Moment is constant (as far 
as a; or { is concerned), it is clear that the Bending Moment (M) may 
admit of two maxima (a positive and negative). 

Thus it is seen from (2) that M becomes a positive maximum when 
M itself is a maximum (or when M = therefore occurs at same 

point as in a Supported Beam, viz., at the middle (Ex. 13, Art. 182); 
it is conyenicntly denoted by so that 

Mq ss Mm — Mm, and ocenrs at the middle (3) 

It is clear from (2) also that M will be a negative maximum when, 
ilf =: 0, t. 0 ., at both Supports, so that 


The Moment of the He action-Conple is a negative maximum, and is there* 
fore properly represented by Mm, 



Now, it will be found that in all the Examples shortly given, the latter 
quantity is never < ^Mm nor >Mm> It follows therefore that— 


The Moment of the Re-action-Couples (— Mm> is ahvaya the absolnte 
Maximum Bending Moment, * 




313. Curve of Bending Moment,— li having been shown (Eq. 2 ) that 
the Bending Moment in case of a Fixed Beam differs from that of a 
similar Supported Beam only hy a constant quantity — by Mm— the 
graphic representation is easily drawn by first plotting the Curve of 
B eliding Moment as in Case of a simply Supported Beam, (as in the 
Examples of Art. 182,) the ordinates being drawn in the positive direction, 
and then drawing a straight line across that curve at a distance repre- 
senting that constant Moment of the Be-aotion-Couple (Mm) — this dis- 
tance being also estimated in the positive direction. 

Ordinates measured from this new line to the former Curve will be of 
the requisite length {M — Mm), and requisite signs, {u e,, + on the one 
side, — on the other). The Curve will therefore— with reference to this 
n4w line as «-axifl— be the proper graphic representation of M. 


314. An attentive pemsal of Ohaptere 

Yin., IX, will show that the principles of Transverse fitrengtii there 
developed are qf gmerdl i* depend solely on the physical 

properties of xaaterial» and not on ihh manner of its Support as a BsaM ; 
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SO that the Longitudinal Strossefl (0, T), positions of Centres of Stress, 
and Moment of Besistance (ill) and ^effective depth’ are calculable per- 
cisely as laid down in Chapters VIII., IX. 

The principles of the Method of Sbotiohs (Art. 168) are obviously 
also of universal applicability. Calculating therefore the Bending Mo- 
ment (M) by the principles of this Chapter, and using the Equation of 
Moments (Art. 172) the Transverse Strength is fully determined by the 
single equation 

« = M (6). 


[As to the forms for |B(, see Arts. 210, 212, 222]. 

315. Curvature of elastic curve.— It has been shown. Art. 283, 
that in general, if the curvature of downward convexity be reckoned posi- 
tive, then 

Curvature or - = ^ (7), 

p jLi 


and if the steps of that investigation be examined it will be seen to depend 
solely on the Actual Bending Moment (M) at the section and on the pro- 
perties of elasticity, and is consequently independent of the manner of 
support or fixation of the Beam, and therefore generally true of all Beams, 
however supported. 


Thus the sign of the curvature — is the same as that of the Actual 


Bending Moment (M) ; so that by (7) the Curvature is 

1*’, negative (i. e,, convex upwards) near the ends of the Beam, 

2^ changes sign (i. e,, from convex to concave) at two points where M s 0, 

at which there is therefore a contrary flexure, 1 

S®, positive (£. a, convex downwards) about the middle of the Beam ......... 

4®, is greatest when M is greatest, i. a, at the three points of maximum 

Bending Moment indicated in Art 812, 

There will always be two points of contrary flexure : being points of no 

curvature, their abscissae may be found by soMng the equation 0, or 

Ms= 0,or Af- 5=^ 0 (9). 

[All the above points 1®, 2®, 8®, 4®, are wdl shown in 47, Art. 816, in which 
A'BA® is the Blasfio Curve in question, and F tlie points of inflexion]. 

316. Chairactsr of longitudinal Stress , — It is easy to see from a con- 
sideration of the state of strain that all parts on the convex side of the 
BlasUc Curve undergo Sxxuksioiti and all on the concave side CoKtrnAc- 
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The annexed figure shot^s zn a general manner (with great exaggera- 
tion of the deflexions) the strained shape of a Fixed Beam and of the 
Elastic Curye A'EA" of its neutral surface. The arrows show the state 
of contraction, and consequent crushing stress (C) along the concave side ; 
and of extension, and consequent tensile stress (T) along the convex side 

of the neutral surface. « 

Fig. 47. 



It is easy to see that all these effects are greatest at the points of 
maximum Bending Moment (Mm), and gradually diminish thence towards 

the points of inflexion (I,' I*'), at which the curvature ^ Bending Moment 

(M), longitudinal strain, and longitudinal stress (^c or px ) all vanish 
simultaneously, and there also change sign (contraction changing to ex- 
tension, &c., <fec,) 

317. Fixed Beam reembUB a Beam Bvmply Bupported on two Can- 
tilevers {Fig» 47). — The waved line P'OF' indicates in a general way the 
Curve of Shearing Force, and the chain dotted line M'MM" the Curve of 
Bending Moment in a Fixed Beam, A' A' being the span. 

The Curve of Shearing Force being the same as in a simply Supported 
Beam (Art. 810), the Shearing Force (P) is zero at some point 0 neaz 
the middlb of the 8pan> and increases outwards towards both Supports 
A^ A" and attains its two maximum values at those Supports. 

The Bending Moment (M) has a positive maximum (M^ ts OM) at the 
point 0 where F vanishes, and tfaenee decreases outwatde towards both 
supports, vanishing and changing sign at both points trf inflexion (I, I), 
and thence increasbg outwards wiih a negative sign towards both Sup* 
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ports, and attaining its tnaximnm negative values (— = A'M', or 

A"M") at the Supports. 

It will now be seen that tti all the charactenatks of (a) Shearing Force, 
(5) Bending Moment, (c) Curvature and Deflexion, (d) state of Strain 
and Stress, 

i. The middle segment I OF between the two inflexions is in state of'^ 

a Supported Beam simply supported at I', T, carrying the Load ac- i 

tuallyon TOF, 1 

ii. The two end Segments TA', I^A", are each in the state of a Cantilever 

carrying the Loads actually applied on I'A', FA^ together with the ! 

Load on the middle segment I'OF which produces a Pressure at I', F | 
equal to the Shearing Force at those places, J 

318. Deflexion.— This is calculable in either of two ways i — 
Method i. By calculating the partial Deflexions, due to the Load 

only on a similar similarly loaded Supported Beam, and due to the 
Ee-action-Couples only. These deflexions arc of course of opposite sign. 

Method ii* By calculating the Deflexion (S,) of the central -segment 
(I'OF) as a Supported Beam under its actual load, and the Deflexions 
(Sjj) of either of the end segments (PA', I" A'") as Cantilevers, each under 
its own load together with a single Load at the free end (I' or I") of the 
equivalent Cantilever equal to the Shearing Force at that point. These 
Deflexions are obviously of same sign. 

These Deflexions (3^, are necessarily small quantities, hence by the 
Theory of superposition of small motions, 

Eesultant Deflexion, ? = (algebraic sum of) Sj + 3^ (11). 

319. Limits qf applico^ilitp of these principles. — The Besults of this 
Chapter being obtained as the consequences of the properties of elasticity 
.of a slightly bent Beam are of course subject to all the limitations detailed 
in Arts. 215, 290, q, v. 

It should be especially remembered that according tb those principles 

the term WofexxNO Load must bb interpreted to moan 

Working Load ss Load which produces the working flougitudinal) stress- > 

intensity,.-’ •; ’ 

and that this Load (W) is most probably not a constant fraction of the 

Breaking Weight (P) of the Beam, so that P is not equal to «W. 

320. SoMle oases of Fixed Seams mdtr S^mmtrio Load.—Ftota, 
Tfhat precedes it will be seen that the equation 

determines the relation between the magnitude of the Moment ( — M*) of 
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the Be-action- Couple, auJ the abscissae ({) of the poiuts of inflexion, so 
that if either of these can be independently determined ^ priori, the other 
can be found, and the complete solution of the Problem of a Fixed Beam 
can then be obtained — m those cases in which the complete solution for the 
similar^ similarly loaded^ Supported Beam is already inoum— either. 

1'^. By direct use of the equation M ss Jit ^ Mm, and its consequences. 

2®. By treatment as a combination of Supported Beam and Cantilevers. 

Now it will be found that^n the following cases — 

i. Unh’ORM Beam. The value of Mm admits of direct calculation. 

ii. Beam of Uniform Strknoth and Uniform Depi?h. The points ofii 

inflexion admit of direct determination. 

These two Cases are, therefore, completely solvible by either Method (1° 
or 2°, above), if the solution for the similar, similarly loaded, Supported 
Beam be previously known ; this Condition practically limits the solviblo 
cases to Uniform Beams and Beams of Uniform Strength with Uniform 
Depth under symmetric Load of following varieties : — 

(1). Load at middle j (2). Uniform load , 

(3). Load at middle, and uniform load ; 

these being the only cases of Supported Beams for which the complete 
solution of the question of slope, curvature, &c., is usually recorded, (see 
Table of values of m", n% Art. 285). 

[It is worth noticing that the case of Fixed Beam of Uniform Strength with Uni- 
form Breadth cannot be solved (in the elementary manner of this Chapter), becaube 
neither of the requisite data-^-valne of Mm or position of inflexions-^admit of prior 
determination]. 

321, Case of Uniform Beam. — This is the most important case in 
practice. In this case the quantity Mm admits of direct calculation. 
Thus, if 

— Mm = moment of cither Be-action -Couple. 

Mm s=s maximum Bending Moment of similar, similarly loaded, 
Supported Beam. 

i sssi slope at either end due to Mm* 

I as Momeot of inertia of any cross-section about its neutral 
axis (a constant throughout a Uniform Beam). 

0 ss semi^span. 

Then by Art. 288, Eq. (95), i s (12). 

Eow, by the T(d>ie, Art. 288, m*'' 1 in the cMe nf the Be^action- 
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Couple, because it produces a coustant moment of Flexure (--Mai) : also 
it should (by definition) produce a slope (*-'*)• 




Ki.l 


^Comparing (12) and (13), there results the required value 


(13)- 


-- M„, = - Mr^ (14). 

It may be shown that w!* always < 1, and observing that is 
(Art. 312) the really greatest Bending Moment, and that the maximum 
(longitudinal) stress-intensities (p/ or p/) are (Art. 211) proportional 
to Mm, there follows the important inference : — 

The maximum Bending Moment, and maximum (longitudinal) stross- inton ‘ ) ^15^ 

sitics are decreased by fixing the ends in the ratio 1 : \ ^ 

The value of the Bending Moment (M) at any point is now at once 
found by combining (2) and (14), 

M= : (10). 


The central Bending Moment (Mo) then follows 

Mo = ifm - m* J/m = (1 - ^a") (17). 

All questions of Transverse Strength are at once sohible by Art. 314, 
when the value of M is known, 

322. Deflexion of Uniform Fixed Yearns.— The Resultant Deflexion 
(^) is incase in hand (Uniform Beams) most readily calculable by Method! 


of Art. 818. 

Thus B, = Deflexion of similar, similarly loaded. Supported Beam, 

— B, s= Deflexion due to the Ee-action-Couples (— Mm). 

Then by. Eq, (86), Art. 285, observing that n" = J in calculating 
{see Case of Uniform Beam under constant Moment of Flexure, Art. 
285), 




Jifm 0* 


*-» Bj ^ i 


I w' 

Mm C» 

Errr 


Mm 0* 
Bt.I 


••• 1t(“) 


* = .“*>• 

- (1 - %■) ■ !. 


It m»y be ebowa th»t is ibe case of a Uniform Beam m” is always < Sn", 
whence the important inference, 

Tbe Deflexion of a UnifiWm Beam under giren Load is deenoMi by 

fixing its ends in the ratio -> : 1 
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Again, since in general (Art, 210), if pt = max. tensile stress- intensity, 
vrliicli in case of a Uniform Beam of course occurs at section of Ma, 

then Ma = =; . I (1 9). 

Vi « 

Hence the Deflexion (S') due to a certain maximum stress-intensity ^t, 
found by substituting in Eq. (18) ia 


2 ' — - 4 ’) 


.( 20 ). 


But tlio Deflexion (?/) duo to a maximum stress-intensity (p,) in a simi- 
lar, similarly loaded Supported Beam, is (Eq. (8c), Art. 285), 






( 21 ). 


SO that for same value of maximum stress-intensity ( j?t) 


2 ' = (X - A) 2 ,'. 

V m 2ri ^ 


.( 22 ). 


Hence, since m’ is here < (v, mpra\ the important inference — 

Tho Deflexion of a Uniform Beam under giren maximum stress in- 
tensity is decreased by fixing its ends in ratio : 1 



Examples of Uniform Fixed Beams* 

323* Here follow solutions of tliree solvible cases (Arts* 820). Tho 
notation used is the same as described in Arts* 165, 285, and 311* Thus 
x\ x*y ^ indicate abscisses measured from the ends (A\ and from the 
middle (0) respectively. 

Bfc. 1. Uniform Beam under single Lo^ (-^W) at the middle* 

By Ex. 5, Art 182,if s=4 w#*from A'toO;ilif=: J w »"from to 0, Mgneszlvth 
By Art 286, ss J, as J 

at A', A", -Mmss-iifefasstJWj mtss - i W c (28), 

and at O, Mp as J Mm s!= Mtt fiB J WZ 08 } * (24> 

o:4iVV-iWoosjw(«r»-J c),from A'toOt 

soi — live ao I w («?" — i c),tomA**tQO J * 

^ Hesults (26) may be inciaded In one expressiont.^-. 

— <26 a), 

prouded that £ be understood to wm simply distance from middle^ mUhout 
rtfcrence to sign* 
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The inflexions bisect the segments A'O, A'O, (by Beaolt 9), (26). 

' = 

The max. (longl ) stress-intensity is tiecrease^ in ratio 1 : 2 (28). 

The deflexion under given load is decreased in ratio 1 : 4 (29). 

The Deflexion under given max. Btress-intensty Is dee^ eased in ratio 1:2 (30). 

Fig^ 48. Fig» 48 shows the 

Curves of Shearing force 
and Bending Moment^ 
and the Elastic Carves : 
(the latter with highly 
exaggerated ordinates) 
for the same Beam, both 
as a Fixed Beam, and as 
a simply Supported Beam 
(the dotted lines refer to 
the latter). 

A'A* is the span, O the middle. 

/*F* (a pair of straight lines) are the Curve of Shearing Force in both cases. 
M'MM*, A'fiiA* (pairs of similarly placed equally oblique lines) are the Curves of 
Bending Moment : — M'MM* for the Fixed Beam ; A'wA* for the Supported Beam ; 
A'M' = OM = A'M" = 4 OiJi. 

A'EA*', AcA' are the Elastic Curves ; A'EA'^ of the Fixed Beam, AVA' of the 
Supported Beam $ OE ss | Oe, 

Fko, 2 . tTniforrti Beam under umform Load (— w). 

By Bx, 8 , Art. 182, Af =: 4 w (o* - 4 WL 

By Art. 285, w' = f , ss 

A At A', A' ; - M« =8 « t s= ^ a - i W 0 * . . 



Anywhere, M a Af — Mm a w — g — — 

At 0, Mo a 4 A/m a 4^ a 4 wo* 

0 


2 *«’'>’ = 4 *^( 1 -«’)• 


,(31). 

.(82). 

(83). 

.(84). 


The inflexions occur irhero 5 = ± - 7 = = ’677 e 

VO 

' = •••••• <»»)• 

The max. (longl.) stress-intensity is decreased in ratio 2 : 3 (36). 

The deflexion under given load is decreased in ratio 1 : 5 (37). 

The deflexion under given max. stress-intensity is decreased in ratio 3 : 10 ...... ( 88 ). 

F\g, 49 shows the 
Curves of Shearing Force 
and Bending Moment, 
and also the Elastic 
Carves : (the latter with 
highly exaggerated ordi- 
nates) for the same Beam, 
both as a Fixed Beam 
and a simply BcippOrted 
Beam : (the dotted lines 

2 X 




i 
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A'A'^ is the span, O the middle. 

(a $traight line) is the Curve <rf Shearing J'orce (F) in both Cases. 

A'mA" (similar, similarly placed, co-axial, equal parabolm) are the Curves 
of Bending Moment,— M'MM^ of the Fixed Beam, A'wA'' of the Supported Beam. 
A'M a= A*M^ = 20M ; OM ss 4 Om, 

A'BA", AVA* arc the Elastic Curves ; A^EA* of the Fixed Beam, AVA" of the Sup- 
ported Beam, OE = J Oe, 


3. Uniform Beam under one JUai {— W) at middle^ and uniform load (— w). 
This Case is most easily treated by combining the Results of Ex. 1 and 2. Thus — 


At A', A', - M„ = - (4 wf + (i wc + 4 wc«) (39> 

At 0, Mo = 4 w/ + A = } wo -f ^ wo\ (40). 

M=Jw(l-?)+|.(^-p) (41). 

remembering that in this last ^ means simply the ** distance from centre ** Heiihont 
reference to sign. 

The abscisses of the indoxions are given as the poiitive root of * 


w(|-«)+»(^ -«»)=<, 

Comparing Ex. 1 and 2, it is clear that these points lie between :i: I ss and 
between 'Sc and *371 c, 

« _ » wo’ . , wc* _ , (w + wc) c* 

EiTi + *Eri**‘ — eTi — 


(42). 


0 

^/8» 


or 


(43y 


The ratios of decrease of max. (longL) stress-intensity, and of Deflexions under 
given Load and under given max. stress-intensity are not so simply expressible as in 
Ex. 1 and 2. 

They obviously lie between the values of Ex, 1 and Ex. 2 ; and could be easily^ 
found by calculating separately the quantities Mm, ilfm } f d', S\ for the Fixed 
and Supported Beams, but it is not worth while recording the results. 

The graphic representation of M is most easily cmistructed by plotting the Curves 
of M in Ex. I and Ex. 2. on opposite sides of the same base line A^ A*. The breadths 
intercepted between the two Curves are the representatives of H lor the present Case. 


^ 324 ; l)i»er^pms^ <f Besult (28) and JEwpetinei^^^JTi particular case of 
Uniform Beam under single Load at middle, it was shown (28) tha^ 

"The max. Qongl) stress-intenrity is decreased by Axing the ends in ratio 1 : 2.” 
It follows that— 

" The Load reqnited to produce agiren maximum stress is increased in ratio 2 ; 1,^^ 
And by the definition of Worhing X<^d in Art 819. 

" The Woihing t^is increased in ratio 2 <«). 

Many miten, hov«Ter, ndoptiag 4b6 lissnlis oi Peter Builew’e Sxpedmeats 
Arte. IfiS, 159. conii^er 

"The TtHwMiife Stieagth ItUinMed in ratio S sA" 
this u however lealljr meant that~ I ' 

"The WwhiDg Load it Uctetatd ia ratio 3 * 2»***ek#fe*ea, «e#efv*e, («)« 
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The apparent diecrepancy between Results 45, 46 has long been a source of per- 
plexity to Engineers, and has not yet been completely cleared up. It is probably 
involve^! in the game difficulties as alluded to in Arts. 216, 218. 

[The writer believes the cause of the Sfeeming discrepancy to be quite similar to 
that explained in Art. 218, viz., the attempted comparison of fundamentally incom- 
parable Results. 

Thus, ^e Result of Arts. 158, 159, via., the ratio 8 t 2, was obtained by Peter 
Barlow by Experiment on Breaking Weight, and should, therefore, in strictness be 
quoted 

** The Breaking Weight is increased in the ratio 3:2.” 

When using formulae derived from Breaking Weight, it is usual to define the 
Working Load as a certain constant fraction of Breaking Weight. With this par* 
ticular meaning of tlie term Working Load, Result (46) above, of course, follows 
logically. 

But this IS nat the same as the Working Load of Result (45) which was defined— 
Art. 319— as the Load which should just produce th$ working stress-intensUy* 

tinder this explanation the two Results refer to different Loads under one name]. 

325. Ca8e op Beam op Unipoem Strength with Uniform Depth.— This 
Case admits of simple solution by finding the points of infiexion by the consideration 
that the curvature is constant in amount. 

[The proof of this in Art. 287, Case 2®, is obviously applicable to any case of 
Beam of Unifom Strength with Uniform Depth, however loaded^ supyorted^ or fixed^^ 

The Curvature of course changes sign at the inflexions, (where M — Mm =s 0), 
and being constant in amount, the Elastic Curve A'EA" clearly consists of four arcs 
{see Pig. 47 ) of equal circles— horizontal at A', E, A'', and touching at the inflexions 
I', I". Now, E is the middle point, because the Beam is under symmetric Load ; 
hence the four arcs AT, IE, £1^, TA" are oil equal, so that in these Beams 

** The inflexions (F, T) bisect the aepii-spans A'O, A"0” (47). 

Hence, applying Eq. (9) ; Af — M,b =a 0. 

^ Mjtt SB Bending Moment (A/) at middle of semuspan (5 as ± J c) of 
similar, similarly loaded Supported Beam .... 

The Bending Moment at any point (M), and the Central Bending Moment (M^) are 
now at once given by Results (2)iand (8). AU questions of Transverse Strength 
are then solvible by Art 314. 

The Deflexion ii^ easily found by observing that the versed sines of the four 
equal circular arcs A'T, FE, Br, TA* are all equal, so that the whole Deflexion^ 
at 

3 w» 2 K Deflexion at V or ' 

tts 2 X Diifferenoe of level of I^, B ; or T, B. 

S3 2 X Deflexion of Bhpborted Beam FOr under its actual Load....... (49)* 

[In these Beams, it must be remembered that lEe Moment of inertia I is variable 
throughout the Beam fbr I s? fi* bd\ and therefore varies as 5, when as is usual the 
figure of cross^eectiott is constant, which makes n* constant, Art. 221* The value of 
1 required for formula (49) is of course that at the centre, the section of M^. This 
is conveniently denoted by 

The condition of llnifom Strength with Uniform Depth is attained 
(Art* 221) by vatying the breadth (b) so as to be proportional to the 
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Bendbg Moment (M) from section to section. The plan of the Beam m\\ 
therefore be of the same kind as the curve of Bending Moment, but laid 
out symmetrically on either side of a mid-vertical planCj so as to avoid 
Twisting {see Art. 254). The plan will therefore in general vary in 
breadth as follows 

The breadth will be a maximum at the middle (0), and decrease gra^ally out- 
wards, vanishing at the inflexions, and thence increasing outwards, and attain- 
ing its maximum at both ends.” 

Practical iZewMirii.— As explained at end of Art. 221, the above figure provides 
material only to meet the varying longitudinal Stresses, Material must be specially 
provided to meet the Shearing Force especially near the inflexions where that hero 
provided is at its minimum. 


Mb, 4. Ftased Bearn of Uniform Strength and Uniform Depth mth single Load 
(— w) at middle. 

By Result (48), at A', A'', — Mm 5= — i w . = — J *....(r)0). 

Anywhere M ss Jfcf — Mm 


=: 4 w , af' — J wc from A' to 0 ) 
'to 0> 


.(Cl). 


ss J W. J wu from A" 
both of which Results may be included in one 

M = iw(|~5) (52), 

provided ( be taken to mean simply the ** distance from centre ” wUhons regard to 
sign. 

At 0, Mo = Mm — Mm =5 i w/ — } Wr ss J "Wo (53). 

^ ss 2 X Deflexion of Supported Beam TOV 

o „ i W X (J 0’ _ , Zii 

^ ■ liTi, — *iri; 


[It will be observed that the values of Mm> the same as in 1, Art. 

828. This is because the load-conditions are tbe^same, and the inflexions happen 
also to be in the same positions in both eases. The carves Of Bending Moment and 
^Shearjp3g Force are therefore the same. But the Elastic Curyos being different— 
circular arcs in present case-^tbe Deflexions are different The plan of tbe Beam 
may be obtained by repeating the curve of Bending Moment MMM** of £sb, 1, Art 
823, symmetrically on either j^ide of the line A'A^ as an axis]. 

Jg?Sf. 5. Fmed Beam of Uniform Strength with Unform D^tk under mform 
load w )♦ 

By Result (28), at A', A*, Mm * **“ I w . as | (SB). 

Anjrwhere, M «« Jf — Mn 

s# 4 » ( 0 * *- p) — I Wfl* ■? J w — r), ( 66 ). 

At 0, 5f. «S — Mm as I — I « 4 we*, (67). 

6 as i X Deflection of jflopported Beam I'Ol'. 
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[The Curve of Shearing I'orce i^ill (by Art 810,) be the eame as Ex. 2, Art. 823. 
The Curve of Bending Moment has the same genera I formas in that 6garo, being the 
same parabola as in a Supported Beam (vtde Ex. 8, Art. 182) : shifted downwards 
by the quantity A'M' = A*^r representing M«. 

The plan of Beam may be obtained by repeating the Curve of Bending Moment 
symmetrically about the line A'A" as axis], 

6, Fixed Beam of Uniform Strength mth Uniform Depth under Single 
Load ( — W) middle^ and uniform load w). 

The Case is easily solved by combining Bcsults of Ex, 4, 5. 


326. Imperfectly Fixed Beams. — A Beam whose ends are so 
fixed that the slopes which would be produced at the ends of the ‘ neutral 
surface’ by the action of the Load are only partially counteracted is 
styled an Impbufectly Pixbd Beams. 

In the case of Symmetric Load, the Problem may be completely 
solved by the same principles as in this Chapter provided the state of 
fixation be in some way defined, c.y., 

(1) , by the diminution of slope at ends of ‘neutral surface 

(2) , by the magnitude of the Be-action-Oouples. 

(3) , by the position of the inflexions. 

[The preceding Results would of Course require modification to suit the altered 
values of i, Mu, &c.* hut the case is not of sufficient importance to be worth detailing]. 

327. Advantage of " fixing ” the ends of a Beam. This Chap- 
ter shows that the general Kesult of fixing the ends of a Beam more or 
less perfectly is that the maximum Bending Moment, and therefore usually 
the maximum longitudinal stress-intensity, and maximum Deflexion are 
considerably reduced. 

This is clearly in general* attended with great advantage as far as 
economy of material is concerned. 

The advantage is usually greatest with Symmetrical Cross- Sections^ 
(f. e,, sections symmetrical above and ^below the neutral axis), provided 
their Moduli of Strength (/cj,/0 be nearly equal. 

^ese conditions deserve careful attention, because since Fixing one or 
both tj^nds of a Beam reverses the character of strain and stress e , 
from tension to^ crushing, and vice nersd), in the neighbourhood of the 
fixed end or ends, it may happen that this reversal of the strain and 
Stress is more unfavorabh for certain shapes of section, and for cert^ 
ratios of Moduli of Strength than the gain by reduction of the maximum 
stress-intensity. Now this may clearly happen in all Cross-Sections of 
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Equal strength (designed for a Supported Beam) which are obviously 
no longer form o/Eqml Strength^ when the character of stress is reversed, 
and may even be quite unfit to bear a reversal of the stress for which 
they were designed, unless much reduced in intensity : this is especially 
the case in material (like Cast-iron) whose Moduli of Strength are very 
unequal. Thus it may be inferred 

(1) . Fixing the ends of a Beam with cross sectiond of Equal Strength is not 

likely to bo advantageous. 

(2) . Fixing the ends of a Cast-iron Benm is almost always disadvantageous. 

(S). Fixing the ends of a Beam with syiamotrical cross-sections (alike above and 

below) is usually advantageous, 

(+). A Fixed Beam with Gross -sections of Equal Strength ought to be originally 
designed as a Faxed Beam of Uniform Streni^th. 

There are, moreover, practical objections to fixing the ends of certain 
Beams, 

(5). Large Timber Beams should not be firmly built into masonry : space for 
\eQtilation should be left round their ends. 

(0). Iron (or metal) girders should not be fixed at hoik endi. Free play at one 
end 18 necessary to allow of free expansion and contraction of the matcnal. 

[A rise of temperature would in general increase the Defexion of neutral surface 
of a Girder if fixed at both ends, and therefore increase the stress : but if the Girder 
be erected with an vniUaX canther in its neutral surface, it would appear that a rise 
of temperature would increase that camber if the Girder be fixed at both ends : this 
would be clearly advantagedus]. 

Note on Supported and Fixed Beams, A Beam fixed at one end (more or less per- 
fectly) and simply supported at the other is termed a Buffobted and Fixed Beam. 
The Problem of fixation of this kind is easily treated in an elementary luanneir as a 
special case of Gontinuous Beams : its investigation is therefore deferred. 


It might be supposed that the simple elementary tCethod appHed in Art. 831, to tbe Case 
of ** Fixed tJniform Beams,*’ would also suit tbe Case ol ** Jftxed Beams of t^utfdrm btmngtk *’ Tbe 
principle of tlm Method Is of ooume true of all Beams, M Us euoeessful ^pltoatfon requhea the 
knowledge of the values of la^ /or me same Beam token $^tie«t both UOdet Its Aetmd Load, 
and under a,Ceosttut Momaut Flaxureii 

Mow a FUmd Beam of tTuifoim BoettfAn Xosdj(s of ooume no longest, Ot the 

fiyi^eot pspu^tb these different ooudltlohi of ^ppoit and lowM 

thevamesofm*reom^luthotshjholm m m tha^v$ end iAm UdSM 

321 could nos be used without thevehiasof w*ioqtth?ed. 

Thi0w<mldofitaettbeap*<^blWofio^ ThSmsjdwdi^WNi^ 

to the case of “Vixeittm «l tadfortte 

Cowot "Fixed VBilM It) votdd 

I Ml 

tegrate the Equation of tbaljlssUc Ottive^ It ^ 



CHAPTER XVIII. 

CONTINUOUS UNIFORM BEAMS. 

The treatment of the Problem of Ckintinnons Uniform Beams here adopt- 
ed is different to that hitherto employed in English Treatises, The whole Theory 
is here* made to depend on the Thboeem of Thrbb Moments, from which the 
Moments of the “ Re-action-Conples ”, and thence the “ Shear-Re-actions ” are readi- 
ly found. This reduces the question to a form almost the same as that of a simply 
“ Supported Beam Integral Calculus is required only to establish this Theorem s 
— with its aid Oases of Continuons Uniform Beams are solvible by elementary Algebra 
and Geometry. 

[The nsnal pnocedure has been to investigate only the Case of uniform load and 
to integrate the equation of the Elastic Curve specially ^ for each Case of Beam of 
two spans, three spans, dec., and thence to seek the ** Total Redactions” of the Sup- 
ports as the primary unknown quantities. This method is open to the objections • 
No one investigation is intelligible to a Student not familiar with Integral 
Calculus. 

2°. It is not susceptible of generalization. < t 

8®. The choice of the “Total Re-actions” as the primary unknown quantities is 
unsuitable, and greatly complicates the question]. 

328. Continuous Beams — A single Beam covering Beveral Spans 
and resting on several Supports is styled a Cohtintjoub Beam or Girder. 
In rigid material the Pressures on the several Supports (or Bo-action of 
those Supports) would he striolly indeterminate when there are more than 
two Supports because there are only two equations of equilibrium between 
them, vis., 

Sum of Be-aetions m Total (la). 

Bum of Moments of the lU-actions ) j Moment of the lioads about ) 

about any aati^, sameania. i ^ ^ 

In ^lastik mi^t^rial, ho^sv^, the determination of these Ee-actions is a 
perfectly definite Probtemfortnaterial whose elastic properties are known. 
The solution depends, therefore, ultimately on the fundamental law of elas- 

* This Method been sdOFtsd fern, ViiL. UZ, of the ” Conn de U^anlque Applique ’* of the 

Eoole Xutpedalo dee Pouts et Obouweu ’’ by M. Breefti, 1865, The whole of the EestO^ howorer, 
have been prepared specially for thia Manual. 
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ticity (Hooke’s law) from which the equation of the Elastic Curve is 
deduced. 

The continuity of the Beam enables the weight of the Spans adjacent 
to any particular Span to supply Ee-actions at the two vertical end sec- 
tions of the lattA which tend to reduce the Transverse Strain (Deflexion), 
and therefore also the (longitudinal) stress-intensity which a given Load 
would cause on that Span ^ discontinuous. 

This is of course a great advantage in Construction: the investigation 
of the Stress in a Continuous Beam is therefore of considerable importance. 

It is easy to see in a general way that the effect of tlie continuity is to 
throw the Elastic Curve into a sinuous form, usually convex upwards 
over the Supports, and concave upwards near the centre pf each s|)an^ 
these portions being separated by points of inflexion, of which there are 
commonly two in each Span, so that each Span is as a rule in the condi- 
tion of a SurpoRTED Beam between the inflexions resting on two Canti- 
levers. It is easy also to see, 

that under particular conditions ^ ^ j: , 

of Load, two or more points of 
inflexion may coalesce, and one 

or more of the usual curvatures be effaced. As a general Buie, however, 
it is clear that 


1 ®. 


2 ®. 


A segment concave upwards between two inflexions is precisely in con- ^ 

ditlon of a Suppoetbd Beam under its actual Load, j ^ 

A segment eonvese upwards from an inflexion to a point where the'^ 
Blastic Curve is horizontal is precisely in condition of a Ca;nti- | 
LEVER under its actual Load, together with a concentrated Ix>ad at { 
its free end (the inflexion) equal to the Shearing I'orce at that point, ^(2^), 
Two ^ such CA17TILEVSB8 nccQSsarily occur together, separated at 
the horizontal point, which is equivalent to the flxed end of a 
Cantilever, * * J 


329. 81ie«r-B&'actions, Be-aotion Couples, Total Be-actions. 
•—CoiiBider nay one epen (A' A") of e Contumous Beftm. It clearly 
differs from a sinoiiUir, sbsilarly loaded Supported Beam solely by reason 
of the continnity at the Supports (A', A"). The material of % adjacent 
Spans is thus enabled to apply certain Stresses at the ends A^ of the 
Span A' A", which affect the ebape of its Elutic Oorre* 

By elementary Statio, t}ia whole of the Bxtental Forces aotiug on the 
Beam A' A' at its ends A', A” eve e(|aiTalent to a certmn (rertioal) Be- 
eoltant Force applied at A', together with a certain Conple, and to a 
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certain (vertical) Resultant Force applied at A", together with a certain 
Couple ; the Resultant Forces and Couples being of course all in the 
“ plane* of solicitation 

The Resultant- Forces and Couples are clearly of the nature of Re-ac- 
tions — as affecting the span A' A" under consideration ; and the two 
Resultant- Forces are clearly the Shearing Forces at the ends of the Span 
A' A". For these reasons it is convenient to stylo them the Shbau- 
Re-actions, and Ra-AOTioN-CouPLEst of the Span A' A". 

[Observe that the Shear-Rk- actions are the complete Re-actions applied to the 
Span A' A* at its ends, but are only partial (not Total) Rc-actions of the Supports 
A', A'', see Art. 339 j. 

It is convenient to use the following notation 
R', R" the Shear- Re-actions at A', A". 

M', the Moments of the Rc-action- Couples at A', A". 

F the Shearing Force l at any point whose abscissa is x', or as" 
M the Bending Moment J (measured from A' or A!\ respectively.) 
E', Fj M the corresponding values of the similar quantities in the 
span A' A", if discontinuous^ — calculated as in Arts. 167, 173, 176. 
By the above notation it is clear that— 

“ The Resultant effect on the span A'A" of the continuity is simply the ap- 
plication of additional external Forces and Couples at the ends, \iz., — 

(R' - 70 and M' at A' ; (R" - 22") and M" at AV» 

[In using these quantities care must of course be taken to apply them with the pro- 
per algebraic signs], ^ 

Great use will be made of this principle in the sequel. 

It is clear also by Elementary Statics that : — 

(R' -i- R") =s 22" = So* w, (or Total Load on A'A"),.,. (4) ; 


also, taking Moments round A', A" in turn, 

M" = M' -f (R' - 22') 2; M' == M" + (R" - 22") 2, (5). 

330. Shearing Force.— By the very definition of the term (Art. 

1 69) it is clear that 

F = R' - So*' w = - (R" - sr w), (6), 

zsW ^ R* ^ F = F, (7), 


[It is easily seen also by Result (S^^), Art. 178, that these expressions are equiva- 
lent], * 

Again, let F*, P'' be the Shearing Forces at the ends A', A'^ proper to 
the span A'A". 

* ** Plane of solicitation'*. This term is applied to the Load-plane or longitudinal plane of sym- 
metify of the Load, which should also (Art. 264) bo a plane of symmetry of the Beam. 

t The term Stress-Couple ” has also been applied to these Couples. 

2 z 
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As already explained (Art. 329), these are equal to the Shear-Re-actions 
at A', A' ; hence by the conventiou as to the sign of a ‘‘ Shearing Force 
(Art, 170), 

F'=R^r= - R", (8), 

331. Bending Moment. — By the very definition (Art. 172) it is 
clear that at any section x\ 

M = + (R' - B !) . a?' + ilf, (9)- 

Eliminating (R' — B!) from (5), (9), 

= +l M, 

wliencc, M = 4-M" + . M' + (10), 


a remarkably simple expression for M, which admits of simple interpreta- 
tion, for it is equivalent to 

M = {M' + (M" - M')J + M; (11) 

now, if in Fig. 51, A' m. A" m", 
be plotted upwards representing 
M', M" on a scale of moments, 
then the length Pm clearly 
represents the quantity 
j M' + - M')} 

so that the straight line rn' m" is the graphic representation of the 
excess of M over M, i. e,, of the difference of actual Bending Moment 
(M), and what it would be if the span were discontinuous (3/). 

On examining the steps of Art. 177, it will be seen that the mutual 
relation of F, M there established, is established in a perfectly general 
manner applicable to any Beam whatever, so that here also 

^ = F,or^ = P (12). 

332, Maximum Bending Moment.— The Bending Moment in a 
Continuous Beam has usually one positive maximum in each Span, and 
one negative maximum at each Support, or more strictly one maximum 
between every two inflexions, viz., 

(1) . One positive maximum in each segment of the Elastic Curve which ^ 

is concave upwards (like a Supported Beam), ) 

(2) . One negative maximum in eaclysegment of the Elastic Curve which ) 

is convex upwards (like a Cantilever), ( 

These maximum values can generally be found — for same reasons as in 
Art. 178 — ii, by solving the equation 

rf“=0,orF=:0 (14), 


Fig. 51. 
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which gives the abscissa of the section required. The value of the maxi- 
mum Bending Moment is then at once found by substituting that value 
of the abscissa in the general expressions (9, 10, 11) for M. The values 
thus found are usually positive maxima, and are then conveniently 
denoted by* M^. 

But the Bending Moment is also commonly (not always) a negative 
maximum at each Suppoit (for same reason as in Art. 178 — i), because 
the segments of the Beam on either side of each Support are usually in 
condition of Cantilevers. Its value at the Supports is, of course, always 
the same as the moment of the Ile-action- Couple (M' or M''). 

333. Theorem of Three Moments. — Bresse’s Theorem f— This 
important Theorem reduces the whole Theory of Continuous Uniform 
Beams to a foim solvible by Elementary Algebia, by furnishing an 
hi ait relation between the Re-action-Couples at three successive Supports. 

[ The investigation cannot be eifteted without use of Integral Calculus. The 
Result, hovveier, (21,) is all that is required in practice. Tables oi the values of the 
Integrals m this Result, and in those derived from it are provided herewith, so that 
the Result itselt can be used at once by the practical Engineer without requiiing any 
knowledge of integration ] 

Fig. 52. 


.jl*J ^ JiL 



Ai, A , Aj arc any three successive Suppoits. 

M], M , M 3 arc the Moments of the Re-action-Couples at A^, A^, Aj 
M the Bending Moment at any section whose abscissa is x. 

A the origin , a horizontal line thiough A , the x-axis. 
x\ Xi X* are abscissas measured from A j, Ao, A 3 , respectively. 

Vit V , Vj, the ordinates of the Elastic Curve at A^, A_, Ag, after the straining action 
ts complete. 

Tj, Ta the tangents of the inclinations of the Elastic Curve at Ai, A , Ag. 
f , I* the lengths of the spans, Aj Aj, A, Aj 

The equation of the Elastic Curve proved in Arts. 283, 284, in a perfectly general 
manner, apphcalle to any Beam whatever^ gives — 

Bl. = M 
ax* 
dio 

Integrating and observing that ss r., when xssO, and that in a Uniform Beam 
(to whieh case this investigation is limited) I is constant, 



• This notation la Intended to ahow that they usually occur near the middle (( = 0) of each span. 
‘I’ This Ibeoiem is due to M. Bresso, and is published m Vol 111. of his ** Coma de Mecanlque 
Appliqu^e ** 
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Integrating again, and observing that v =s Vi, when a? = and =r v> when x r= 0, 
EI. (», - - r, r ) ‘J*’’ M rf® 

= M (to — ® £. /* * M <?». (#® 

(/ 0 ./ 0 ax ^ t 

= y**’ («'- ®)M(to (16). 

ssy'* x'U.dtf, (17). 

[This last form is obtained by changing the origin to Aj, which be it observed, leaves 
M unchanged']. 

Introducing the general value of M from Result (11), the /, M', M', of which be- 
come Vy Mj, Mj — 

EI.(», - Vi- r,0 c=J*’ m'. I M, + .£ (M, -M,) + Jwj <to' 

= « /'= M, + i . (M, - M,) Jr J* x' Mdx' (18). 

= * J'». M, + i l-’ Mj + [if J/] [ - 

= i M, - 4 M, - i . Fdx' (19a). 

kP 0 

[This last Result is obtained by observing that after the integration by parts M 
vanishes at both limits (x' = 0, or /'), and that b' Alt 177, UM'^dx* = 

Applying a similar process to the other Span Aj A<, 

EI («3 - », + r, I") = 4 /'» . Mj + 4 / M. - J y**” x’^.F (fr'...(19J). 
the absciSBOJ (x") being measured from A,. ^ 

Writing the abbreviations 

— .FOX', K* =y ^ f (20), 

and eliminating r, from Equations (19a, h) there results, 

Uil'+2M,(l' + n + M, r = 3 (K' + K") + 6 EI j ^ - v, ( J- + 1) + ,(21). 


This Result (21) is the important Theorem of Three Moments : it gives 
a simple linear relation between the Moments of the Re-action-Oonples 
ni any three successive Suppo7'ts (of a Uniform Beam), two easily calcu- 
lable integrals (K', K"), — (see Art. 835 for a Table of their values), — and 
the levels (Vj, Vg, which are supposed given quantities) of those Sup- 
poriG after the strain is complete. 

The importance of this Result consists in its being a Imear function 
of only three of the sought quantities (Mj, M^, Mg, &c.) Thus in a 
Continuous Beam of n spans its repeated application gives a system of 
i« — 1) simple equations, each involving only three of the sought Mo- 
ments, (which are of course (n + 1) in number). 

Hence, if any two of these Moments can be determined h priori^ the 
rest can be found by solution of the above (« — 1) simple equations. 
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334. Theorem of Three Moments fob Eigtd Supports.— T he 

most simple, and practically most important, case is that in which the 
level of the * neutral surface ’ is maintained constant over the Supports — 
(by their rigidity) — in which case all the quantities &c., vanish, 

so that the Equation of Three Moments (21) becomes 

+ 2 M, (r + r) + M, r = 3 (K' + k") (22). 

335. . Reduction, of the Integrals. — The values of the integrals (k', K") are ro- 
conled below for the most useful cases in practice, ho that by help of these results, 
the important Theorem of Three Moments (21, 22) may le U6ed at once wtihout re- 
quiring any knowledge of integration. 

The following Tabic contains the values of the quantity : — 

K=J^^^.F.dx, (23), 

for the most useful simple cases of load-distribution. It will suffice to change I in 
the values of K below to l\ I" to give k', k* as required. Also it is obvious — from 
the meaning of integration — that for any combination of Loads lor which the 
values of K are Kj, k^, &o., for each separate Load, 


K = Kj -1- K, + Kg + &c. = 2 K 

or, The value of Kfor acorn- I -3. j The sum of the -values of K 
bmation of Loads, / i for the partial Loads, 


.. (24), 
(24a). 


Value of K 


[Span AB = I ; A the ontei Suppoit, B the middle 
Support]. 




[Origin always at A, the outer Suppoit]. 
! 1 W ^ fa - 2 - PY or 


Single Load (— w) at distance Xi'i I or 

from A, X2 from B ; a:j a?^ = « J | ^ ^ fa - 


xiutu xxuu. X, , ..j -r *2 - 1 ( i W ^ (J*a - 0 (2^ - a-,) 

Single Load (— w) at centre of span — | w r*, or — J w c* 

Equal Loads (— w) distant Xi from the w Xi (a?, — 1) 
ends A, B. 

Uniform load (— w) over whole span — wP, or — 2 m; c® 
Uniform load (— m) over segment AP, J "y "" 


AP = a?i, (BP « Xu unloaded), a?! + a?_ = f 


Uniform load (— w) over segment BP 
BP = ar^, (AP 5= a?i unloaded) 


,V.<L=^., 


, (xf — 2 Ixj - /«) 




(n — 1) equidistant equal Loads ( — w) , or — 

cutting the span (/) into n equal segments! 12 n 3n 

Caution. In using this Table, observe that tho origin A is always at the o«/er Support (i.e , 
Ai for span A, Ag and A 3 for span A 3 Ag). and B at the middle SuiJport (1 « , Aj in set of three 
Aj Aj A 3 ), so that the distance Xi = AP of the Tabular Results, is always measured, from outer 
Support (Ai or Ag). 
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Observing that x^, c(\ arc both necessarily < /, it is obvious that all the 
above values of K aie negative. 

It would not be difficult to show from the form of the integral (23), that thi& is 
always the case* whence it follows that 

“ the quantity (K + K") is always negative,” (25), 

and therefore in general Eq 22 shows that in case of rigid Supports, 

** Of the IJc-action-Couples at any three successive Supports at least one i 
ianegatnc” / ^ 

336. Uniform Load: Clapeyron’s Theorem. — This is in practice 
the most impoitant case of the general Theorem, and is in fact the only 
one ufeually given in Text-books, Taking the values of the integrals 
(K'j K") fioni the Table Ait. 335, and writing, t&j w‘ = load-intensities 
per length-unit in spans tlie general Result (22) becomes for this 
particular Case (with ligid Supports), 

M, V + 2 M, (/' + r) 4- M, r = - i 1 Mi'r (27). 

This particular form of the general Theorem of Three Moments is 

known as “ Clapeyron’s Theorem 

337, Theorem of Thee MomeniB appUcnhle only to Supported Uniform 

Beams, — The formation of the final Result (21) by eliminating r, from 
the two Equations (19a, h) involves of course that should be the same 

in both Equations, t.e,, that the Elastic Cuives of the two adjacent spans 

Z', Z" should have a conunon tangent at the common Support. This involves 
the physical condition, that the two Spans should be in no way fixed or con- 
strainedy at their common Support, (except of course by the mutual con- 
straint of their continuity), i.c., that the Beam be simply supported at the 
Common Support. 

The formation of the system of (n — 1) equations above-mentioned, 
is therefore legitimate only when the Beam is simply supported at all the 
Supports over which it is continuous : there is of course no restriction 
hereby as to the mode of Support at the ends. 

The integration, moi cover, vith I taken ns constant clearly restnets the 
Theorem to Beams in which I is constant throughout the Beam, the only 
important practical instance of which is that of a Uniform Beam, 

338. SRear-Re-actions.— ^When the Re-action-Couples have been 
found the Shear -Re-actions are easily found as follows 


Let A,, Ajj, Aj, An + , be the (n + 1) Supports numbered from right. 

RpRjj, Ra 1) Total Re-actions, „ 

Mp Mj, Mj Mn -j- j „ (n 4- 1 ) Moments of Re-action Couples. 

>> ^ Spans ,, J, 
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R'p, R"p .... be the Shear-Re-actioiis at right and left of j/’* Span (/p). 

Fp, F'p.... be the Shearing- Forces at „ ,, „ 

Ji p, .... be the Re-actions at right and left of Span (/p), if discontinmus* 


Fig. 53. 


rVh, - 
ip., H 


k »r t r 

1 T'P 

fl 

R'i-i 

t jj-i 

\ 

» Ap 

rj»-i 


Then, by Eq. (5), Mp^.^ =. Mp + (R'p - R\) /p, (28). 

Mp = Mp + , -b (R"p R%) Zp (29). 

whence R'p = R', + Mp±j " JLp ^ 30 ). 

*P 

R% = R''p + ^- - ~j^'’t . i (31), 

Thus the two Shear- Re-actions R%, R'^p at the ends of any span Ap Ap 4 . j 
may be at once found when the Moments (Mp, Mp^,) of the Re-action- 
Couples at its ends are known. Moreover, 

R^p R^^p Fp H" 7?*^p I— w Total load on the Span, 

from which equation either is still more easily found when the other 

is known, 

339 . Total Re-actions. — By what precedes it will be understood 
that any particular Support Ap yields the partial Shear- Re-actions R*p „ ^ 
to the Span on its right (of which it is the left Support), and R'p to the 
Span on its left (of which it is the right Support). Thus — 

Total Re-action at Support Rp = R"p-^ + R'p (33). 

= - FV,+ F'p, (34). 

Substituting from Eq. (28a, i), remembering to change^ into (p— 1) 
in the substitution for R'p _ j 

Ep a R",_, + R'v + (35). 

*p - 1 h 

Case of end Supports ( A„ An 4 - ,). — By above notation, it is clear that 

B. = B', = F, = R' (36). 

B. + , = R'» = - F' a = B'. + (37). 
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It is clear also, that if Wp = Total Load on span, 


Sum of Total He-actions, zz Sum of Total Loads, I 

or Kp = 2^:1-' Wp 

When n of the Total Ite-actions have been determined, this equation 
gives usually the easiest way of determining the remaining one. 

340 . Case of Continuous Beam simply supported at the two ends . — This 
is the most ordinary case in practice : the Beam simply resting on the End 
Abutments without being there fixed. 

The End Supports are, therefore, unable to supply any Re-action- Couples 
so that tlic Moments at the two extreme ends (A,, An 4.1) are necessarily 


zero, 

i. e.f = 0 ; Mn 4. , = 0 

and those at the (w — 1) intermediate Supports arc, therefore, all complete- 
ly determinable by the system of (n — 1) Equations of the “ Three 
Moments 

341 . Curvature, — The fundamental equation of Curvature 


L — 

p “ El 


( 40 ), 


investigated in Art. 283 , was there established in r m^'Jecthj general manner^ 
and is therefore applicable to Continuous Beams. It shows that : — 


1 ®. 


2 ° 

3®. 

4 ®. 


>( 41 ). 


“In Continuous 13cains the Curvature (1 4- p) is of the same sign as'^ 
the Bending Moment (M), and is tlierefoic, 

“ Conrave up w aids (like a Suppoited Beam) when M is positive ; 

“ Concave downwaids (like a Cantilever) when M is negative ; 

“Vanishes when M is zero, so that the Curvature changes sign, passing | 
through u point o£ inflexion when M is zero J 

These Results justify the general statements of Art 3 ..8. 

342 . Elastic Curve.— It may be shown by a jirocess, similar to that of Art. 
333, that— using the notation of that article— if A,, A , A3 be any three successive 
Supports, the equation of the Elastic Curve is, with origin at A^, — 

In Span Ai Aj ; 

( , 1 . I'* a? 

I V. (v — vj) — a? (vi — Vj) j = 


El 


Ml H M , I 


\ 


(42<z). 


+ 

In Span A, A^; 

El I (u — I'l) — se (vj — J rs: 




6 


.Ma-h 




6 




(42i). 
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The levels of the Supports Vj, wj, Wg are supposed to be given : in most applications 
in practice, it is usual to assume them zero. 

The values of the integral are given in Table below ; those of K', K' were given in 
Art. 335 : thus when Mj, Mj, Mg have been calculated, the Elastic Curve can bo 
plotted by calculating its ordinates (y). 

[These ordinates are always so very small, that it is necessary to plot them on a 
larger scale than that used for abscissao]. 

343. Deflexion.— The maximum ordinate of the Elastic Curve in each Span — 
commonly called the Deflexion — is the only ordinate of any practical interest. Its 
numerical calculation is always one of considerable labor. The process consists of 
two parts — 

i. To find the abscissae (a?) of the Sections of max. Deflexion. 

iL To calculate the corresponding ordinate (5), which is the max. Deflexion re- 
quired. 

Step i. The sections of maximum Deflexion are defined by the condition 



Expressing which in Eq. (42^i, h) the abscissae (a?) required are given by 


In Span Aj A^, (-^ - M, + M, + ^ K' 

+ vj'’‘ Mdx = - BI - »,) 


.(44a}. 


In Span A, Aj, m, + K' 

+ V f* Mdx = - El (»j - »,) 

The levels (v^, v,, v^) of the Supports are supposed given, (usually assumed zero) ; 

the values of the integral ^ Mdx arc given in Table below, and those of K', K" in 
0 

Art. 335, for the most useful cases of practice. Substituting these values into (44a, 5), 
there result algebraic equations for finding the required abscissa (a?) in either Span. 

On examining the Table of values of / Mdxy it will bo seen that, for continu- 



ous Loads (the most useful in practice), this equation will usually be a cubic in ar, and 
therefore somewhat troublesome to solve. 

The best practical way of solving it is usually to reduce all the co-efficients to the 
simplest numerical form possible, and then solve it by ** trial ”. 

When one of the roots is recognizable h priori^ the cubic is immediately reducible 
to a quadratic, and this happens in two cases : — 

(1), when the Elastic Curve is horizontal at any Support, in which case a? = 0 is 
one root of the cubics for the two Spans meeting at that Support, and 
therefore divides out, thus reducing the equations to quadratics. 

[This Case always occurs in the two middle Spans of a Symmetric symmetri- 
cally loaded Beam of an even number of Spans, see Ex. 3]. 

3 A 



Values op Integrals useful in calculating Deflexion. 



Unifonn Load (— w) on BP 
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(2), when the Elastic Curve is horizontal at middle of any Span, in which case 
X = y is a root, and is in fact the ahacma required. 

[This case always occurs in the centre Span of a Symmetric, symmetrically 
loaded Beam of an odd number of spaUvS, nee Exs. 4, 8, 10]. 

It is worthy of remark, that the maximum Deflexion seldom, oc&u/rs at the section of 
positive maximum Bending Moment. 

Step ii. To calculate 5 (the maximum value of t>). This is found by substituting 
the value of the abscissa (a*) of the section of maximum deflexion into Eq. (42a, V). 
The labor of calculation is much reduced by a preliminary reduction of Eq. (42a, 5) ; 
thus by help of the relation (44a, 6,) the Eq. (42a, J,) may be reduced to 

Span Aj A.., El (3 — w,.) s= ^ (M, — Mi) _ ^ M, — nMdx (45a). 

Spaa A, Aj, El (3 - ».) = ^ (Mj - Mj) - y ^ j'* xMdx (465). 

The substitution of the values of x found in Step i, into these Results will give the 
required maximum Deflexion (^) far more rapidly than the direct substitution into 
(42a, h). The depression v, is usually assumed zero. 

N.B. — The resulting Deflexion (^) will usually be negative ; this indicates down^ 
ward Deflexion. 

/ X gkx gtx 

MdXfJ xMdXyJ J Mdx given 

above will enable any one to calculate the Deflexion without any knowledge of In- 
tegral calculus whatever for all the most useful cases of practice. As already re- 
marked the actual calculation will always be laborious, as the Equation which gives 
the abscissa (ar) of 3 is usually a cubic. 

The maximum Deflexion may, however, also be found roughly— (usually with suffi- 
cient accuracy)— by plotting a few ordinates of the Elastic Curve (on an exaggerated 
scale) calculated by Eq. (42a, i). The probable value of the maximum ordinate 
may then be picked out by inspection of the figure. This is also rather laborious]. 

[Caution. — From a hasty generalization of the fact, that a CJontinuous Beam is com- 
monly in condition of a suco.ession of Supported Beams and Cantilevers, Beginuers 
often make the mistake of attempting to calculate the Deflexion in any Span by cal- 
culating the partial Deflexions of those portions of each Span which are in condition 
of Supported Beams and Cantilevers. This is a procedure, however, which requires 
great caution, and to effect it properly would in fact be mo7*e troullcsome than the 
process developed in the Text.'] 

Hardly any of the Results (values of m*', n'\ evaluated in Art. 285 for the 
ordinary cases of Cantilevers and Supported Beams, ore really applicable to the cases 
of Cantilevers and Supported Beams as occurring in Continuous Beams. 

Those Results (Art. 286) are, in fact, subject to the limitations, 

(1). Cantilever, The ‘ Neutral Surface ' must be horizontal (or to the 
Loads) at the fixed End. 

(2). Supported Beam, The * Neutral Surface ’ must bo at same level, and of 
same slope at the two Supports. 

Now these two Conditions obtain only in particular cases in certain Spans of Con- 
tinuous Beams, so that those simpler Results arc seldom applicable to the latter. 
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The error that may be made by an incautious use of Results proper only to Sup- 
ported Beams and Cantilevers, is often considerable, as may bo seen below : — 

Continuous Uniform Beams, Equal Spans, Uniform Load. 

o Distance of max. Deflexion from End Support 

True distance Supposed approximate distance 



Beam of two Spans, • . Ex. 7 *42153 1 *876 I 

It is obvious that these discrepancies would amount to many feet in large Spans. 
344, Symmetric Beam, under Symmetric Load. — The solution in 
this Case, which is a common one in practice, is much facilitated by observ- 
ing that in consequence of the complete symmetry both of the Spans and 
Load alout the middle point (0), all quantities such as R, F, M, v, 2 are 
equal (in magnitude) by imirs at equal distances from the middle. 

This consideration reduces the number ol independent quantities to be 


found by one-half. Thus — 


^ ^n+1 ^3 ^n-l* 

(46). 

M, = M„„ = = &c., 

(47). 

P - - F ,,M -M 

+ i +{ -£ 



Case of middle Span, — In a Symmetric Beam under Symmetric Load 
Miih. an odd number of Spans, let m be the number of the middle Span 
(counting from either end), Wm the Total Load on it, then by the condi- 
tion of symmetry which gives = Mm, and Eq. 28a, &, 

R'„ = = i Wm = i2"« = R"m, (49). 

Thus the Shear- Re- actions of this Span are the same as if this Span were 
discontinuous at its ends ; hence — 

“ The Shearing Force throughout centre Span of a Symmetric, symmetri-^ 
cally loaded Continuous Beam is precisely the same in all respects as if this > (49). 

Span were discontinuous ”, J 

345. Transverse Strength.— In Chaps. VIIL, IX., X., the ques- 
tions of the Longitudinal Stresses (C, T), Moment of Resistance (fli), 
and Shearing Resistance (iF), were investigated in a perfectly general man*- 
ner, and are therefore applicable to case of Continuous Beams. 

It must be remembered that the character of longitudinal Stress depends 
on the sign of the Bending Moment (M), and that there are therefore 
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(1) . Contraction, and Compressive Stress along all parts on the concave side 

of the neutral Surface, 

(2) . Extension, and Tensile Stress along all parts on the convex side of the 

neutral Surface. 

The expressions for C, T, dF of Chaps. VIII., IX., X., with the 
values of M, F of this Chapter enable all questions on Transverse 
Strength of Continuous Uniform Beams to be solved. 

[The Results of this Chapter are, however, in strictness limited to Uniform Beams, 
see Art 337, so that the sections of (absolute) maximum Bending Moment, and of 
(absolute) maximum Shear must be hcldin strictness to fix the scantling of the whole 
Beam]. 

Examples of Continuous Vniform Beams under Uniform Steady Load, 
346- — Here follow the reduced Results for the simple Cases of Two 
Spans, Three Spans, &c., under Uniform Steady Load — the only case 
usually worked out. 

The notation is the same as explained in Arts. 320, 338, in addition 
to which 

O is the middle point of any Span, and origin of the abscissai (5), 

Wj, Wi, Wg, &c., the uniform load-intensities per length -unit, ] 

III Li fai the points of inflexion of the * neutral surface / i° ^he 
171], m,», Wg, &c., the points of (positive) max. Bending Moment, > 

E], Ejf, Ej, &c., the points of max. deflexion, I 

&c., thc (posltivc) maximum Bending Moments, J 

sr\ of thc abscissjc of any section P in any span ; a;', a?' being measured from thc 
light and left Supports respectively of that Span, 

Ex, 1. Two spans each uniformly loaded, 

Wj, Wi, the uniform load-intensities per length-unit of Spans /], 1^, 

R], R. 2 , Rg the Total Re-actions at Aj, Aj, Ag. 

R'], R'l ; R'j, R'g the Shear-Re-actions of /j, Hg, respectively. 
jR'j, ; R'j, R\ the Re-actions of spans /j, />, if discontinuous, 

M) the Moment of Re-action- Couple at A,. 

Mg,, the (positive) max. Bending Moments in span /], Zg. 

Observing that since the Beam is simply supported at A], Ag, the Re-action- 
Couplcs at A], Ag both vanish (Art. 340), the value of is given at once by Clapey- 
ron’s Theorem, (Art. 336), 

2 M, (Z] Z,) r= - i (w, Z,® -1- tt7] If) (50). 

Observing also that — 

B\ =s J wf] Z, = and JR'] = J Z] = 

The values of the Shear-Re-actions are given at once by Eq. (30, 31). 

R'l = J i. + ^, = i Zj - -jf, 

= R'j = 4«>, ?, + ^’ 

The values of the Total Re-actions' are given at once by Eq. (36, 37). 

R] ss R] ; R^ Wj Z] + Wj ij — (Ri + Rg) $ Bg ss R"^ 



.( 62 ). 
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The Shearing Force at any point P, 

Span /„ F = R'l - - (R"i - wix”) \ 

Span h, F = R 2 — wx' = — (R% — w^x”) i ^ ' 

Also at Aj, F| = R'l ; at Ai, F“i = — R'l, F^ £= R j ; at Aj, F j = — R ••• (54), 
The Bending Moment at any point P, 

SPAN M = R'a ^ = R*. 

Span l,, M = R'j »’ - -^ = R'»«' - j 

There arc usually two inflexions, one in each span, whoso abscissae arc, 

s„, I 

_ , „ 2R'i , ,2M.f 

Sian h, x" = *=?, + — I 

Wt 70)1} ] 

The Bending moment has usually three maxima, viz., two positive maxima— one in 
each span, — and one negative maximum, 

Span /„ Mo, i = 4 — S where ar* = — , and F = 0 ) . 

^ tPl I 

At A,, M = Mj a negative maximum > (57). 

R"*. R". I 

Span M^o , 2 = i ^ ysheve ar* = — , md F = 0 J 

Thus the sections of no Shear and of positive maximum Bending Moment, bisect 
the segments Aj Ij, A 3 13 between the End Supports and Inflexions. 


Ex, 2. Tnw eqttal spans each 7iniformly loaded. — This is only a special ease of 
preceding, but sufficiently important to be worth recording. The Results which arc 
easily derived from the last (by writing =z I, =. I in the last), are 
Moment of Re-actioiirCkmplCy Mo = — (tU| + w,) = — J (lOj + Wj) c^,.,(58). 


Shear Re~actlonSj R', = ' " ^ ^”1 == ^ 

•n. _ + 9 W'J 7 _ 7 70 , — w, , 

Ri- 16 To — ^ 



Total Re-actlons R^ s= — I ; R> = i (*^>1+^3) tvI ; R3 = ^ (60). 

Jo lo 

The general values of F, M, and of the maximum Bending Moments cannot be 
more simply expressed than in last Example, q, v. 

There are 7isuaUy two inflexions Ii, Ij, one in each span, given by 

Ao I2 ss -f* g» Aj I3 g ( 61 ). 

It is worthy of note that if Wj diminishes whilst lUg remains constant, Ij approaches 
Aj, Ijj recedes from Aj and R^j decreases, until 

when vj = f w„ Rf, = 0, Aj I, = f /, Aj Ij = /, 

80 that the left span Aj L ceases to press on the Support Aj, and is everywhere 
convex upward. 



CoSTiKuoufl Beam. 
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If continue to decrease < f Wi, becomes negative showing that Tension is 
required at A 3 , until finally 

when wj = 0 , Aj Ii = J2, A.. I 3 = qc » ?= — 

Viigllhows the Diagrams of Shearing Force and Bending Moment for this 
Beam for the particular Oases ; 1®, Wj = 0, W2 finite ; 2 °, Wj = w, ; 3°, Wj finite, == 0 : 
as well as the corresponding Curves (dotted lines) for discontlmovs Spans tor sake 
of compaiison : for references, see Plate VI]. 

To find the abscissa) of the sections of maximum Deflexion, substitute = 0, 

M) = — (W| -J- m» 2 ) Mg = 0 , and the values of K', Mdxirom the Tables 

of Arts. 835, 343 into Eep (44<z, h). It will be found on reducing that the abscissa 
(») is given by solution of the cubics, 

i - A (0 + a) ^ + j (, + a) i + , (1 _ a) = 0, (cji). 

The solution cannot be conveniently expressed unless the ratio is given in 

a numerical form, (sec next example). [Observe that only the positive value of cc 
which is < I will suit this Problem]. 

To find the maximum Deflexion (^), Results (45a, h) give, on substituting for Mj, 
xMdx (the last from the Table), after reduction, 

-1? • {'4 - ';+=('+?) f) w. 

{.4 . + + , (. + ) 

in which the values of a? ^ derived from Eq, (62o, h) are to bo substituted. 

These will generally be negative quantities, indicating downward Deflexion. 

Ex. 3 . Uniformly loaded, Tjuiform Beam of two equal spans. This case is 
more common in practice than the last, of which it is a special case. The Results 
(easily derivable from the last Example) are — 

Moment of Ue-action-Couple Mi = — J wP = — J (64). 

Shear Re-actions R^ = J = Ii", ; R"j = J wu s=: R'j (65), 

Total Re-actions Rj = } wc = Rg ; R, =r } wo (66). 

Shearing Force F*j = I wc = — F", j — F'l = J loc =s FS (67). 

Span Zj, (Aj P = »'), F = i wc - wx' [ 

Span Zj, (Aj P = »'), F = J w’c — wa?' / 

Bending Moment : — 

y)x'^ \ 

Span z^, (Aj P = a?'), M = f wex' — -y- 1 

(69). 

Span Z^, (Ag P s= a?"), M = f wca?" - 

There arc two inflexions, (Ii, L) ; Aj T| = J c = A 2 Ii (70). 

• The Bending Moment is a negative maximum, M > = — J rve^ at A 2 , 1 . - * 

and a positive maximum, M© A wo* at middles of Ai Ij, Ag I, / ^ 
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[Plate VL shows the Diagrams of Shearing Force (Fj ni| Fj, F 2 to, Fj) anti Bend- 
ing Moment (A, M, lei M], M, IMj A 3 ) for this case]. 

To find abscifesaj of sections of maximum Deflexion, writing Wi = in (62a, ft), 
both Results become after reduction 

a?* 15 a? , _ rt u a? 15 d: \/3t9 

•jj - 7 + i = whence y = — ?= -67847 (72). 

Both Results (63a, 5) reduce to 

=Si- { - 20-7 + « T 1 = - ‘OOO^ S’ (72). 

[The negative sign indicates downward Deflexion]. 

Ex. 4. Three uniformly loaded Symmetric Spans ; Symmetric Load. 

lu hf hy the Spans ; = /j 

w , Wj, the lodd-intensitic*! per length-unit ; w, = te, 

Hence since for simply Supported Ends, Mj = = 0, Clapeyron’s Theorem gives, 

(Art. 336), 

2 M. (/i + 2,) + M 3 - i (wi A’ + w, /,*) (74), 

and by the symmetry Mi = M 3 

. Kir , w, -f 

••^»=-^- 2 /, + 3 ^ (75). 

By (30, 31);R', = i = R', j R'l = i h - K’s I 


By (48),R', = Jtc^^ = iri. 


By (36, 37),Ri = R'l ; R, = i + i la, = R 3 ; B 4 = R^ (77). 


Side Spans; a? = A, P or A 4 P, ± F = Rj — Wj x 1 

Centre Span ; ± ^ = OP, n: B ^ ) 

Side Spans; a? = Aj P or A 4 P, M = Rijr — ^ Wj ar*... 

Centre Span ; ± ^ = OP, M = Mj + i [c!* - 

. 2 \ “ 


Side Spans ; Inflexion at I, 


= Rijr — ^ 7Vi ar* 1 

= M, + ita,(a/-5“) i 


R'l = A 4 1 


Centime Span ; Inflexions at I, I, 01 = 0 * + -^ M, J 

Side Spans ; Positive Maximum of M is Mq = Ri* ^ 

^Wi 

at middles of segments Ai I, A^ I 

Centre Span ; Negative maxima of M, viz., M.> or M 3 at Aj, Ag ; 

also at 0 , Mq = Mj + 4 7vc,^ 

[Mq is a max. if positive, minimum if negative]. J 
Ex. 6 . ^Ihree uniformly loaded Symmetric Spans, (/i = /g). 

By Clapeyron's Theorem, observing that Mj = 0 =: M 4 . 

2 M > ( /i + ) + Mg - i ( wi /i^ + y ) 

2M3(/2+ + = -i (lag /,» + «.,//) I — ’ 

whence M, = - — >-( A + ^A!_+ S’ (A h + h')li - ] 

weneem, 4 (2 «, + 8 i^) ( 2 /, + (TT I 

M - 2u.,(/, + / .);i» + w,(2/, + > 

r( 2 (, + 8 /,)( 2 /,+ 7,) 



CONTINUOUS UNIFORM BEAM OF THREE EQUAL SPANS. 

Diagrams of Shearing Force and Bending Moment foe varying Uniform Load. 
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[It is not worth while developing the other Results of this CasOi as the formulas 
become complex. The Results (83), however, are required for investigation of effect 
of Moving Load on a Three Span Beam], 

[Plate VII. exhibits the Shearing Force and Bending Moment Diagrams for a 
Continuous Beam of Three Equal Spans, each under uniform Load^ for the most im- 
portant values of the ratios of Wy : viz., 

(1) , 7Vi Wj = Wj ; (4), Wi =: 0 =: Wj, 

( 2 ) , Wj = 0, w, 6= Wj ; (5), Wj =: Wj, Wj = 0, 

(3) , = Wa, Wa = 0, 

as well as the corresponding Diagrams for discontinues Spans for comparison with 
the rest], 

Ex» 0. Uniformly loaded Beam of n Equal Spans. — This case is approximated 
to in the Rafters of some Roof Trusses, which arc often of uniform section through- 
out, and supported on several equidistant Supports (Ridge, Strut-heads, and Wall- 
plate), and also tolerably uniformly loaded. 

The Total Re-actions (R,, Rj,, &c.) are equal and opposite to the Pressures of the 
Rafter on its Supports, and, are therefore, the “Equivalent Loads at the Joints*’ 
required as the “ first Step ” (Art. 115) in finding the Dieeot Stresses in the Bars 
of the Truss. 

The greatest of the Moments of Redaction-Couples (Mj, Mi, &c.) is the maximum 
Bending Moment (Mm) required in calculating the stress due to flexure. Art. 2C2, 
et seq.^ in the Rafter. 

[In the investigation of Direct Stresses in Roof- Trasses (Art. 113, 
again in the special investigation for Rafters (Art. 2C6, et seq,)^ it was preferred to 
use the Hypothesis of Free Joints (Art. 113) in finding the “Equivalent Loads at the 
Joints**, and “Maximum Bending Moment”, as the values so found are at once ob- 
tained in an elementary manner, and it is doubtful whether the new values obtained 
by the present method are really letter approximations. 

It must be remembered that the numerical values hero given depend essentially on 
the rigidity of the Supports ( Art, 334), Now in a Framed Truss, this rigidity can- 
not exist. The Truss will deflect as a whole, an^ along with it the Rafter, so that 
the Rafter- Joints will certainly settle, and by amounts which arc small, but probably 
of same or^der as the Deflexions of the Rafter-segments, and therefore not negligible 
from the Equation of the Elastic Curve. The proper course would undoubtedly be, 
to make some allowance for these settlements (the Vj, v^, v^, &c., of Eq. 21), but it 
would greatly complicate the investigation. 

Meanwhile it is a matter of opinion which set of values are the more approximate] 

Let w s= load-intensity per length-unit of each span (^), 

8 K* s= 3K** as — J w/* =s — 2wc* for every span (Table, Art. 335). 

Observing that for a Beam simply supported at the ends Mj = Mn + 1 =0, Clapey- 
ron*8 Theorem gives a series of (» — 1) equations of the form, (after dividing by 

/ = 2 tf) 

4 M> - 1 - Mj =! — 2 «?c® = Miwi + 4 Mn 

Mj + 4 M 3 4 - M 4 s=5 — 2 wc* — Mn—o + 4 Miu.} + Mo 

M 3 -|- 4 M 4 < 4 - m]^ s — 2 wn* = Mn _3 4" ^ Mn— j -f- Mn — 1 

4- 8 — 2icc® ss + 4- 

Betwe^n which [n — 1) equations, the n — 1 quantities (M) are easily found when 

3 B 
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not veiy nnmerons. The Load and Beam being symmetric about the middle, (Art. 
844> 

M> S SS Mn*,2j &Ct| (85^. 

80 that only half of them require independent calculation. 

The Shear-Ko-actions, and Total He-actions are now easily calculable by Hesults 


(30, 31) and (36, 37> 

The Shearing Force in Span is 

r = R’p ■" (86). 

The Bending Moment in Span is 

M = Mp + R'p — 1 Mw'* = Mp^ ] R'p a?',— ) (87). 

In the End Spans this reduces to 

M = R'l a?' — 4 war*®, M = R'n + i a?*' — J (88). 


The inflexions (given by M = 0) are generally two in span at the sections, 

«' = i (b'p ± s/if p* + 2 n> Mp) : ** = i (R’p ± VRV + Sm'M^,) ...( 89 ). 


For the End Spans these reduce to a single point at 

2 2 

First Span, A^Ii — - R'l ; Last Span, An 4. il„ sa - R^n + i, .... (90> 

w to 

The positire maximum Bending Moment occurs at section (given by F = 0) where 

= (91). 

«idisM.,p = Mp + ±R'p«=:Mp+, +^BV ( 92 ). 


The negative maximum Bending Moments are (M2, Mg M*,) over each Sup- 

port except the End Supports. 

The Results reduced from the above for the particular cases n = 2, 3, 4, 6, 6 are 
shown below— (for notation, see beginning of Art. 846)— 

Esr. 7. Two equal Spans, M2 = — wc* 

B', s= I ipc s= R*^ R^ s= = R'2 
Ri ss I tpc Rg, Bj = « fre 
A,I.= |e =:A,l2 
Mo = A| TOj = 3c = AgW, 

d, =5 - -0867 ^ = li, Aj E, = -67847 I = Ai B.. 


ASr. 

8. 


Three equal 

1 Spans, 

M9S: - 

^ WO^ ss Mg 

K’. 

s= 

i 

wo ss R%, 

R*i = |. 

wo ss B 8 , 

B 2 =s we — 

Bi 

ss 

% 

wo = B4, 

may 

tac Q Bg 


A, I, 

— 

\ 

*< 

11 

u 

01, = 



Mo,, 

s= 

M»,, 

« -iV 

(atO) 

A,wi 

= 

4 

6 

c «= A4 m„ 




*, 


- 


A,Ex«<- 654 /«A 4 E.. 



PLATE Yjn. 
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£Se, 9. Four tqual Span*. Mj ^ »»c“ = M 4 , Mj « — wc* 

R'l = i^wc = B'4 , R*i = || wc^RV.Bri-^wc-E',, BTs^l’wc-R', 

R. = -li 7VC saa R,, R2 sat WC =« R^, B| sa ^ 


Aj Ij esa ^ C ■» A* I 4 , 

Aj L « 

18 t/bl ^ 4 Y 

! «— Ajl4 




M.„ = 

= = M«,»* Wo,, •= “ W.,, 



axs 

c =S AjW 4 , 

, Aj-wta 

33 1 1 C BS AjW,. 




10. Five eqiMi Spans, M 2 «= — loc* ess M 

.. M, 

sas — #ra* ass 

M,. 

E'i = 


28 

= -wc = 

RV»i = r9“®=®V 

B»,= 


WC s R^'j^ 

R,= 

we m. R,, 

R.-t 

3 wc =. R„ Rj = 

JJ wc 

= R4 


A;Il = 

ts«“A,I„ 

A 3 T 3 S3 

18±4j6 ^ at 

1 » «=A4l4, 

01 , = 

=±ijTc 

— 19 


M,.,- 


[),5> ^ 0,2 

= A\“’'^''=Wo,4, 

M,|, 

= ^»e*atO 


Ajm, = 

c =! Ag m 

5 , Aj Wj 

“if = 




Fx» 11. Six equal Spans, M 2 = 

-11 ^ wo’=.Mj,M4-t 


R-i = 

^ tdC R'g, 

R”i = 

e.| K 8 ! = R j, R's 

=3 

WC SS! R**, 

R% = 

^ wc=. R',, 

R-,= 

11 wo^ R'4, R'o 

S3* 53 

Nsr 

tve 353 R 4 



= Rj « I « WC a= R,, 

Ai Ij *=» -g ^ ® ®= ^6 ^0> 

^ 0,1 = i 4 0 -B “^* =* ^o,«' &c.,&r. 

Ai Wi = c «a A 7 w„ &c., &c. 

VIII. shows the Diagrams of Shearing Force and Bending Moment for 
the above Beams, of from two to five spans. The Figures are all drawn on same 
scales, with same Spans and same load -intensity for purposes of comparison.] 

347. Effect of Hoving Load.*-Und€r a Moving Load it is obvious 
that both Shearing Force and Bending Moment change continuously at 
every section during the passage of the Load passing through certain 
Greatest Values at each section usually at different stages of the passage 
of the Load : these are styled* in this Manual the Greatest Shearino 
Force and Greatest Bendino Moment, and are denoted by P, M res- 
pectively. 

Their complete investigation in a Continuous Beam is always tedious, 
(and is usually omitted in English works). One or two simple useful 
Oases only will be briefly investigated here. 


• Compote Art. m, •Greoteet ’ bolng iu tills Manual distinguished from * Maximum^ 
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There are usually two inflexions in the Elastic Curve in each Span of a 
Continuous Beam which define the regions of ± Curvature and of ± 
Bending Moment. Under Steady Load these occupy a definite position, 
but under Moving Load these points shift continuously ; throughout the 
region of displacement of a particular inflexion, the Bending Moment is 
liable to change of sign, and is therefore susceptible of two Greatest Values 
(one + , one - ) at each section in that region. 

[The Investigations following apply solely to the Moving Load :.in applying the 
Results to real Girders the portions of F, M due to the Permanent Load must of course 
be combined with these to give the Resultant Shearing Force and Rending Moment, 

It follows of course that any small values of F, M due to Moving Load which are 
of opposite sign to those due to the Permanent Load are of no importance.] 

Ex, 12, Two Span Beam : under uniform moving Load. The process of finding 
P,M may bo divided into five Steps. 

Step i. To trace the variation of K', K'. J 

Step ii. To trace the variation of I JV.5,— For case of 

Step iii. To trace the variation of R R*j •, R',, R'j. > equal Spans, make li 

Step iv, To trace the variation of F. ( === throughout. 

Step v. To trace the variation of M. J 

Step i. Variation a/K', K\ (Observe that these arc always negative, and that 
If K stand for E' or l^, K" as the case may be). 

l". Segment Aj P = loaded, K s= ^ | - (P - | (934). 

2°. Segment HP loaded, K—— ~ — 'j)’} (93>). 

In both cases it is clear that — K increases (with afj, try respectively, i. c.,) with the 
extension of the Load, and is a maximum when = I, or xy s /, i. e,, when the 
Span is fully loaded, i, e.,when K c= — ^ 

Step ii. Variation of M >, By Results (22), (39), 

2 M, (I, + h) = 8 (E ■+ E), /. Mg =; 3 (K* + K') 4- (^i + L) (94). 

— M) increases with the Load, and is a maximum when Zj, k are both fully 
loaded. 

Step iii. VaHatUm of R j, R’j, RS, R'g. It is easily seen that that R'j, R\ ; 
lt\ increase with the Load on Ij, respectively, and are always +. 

By (30, 31), R*! s= ^ , R’a = R\ — : of which — Mj is always + and 

•1 ‘i 

increases with the Load. 

/, B"], R'a are always + and increase with the Load, (95). 

By (80,81),R'i=: R\ 4 R^a s: iT.j 4 AsM, is always —, it is clear 
*1 h 

that R'l, JVei may be either ±. It will snfiSce to trace the variation of Rp 

By (30), R'a =: It\ 4 o Y^rT ? J E*. 9, Art 182, for U\, and Art 885 for 
\h 4 • J 
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(2^, - X,y i 

- 21, I ~ 4/,(/,+ «s) 5'^ 2i 


K', K'). The two easee of Load on Ai? or A,F require separate consideration. 

Case (1). Scsmeut A|P ±z a, loaded, 

pi _ «*i (2ij — »i) »»,’ (2/, 8K' 

2/1 “ 8f,‘'(/. + t,) (*, + ;,) 

“ 2/i * 8V(/i + /,) ■*‘2/,(/, + « 

of which the two first terms (together) may be shown to be essentially + and incrcas 
ing with a?| (arj < li\ and the lost — : 

Case (2). Segment AgP = loaded, 

2ti ~ Sh’‘Oi + h) + y 

_«>«•,» f 3K" 

• - 21, V 4/, (/, + «s) 5 ^ 2/, (/, + J .,) 

of which the first term is essentially + ami increasing with and the last is — , 

Combining these Results, it follows that; — 

(a), “ l{\ is a negative max. when /j is unloaded and h fully loaded ”, % 

(fe). “ R\ increases with 4* sign with extension of the Load on > (97). 

and is a positive max. when I, is unloaded and fully loaded ”, ^ 

Similar Results obtain mutatia mutandia in the case of R^g. 

Step iv. Variation of F.— By considerations quite similar to those of Ex. 1 1 
Art. 182, it may now be shown that F attains its greatest value (P) on the span li 
wlten the longer tegment of that span is covered as follows i — 

(1) . Greatest positive value (near Support Aj) when the longer segment AjP 
(=s a;*) is fully loaded, and I 2 unloaded, 

^ 2/, \ ^ 4?,C«,+«/ 

(2) . Greatest Negative value (near Support Aj) when the longer segment A^P 
(s;r') and also the other span (/,>), are fully loaded. 


p. _ ijf. 3(K' + K»n 

„ ( . ttwr'» (2 V - »'») . 

“ ■ ( " 2«i + 8 i,* (<i + *,) 8 ( 

- 1 a. 


2;, I * ^ 4ii (/, + l.j)f 6(.h + h") 

Similar Results obtain mutatis mutandis on the other span (^}, remembering 
especially to change the sign of p from rb to 7 according to the convention 
of Art. 170. 

[The graphic representation of >p is given* in Plate VI. by the (chain-dotted) lines 
F, Aj and Fj Fi for the span fi, and by Fj Ag and Fj Fi for the span /g]. 

Step v. Variation ofM» By considerations quite similar to those of Ex. 11, Art 
182, it may be shown that M attains its greatest value M ^vety section on the span 
ly as follows ; — 

(1). Greatest Positive uo/ue, (near Support Ay) when is unloaded and /| loaded, 
, • Por case of equal Spans (f ^ ss /j). 
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“ 2S *' = l« CIOI). 

(2) * Qrtatest Negative value^ (near Support A]) when <o ia loaded and unloaded. 

M ~ R'l — I mx’^ ( 102 ). 

(3) . Greatest Negative value, (near Support As) when both Spans arc fullj loaded, 

M = jM2 + d/=-«^(c— a?*)® + ^ wca?V I (103). 

at Support A®. J 

Similar Results obtain mutatis tmtandis on the other span Z|. 

[The graphic representation of M is given* in Plate VI., by A^ M, land Aj Mi 
for the span /j, and by A, M 2 1 and A^ e> Mj for the Span ^ 2 .] 

Ex. 13. Three-Span Symmetrio Beam wider uniform, moving Load* The in- 
vestigation of this case will be very briefly given— (Z| 1), 

Step i. As in Ex. 12, K s= — ivl^ at a maximum. 

Step ii. Erom the values of M 2 , M^ in Ex. 5, it is easily seen that 

** — Mj, — Mj are maxima when Wg = 0, = 0, respectively. 1 rin4 ^ 

and the other spans fully loaded j • ••• V 

“ + M;, -|- M, are maxima when wi = 0, = 0 ; w, =: 0, 1 r^n4X^ 

w, = 0 respectively, and the remaining side span full) loaded 
Step iii. Variation of R'j, R"! &c, 

R'l = R', + =: I , B", b: i -T.; + (106). 

From (83), it may now bo shown that— 

^^R'l, R% are maxima when Ws = 0 , and li, Ig are fully loadcA” (106). 

R*i = i wil - R', = 1 (107). 

From (83), it may now be shown that— 

** R'^i, R'g are maxima when Wg « 0, = 0, respectively, \ n nft\ 

and the remaining spans fully loaded f 


R; = R'j 4 . R'^ = R'j, + (109). 

<2 <2 
From (83), it may now be shown that — 

R 2 , R "2 are maxima when Wj = 0 , W| ss 0, respectively, and thel r nn^ 

remaining spans fully loaded”, J 

Step iv. Variation o/E, By considerations similar to those of Ex. 12, it may 
now be shown that F attains its Greatest Value (± F) in any Span when one or 
other of the Segments x*, sf extending up to the Section is fully loaded, (and the 
other x" or x\ unloaded), and the remaining Spans so loaded as to give the Be-action 
at the end of the unloaded segment its greatest value— (according to the Results in 
Step iii), 

[The above Statement is obviously a perfectly general Result applicable to all 
Cases], 

Step V. Variation o/M. By considerations quite similar to those of Ex* 12, 
* For case of equal Spans (fj ss l^. 


: 0 , respectively, and thel 
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it may now be shown that M attains its Greatest Value (M) section in each 

span as follows : — 


Spans 

LOAD-DISTBIDUTION WHICH PRODUCEB 

GroatcBt + Bending Moment 

Greatest - Bending Moment 

Side Spans 1 
(not near Piers), f 

Side Spans loaded. 
Centre Span empty. 


1 Centre Span and further Side 
» Span loaded. 

) Remaining Span empty. 

Over and near Piers. 

None. 


1 Two Spans mectingat Pier loaded. 

[ Remaining Span empty. 

Centre Span ) 
(not near Piers). ) 

Centre Span loaded. 
Side Spans empty. 


[ Side Spans loaded. 

1 Centro Span empty. 


Plate VII, shows the Diagrams of Shearing Force and Bending Moment of a con- 
tiunous Uniform Beam of three equal Spans, under the five different distributions of 
Uniform Load which produce the Greatest db Bending Moment (+ M) at 
some part or other of the Beam. This sufficiently illustrates the above principles. 
It has not been thought necessary to exhibit the Greatest Shearing Force (F). 


A numerical Example is here added to illustrate the principles and formulae of 
this Chapter. 

JSx, 14. Penmir Bridge, (Madras Railway). This Bridge is home on Continu* 
ous Girders of I-scction of two equal (64'} Spans. 

J)ata\ = 64' = = 45'. 

Cross-section symmetrical , — Over Pier, At = 23 sq. in» = Ac, A* = 17 sq» in. 

In Side- spans, At = 18 sq, in. == Ac, A^ = 17 sq. in. 

Dead Load, v/ =: 3*6 cwt. per ft. run ; Moving Load to* z= 10 cwt. per ft. run. 

Find maximum maximorum and permanent maximum longitudinal and shearing 
stress-intensities. 

Solwlion. By Bq. (2S8), Art 210, iO = . I, or . I. 

d* 

And in a symmetrical cross-section j ~ 

^ JtTI cf *1^ 

p»or Pc != 2 j ™ ty the ‘ equation of moments 


And by the Table, Art 208, 1 = <r* . (-^ + (A, + A.)^. +iAt^ ^ 
But in a symmetric cross-section, At ^ Ae> and A =s 2At + Ai 
Hence on redaction, I ss + 6At^ 

- ^ - (K^ -e A O “ 


* Tbe Data are taken from No. OCLX. of Frofeseional Papers on Indian Engineering** [First 
Seriee.) 
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.. Pc or pt— ^ g 28) “ 1162-6 

6M M . c 

“ 46 (17 + 6 X 18) ~ 987-6 “ S>do-8pMU. 

And by what precedes it appears that — 

“ Mj, F'l, F'j are greatest, or become Mg, P'j, P'g over the Pier when both Spans 
are loaded ”, in which case = 13*5 cwt, per fL run =5 w.j. 

•*. M 2 = — * i = — i X 13*6 X 32* = 5 ; — 6912 ft, cwt, = — 8294:4 inch cwU 
- P', = P 2 = f w,o =} X 13*5 X 33 = 640 cwt. 

Also “ F'i are greatest, or become Mo^g^ P'l when lx is loaded, and empty ”, 
in which case wy = 13*5 cwt, per ft. run^ 5 = w^ 


• _ T?' - ■P'. - R'. - ^“'1 ~ / - 7 X 13-5-3-6 

- fj - Fi - jg I Hi ' — 


1C 


364 cwt. 


M.,s = Mo,t = R'l’ = 2S5 = 


Br’ 

and occur at distances = -jjp = 27* from Supports (Ay, A3,). 

Hence the maximum maximorum longitudinal stress-intensities are 
pyorpc= ft 2 s: 71*4 ^wt per sq. in, over Pier, 
pc or Pt = = 33 cwt per sq. in, in side B].ans 87' from Pier, 

And the maximum maximorum shearing stresa-iutensities are 

jp, = Y 7 ~ ^7* *^* 

p, ss = 2r4 CM)^. per sq, in. at Abutments. 

The permanent maximum stress-intensities are due to the Steady Load alone, in 
which case ruy = 3’6 cwt. per foot mn = 

Mj = - J WiC* = - 4 X 3*5 X 32* = 1792 ft. emt, zs 21504 Inch-cwt, 

- F\ = F'g = R'l = 4 wic =s $ X 3-6 X 32 s= 140 cwt 

— 1^2 s= F j 5 = R 1 = i WiC =s f X 8*6 X 32 = 84 cwt 

1 84* 

Mo, 2 = Mo,i = g— RV = inch-ewt. 

And the permanent maximum stress-intensities are— 


Longitudinali 


Shearing^ 


{ 'iflOU 

" p' = m 2 

1209 

Pc or ?» = I37:] 

! 14( 

/>.= 17 

84 

^’•='17 


21504 , 0 . . 

= TffisTg = 18-6 cwt. per tq. vn. 


13 cwt. per, sq, in, 
SB Bs 8*2 cwt, per iq. in, 

5 act, per iq, in. 


As this Girder was brought into position bg rolling from one end, it is advisable 
also to find the maximum stress-intensities due to this cause ; these occur when half 
the Girder 64' overhangs like a CantHerer loaded with its own weight only (w am 2*76 
cwt. per ft, ran, excluding superstructure). 

Here Mo, = - i - J X 2*75 x 64* ss - 6632/t cicf. = - 67684 inch-ewt 
- F« =: R** ss 2*75 X 64 « 176 cwt. 
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And the maximnm stress-intensitios (of rolling) are^ 
Longitudinal^ Pi or pc « ^ a: 68 owt, per sq. in. 


Shearing^ sa ~ ax 10*i mt* per eq, in. 

All these maximum stress-intensities are well within Che working stress-intensities 
of good wrought-iron. 

The maximum Deflexion will occur under that arrangement of the Moving Load 
which produces positive maximum maximorum Bending Moment, in which case 
«?! == 18’6 cwt per foot run, w> ax 3'6 cwt per foot run. 

The abscissa of the section of max. Deflexion is given by the positive root, (< 0 
of Eq. 62a, which gives — 

^ * (9 + A-) J + f (1 +];'r)7 + i ( 1 - *) =*0. 


The value j as *5878 will be found to satisfy this nearly. The maximum Deflexion 
is then given by Result (63a), 


6 


27 ^•+ a n 


X 112 
12 


X (32 X 12)« X (- 2*7U) 


24000000 X X (17 -f 6 X 18) 
12 


I reducing all units to inches and lbs. 
‘S and taking E = 24000000 lbs. per 
( sq. inch. 


-s — -708", and occurs at '688 x 64' as 34'*4 from the Pier. 

Again, when the Moving Load covers both Spans, the abscissa of the section of 
maximum Deflexion is by Result (72) 

X ax *578 i =5 30' 8 from the Pier, 
and the Deflexion is by (73), 


, *0867 we^ 

'=Tr- 


•0867 X X (82 X 12)’ 

24000000 X X (17 + 0 X 18) 


These Deflexions are both so small that it is not worth while calcnlating that due 
to the steady Load alone. 

[In the publifabed official calculations about this Bridge, (Ko. CCLX, of “ Profes- 
sional Papers on Indian Engineering, [Eieht Series]), these Deflexions have been 
altogether miscalculated. They have been apparently assumed to be exactly the 
same as in an ordinary ** Supported Beam,” *. one fulfilling the conditions ex- 
plained at end of Article 348,) of length equal to the portion between the inflexion 
and abutment. This procedure causes an error of about 3' in the position of the 
maximum Deflexion, and considerably under-estimates its magnitude.] 

348. Fixed BeamSi Fixed and Supported Beams.— -It was 
explained (Art. 307, and note at end of Chap. XVII.) that the Fixation 
of one or both Ends of a Supported Beam” consists in preventing to a 
greater or less extent the alteration of slope at one or both ends of the 
< neutral surface’, which would take place if simply supported at ike ends. 
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From the esplanationB in Art. 309, 329, it most be clear that this effect 
is produced by the application of a certain Force together with a certain 
Couple at those ends which are said to be ‘fixed’, and that, therefore, the 
Cases of a (more or less perfectly) Fixed Beam and of a Fixed and Sup- 
ported Beam fall under the principles of this Chapter, (see Eesult 3 of 
Att. 329). 

Thus a Fixed Beam in general is precisely in the condition of the cen- 
tre Span of a Three- Span Continuous Beam, and a Fixed and Supported 
Beam in general is precisely in the condition of either Span of a Two-Span 
Continuous B|am. 

JSx, 15. A Fixed Uniform Beam under uniform load is precisely in the condition 
of the centre Span of the uniformly loaded Symmetric Throe-Span Uniform Beam 
of Ex. 4 of this Chapter. 

It will suffice to mal^e =: 0, = 0, in the Results of that Example to make it ap- 

plicable to this Case. 

j&2r. 16. A Fixed and Supported Uniform Beam under uniform load is precisely in 
the condition of either Span of the uniformly loaded Two-Span Uniform Beam (with 
equal Spans) of Ex. 8 of this Chapter. 

It will suffice to make either l^ =s 0, or /> ss 0, in the Results of that Example to 
make it applicable to this Case. 

[The case of Fixed Beams symmetrically loaded admitting of more elementary 
treatment, it seemed preferable to devote a separate Chapter to it, instead of including 
it as a special case of the more difficult subject of Continuous Beams]. 

349. Fixed Continuous Beam8.-^In all the applioations made up 
to this point it has been supposed that the Beams were simply supported 
(Art. 340) at the extreme ends^ which at once assigned the values of the 
Moments (Mi = 0, Mn + i = 0) of the Be-action-Couples at the en^. 

The Case of a Beam (more or less perfectly) fixed at the Ends may also 
be solved by the principles of this Chapter, if definite values he assigned 
to these Moments (Mj, Minq. ,) of the Be-actidn- Couples which cause the 
fixation. The solution would, of course, require to be taken by solving the 
system of (n 1) Equations of Three Moments de novoy as the actual 
values of the JEle-action-Momeiits, and Shear-Be-actions are usually altered 
throughout by this alteration of Ma ^ 

But, if the Fixation of the Ends be simply described «s ‘perfect the 
values of Mp Mn ^ ^ would require special determination by the consider- 
ation that they must be such as 0 rendsr the slope at the Ends zero. To do 
this, however, the integration of the Elastic Curve should be performed 
anew, as the condition must be introduced during the integration. The 



C0KTINU0U9 UNIFORM BEAMS. 


379 


Case is, however, hardly of sufficient importance to require special develop- 
ment here. 

34 9a. Fixation of intermediatt SupportB.~TX was explained ( A rt, 337 ) 
that the Theorem of Three Moments is applicable only to pairs of Spans 
which are simply supported at the common Support. It is in fact applicable 
to any such pair of Spans. 

The Case of a Beam (more or less perfectly) fixed at any of its Sup^ 
porta may be treated by the principles of this Chapter, if definite values he 
assigned to the Moments of the Be-action-Couples which cause the fixa- 
tion at those Supports: the Theorem of Three Moments may then be 
applied to determine the remaining Be-action- Couples. 

Again if the fixation at any Support be ^perfect’ the value of the 
Moment of the Be-action- Couple at that Support must bo found by 
introducing into the equation of the Elastic Curve the condition that the 
slope (t) of the ^ neutral surface ’ at that Support is to be zero. 

But this Case is not of sufficient importance to require development 
here. 

350, Beatriotion to Uniform Beams.-— It will be seen that all the 
worked Examples of this Chapter depend ultimately on the Theorem of 
Three Moments, and are therefore applicable only to Uniform Beams. 
A Beam op Uniform Strength cannot therefore with any real propriety 
be designed by the detailed Besults of this Chapter. 

[The practice of many Engineers has been to take the Shearing Forces and Bend- 
ing Moments assigned in this Chapter, and design the Cross-sections to suit them all 
alo^ the Beam ; it was supposed that this process would give a Beam of approxi- 
mately Uniform Strength. But this gives a Beam of variable Section, and 
therefore violates the very first Step in the integration of the Elastic Curve (that in 
which was taken to be constant throughout the Beam). It appears extremely 
doubtful whether a Beam so designed is really a fair approximation to one of Uni- 
form Strength, except when the Weight of the Beam is small compared with the 
External Load. 

The proper course in design of a Beam of Uniform Strength would be to investi- 
gate the question de novo^ introducing the condition of Uniform Strength into the 
integration of the Elastic Curve at ike ovitset. This would completely change the 
form of the Besults. Its complete solution has not yet been discovered]. 

351. Eeonomio Spans.— The as yet solved cas^s of Continuous 
Beams being only those of Uniform Section, the scantling is of course 
really determined by that necessary solely for the 

(g),— absolute maximum Bending Moment, 

((),— absolute maximum Shearing Force. 
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Now the latter (5) is almost always > the corresponding quantity in 
discontinuous Spans, (compare Ex. 7-11, Art. 846 with Ex, 8, Art 182), 
so that unless the former (a) be markedly less than the corresponding 
quantity in similar discontinuous Spans, there will be no advantage what- 
ever in continuity. 

Thus, comparing the Besult of Ex. 7 (Ma = — J wc^) with that of 
Ex. 8 of Art. 182 ( Mm =s it is seen that, 

« Continuity is disadvantageous in a Two-Span Uniform Beam uniformly I ^ 
loaded” > 

In determining scantling, the magnitude of Mm is however of much more 
importance than that of Fm (see Art. 227). And the absolute maximum 
Bending Moment ( Mm ) is — when the number of Spans exceeds two— 
usually less (see Ex, 7 — 11) than in similar discontinuous Spans, so that 
there will be some advantage in continuity in such Cases. 

There is obviously — for a given Load — some arrangement of the Spans 

(l^^ ) which makes the maximum Bending Moment less than 

any other, and this is — costeris pariiws— the most Economic arrange- 
ment. 

To find this, observe that this quantity (Mm)i is expressible as a func- 
tion of the several loads (w^^ &c.) which are given, and of the several 

Spans ( &c,, ) ; the sum of the Spans (/, + + &c ) is 

of course a given quantity ; hence their ratios are to be determined so 
as to make Mm a maximum, a problem usually solvible by the principles 
of Infinitesimal calculus. 


Ejt. Uniformly loaded Symmetric Three^Span Beam [fi «= Wi «= jv^ «=» Wj) 
By (76), M„ = Mj = - and 21, constant 


Hence the minimnm of Mm is given by— 


i. 

<tt, *21, 


0,Bnd2 + 


dh 


0 


whence on reduction 10/,* + 9/,’ Ig — )2/,* — 14^* =» 0 

or(|)’ + *9(J)’-l-2|-14-0 

from which it will be found (on trial) that « 1*1C4 ^ 

This arrangement of Spans is therefore the most economical. 

[This differs so little from equal Spans that the saving is of coarse very small : 
thus it may be shown that, (if L sum of Spans), 
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1®. Economic Sj)anB, (^continuous) ; Mn> =* — *0109 wL** 

2®. Equal SjpmiSf {continuous); Mm = — *0111 wL*. 

8®, Equal ^panSt (discontinuous) ; Mm «« + *0189 ^L^]. 

352. Economy of uniformly loaded continuous equal Spans, — It was 
shown (Art. 351) that in Uniform Beams tho economy is in strictness 
limited to that due to the reduction of the absolute maximum Bending 
Moment (Mm) from its value in a discontinuous Span. The proportionate 
reduction is shown in following Table: — 


BEAM. 

Referonce. 

Value of 

Proportioniito 
Reduction of 
Mm 

Discontinnoas Spans, • • . • 

• ■ 

Ex, 8, Art. 182, 

+ i 



^Two equal Spans, • . 

• • 

Ex. 7, Art. 346, 

— i ttc^ 

None. 


Three equal Spans, • • 


Ex. 8, Art. 846, 

— f 

i-(4 wc®)' 

C K 

Four equal Spans, , . 

e • 

Ex. 9, Art. 346, 

— ^ WC^ 

f.(J -c*)- 

C O 

sg 

Five equal Spans, . • 

V • 

Ex, 10, Art. 84C, 



p 

bSix equal Spans, 

• • 

Ex. 11, Art. 346, 

— we* 

A -a “’<=’)• 


353. Advantages of Continuity,— This Chapter shows that the 
general effect of Continuity oVer the Supports is the shifting of the sec- 
tions of maximum Bending Moment to the Supports which is usually 
accompanied by a reduction of the magnitude of that maximum Bendings 
lament, and therefore, also by a reduction of the maximum (longitudinal) 
bTress-intensity, and maximum Deflexion, 

This is clearly in general attended with great advantage as for as econo- 
my of materials is concerned, especially in expensive material like iron. 

This advantage is usually greatest — ^(1) with symmetrical cross-sections 
(«. e., cross-sections alike above and below), and (2) with Steady Load. 
These conditions deserve careful attention because in some cases Continuity 
is positively disadvantageous. 

Thus, observing, that Continuity causes opposite curvatures in parts of 
the same Beam, and that under Moving Load this curvature varies, and is 
liable to be reversed, it is clear that a Continuous Beam must be suited 
(even under Steady Load) to act in parts as a Oantileveb and in parts 
as a Supported Beam, and within certain regions (under Moving Load) 
to act a6 either alternately. 
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Houce in a Continuous Flanged Girder different parts of the same 
Flange are in Tension and Compression, and under Moving Load certain 
parts of each Flange, as well as certain parts of the Bracing or Web are 
alternately in Tension and Compression. It follows that — 

A Continuous Uniform Beam is seldom advantageous 

(a), with Cross-sections of Equal Strength, s 

(i), in Cast-iron, I (112). 

(c), with heavy moving Load”. J 

It is also usually considered that there is little* advantage in Continuity 
in Short Spans under 150 feet. 


• Btonev’s Theory el Strains, Art. 268. 
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354, Joints. — The general Rule as to Strength of Structures— 

“ The Ultimate Strength of a Structure is virtually only that of its weakest) 

part” 3 

applied to a jointed Structure shows that 
“ The Strength of Joints should be at least equal to the Strength of the 1 

continuous portions,” J 

What precedes in this Manual is in general only applicable to Struc- 
tures of continuous material ; or, in built up structures applies only to the 
continuous portions^ The distribution of strain and stress at Joints is 
far more complex than in continuous material, and very little is really 
known about it. The Rules for Design of Joints are, therefore, to a 
great extent empirical, i. are “ Rules of thumb ”, the reasons for 
which are as yet unknown, as the laws of stress-distribution have not 


yet been discovered. 

Those which are wholly empirical will be found in practical Treatises. 

All Joints are unavoidably sources of weakness from several causes 

1®. They interfere with the continuity of the state of strain in the Structure as 
a whole. 

2®. They involve a certain amount of cutting into (and therefore waste of) the 
continuous material. 

3®. A number of unfavorable strains, viz., shear, bending, twisting are unavoid- 
ably developed in the parts constituting the Joint 

4®. Unless skilfully designed and executedt they introduce similar unfavorable 
strains into the parts miited, and cause unequal distribution of the simple 
Stresses (Tension and Thrust) in those parts. 

6®. They form lodgments for rain, snow, ice, &c., all unfavorable to durability. 
365, Joints Classed. — Joint may be conveniently classed as 


LbkothbkxnO JomxB and Fraubd Joints. 

Length BNiNG Joints are the Joints where by a par is simply pro- 
longed in its own direction* Such are the Joints which occur in lengthen- 
ing Tibs and Pillars, and in the Flanges of Flanged Girders. 
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Framed Joints are Iho Joints of union of two or-naoro Bars not in a 
straight lino. Pucli arc tlie Joints of the Links of Suspension -Bridges, 
of the Bracing of Roof-Trusses and Bridge-Trusses, and of tko Bracing 
of Framed Structures generally. 

The broad principles of Design of Structures in general arc — 


i. The severe stresses in each Bar or part of a Structure should be if possi- 

ble DIRECT STRESSES (simple Tensions and (Compressions), 

ii, — and should be as far as possible uniform stresses, i. e., uniformly dis- 

tributed over the Cross-soetions,... * 



With the following definition : — 

Dep. By the term Mean Line of a Bar or system of Bars is meant the Lino 
traversing the centres of gravity of the cross-sections of the Bar or system of Bars, 
it is necessary, in order to satisfy the above conditions (i, ii) that : — 


1®. The Kesultant (longitudinal) Stress each system of parallel Bars \ ^ 

should coincide (in position) with the Mean Line of the System,... | 

1®A. The Resultant (longitudinal) Stress in each Bar should — if possible I 

—coincide (in pasition) with the Mean Line of the Bars, 1 

2®. The Resultant (longitudinal) Stresses in ever}* system of parallel Bars'! 

meeting at a Joint should intersect in a point, v\z, at the centre of > (G). 


3®. 


the Joint,.. J 

The parts of the Joint itself should be symmetrical about each of the 


He pans oi cno joint itseii suouiu ue symmetrical aoout eacn ox toe » 

Mean Lines of the Systems of Bars meeting at its centre, j 

The above Conditions (1® to 3®) may be considered the General Prin^ 
ciples of Design of a Joint. Unless they can be all fulfilled, partial 
Bending and Twisting will be certainly introduced into the parts of the 
Joint, or even into the joined Bars. It is, however, veiy difficult to com- 
ply with them all, especially with 1°a : in fact it is usual to consider a 
Joint nearly perfect in which— besides certain conditions of detail — Con- 
ditions 1°, 2°, 3° are nearly complied with. 

One of the simplest and most obvious ways of complying with all the 
conditions is, 


4®. ** To make each system of Bars as far as possible symmetrical about \ 

their intended lines of Resultant Stress, and further to make the V (8). 
parts of the Joint also symmetrical about those Lines”, J 

356. Jointa in Carpentry and Ironwork.— The generc^ princi- 
ple of Design of Joints are of course applicable to all Joints in whatever 
material. Timber and Iron are, however, pre-eminently the most im- 
portant Building Materials used in a form requiring Jpints, so that what 
follows will be confined to Joints in Carpentry and Ironwork* 

Joints in CARrKNT»r.-^Timber is a comparatively cheap material; 
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great attention to economy in its use is therefore unnecessary. Also, it 
happens that Experiments on the Conditions of Strength of Timber Joints 
have not been very numerous or extensive, so that it^ of little practical 
use developing the Equations of Strength of the pairts of such Joints, the 
numerical values of the * Constants * required being imperfectly deter- 
mined. Thus at present the Buies for Design of Joints in Carpentry aro 
mostly empirical Buies of the Workshop ; these will be found in practical 
Treatises* on Carpentry and Joinery. In a few cases only have sufficient 
experiments been made to admit of the law of Besistanoe being satisfac- 
torily determined. 

It is seldom possible to make a Joint in Carpentry neatly by the sole 
use of Timber : it is commonly necessary to introduce Iron Straps, BoltSi 
or Screws, to complete the Joint : these are often termed Fastbnikqs. 

Joints in lBOHwoEK.-*-Wrougbt-iron is so important a material for 
construction of very large {Structures that the question of Joints in 
wrought-iron work is of extreme importance ; experiments have in con- 
sequence been numerous and extensive on the Conditions of Strength of 
such Joints. For this reason the greater part of this Chapter will be 
devoted to the development of Besulis most suitable for Iron-work. 

357. Sheai* at Joints.— The principal Strain and Stress peculiar to 
a Joint is a Sheab. As to the distribution of this Shear very little is 
known; for want of any precise information, it is usually assumed to be 
uniformly distributed over the whole strained section* 

[For value of /« for a few woods see Appendix Table YHt. \ according to Tred- 
gold s may be taken as 4]. 

358. Footing of Timber In Wooden Trusses the Bafter is 

usually footed into the end of the Tie-Bar (also called Tie-Beam)— see 
Fig. 54, about half the depth of the Tie, and tends— 

1% to crush the material of the Tie at its loot^ 

2^, to shear off the end of the Tie. 

Let T stt Total Thrust down Bafter. 
aa Total Pressure on its footing. 

H as Total Tension of Tie. ^ 
m Total Shearing Force at end 
of Tie. 

a aa Ket cross sectional area of 

footing of Bafter (X' to Bafter), 

^ S €0 Hnrst^B Tredgold'a Carpentry ; Niriinlsoii’B Carpenter's Guido ; Boorhee TToaUae on OirU 
BngliiMidiig, VoI« Xi i Thomason 0. B. College Manual on Carpentry. 

8 2 > 


ig. 54. 
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b as breadth of Bafter. 

I SB length of Tie beyond foot of Bafter. 
fi, f, the l^pdnli of (transTerse) OompresBive and of (longitudinal) 
Shearing Strength. 

Then on the nsnal rough assumptions that the Stresses T, H are 
each umfomly distributed- over the respeotire areas a, bl, the Conditions 
of Strength are— 

a not < T, whence a not < (9). 

* /c -T* * 

j . bl not < H, whence 1 not < y . (10)* 

[In estimating the net area a it is considered advisable not to reckon the width qf 
the narrow tenon or stirrnp usually lound at the Bafter^foot 

For values of/i for a few woods^ eee Appendix Table VUL according to Tred* 
gold s may be taken s 4 

/e -r I may be taken = 1,000 Iba per sq. in, for good dry Timber, (Art, 54)]. 

It will be found that the projecting length (/) of Tie required to give 
the necessary Shearing Besistance is ofter indonyeniently great : an iron 
fastening (bolt or strap) of some kind may be added to bear the whole or 
part of the Shear : the more nearly horizontal (or rather || to the shear) 
it is the smaller scantling will suffice. 

Suppose an iron Strap of form shown in Fig^ 54 used to take up the 
whole of the Shearing Force (H). This Strap will press upon and tend 
to cut into the top of Bafter and soffit of Tie-Bar, to reduce which ten- 
dency sufficiently an iron Bearing-plate may be iutroduced in each case 
between the Strap and the Timber. 

Let f ss inclination of Strap to horizontal (or to the Shear). 

T Total Tension of the Strap. 

7 ^ ss width and thickness of Strap. 
ft a Modulus of tenacity of iron. 

T* ss Pressure of the Strap on top of Bafter} 
s=: Pressure of Strap on soffit Of Tie^Bar. 
a' = Area of Bearing-Plate 


Then F as H aec i' (11). 

And the Conditions of Strength arO} obaerting that the £toip has two 
sections resisting Tension-- 

f . a' not < F, ornot < HsM f (12). 

2*^ . j3' r' not < r, or not < H sec f (18). 
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Besides \7hich the screws of the Strap are each subject to a Tension of 
I T', and must therefore be strong enoiigh to resist both a Direct Tension 
of ^ T' and a Shear of J T' tending to strip them. 

[The Beeistance of Screws is beyond the sco))e of this Chapter]. 

359. Modes of FaHare of Joints with BoltSi Pins^ Rivets, 

&0. — A consideration of the modes of Failure of a Joint is important, as 
by it alone can principles for Design Fig. 66. 

be discovered. This is sufficiently 
illustrated by the sMple case of a 
Suspension-Link Joint. 

[The " Chwns ” of a fiaspension-Bridge 
are commonly made of long flat iron or 
steel Links (or Bars) connected by Bolts or Pins through Eyes fonned at their ends]. 

Such a Joint may fail either by the failure of the Eye of one of the 
Links or by the failure of the Bolt or Pin. 

The Eye may fail (in any one of the Links) :~ 

By tearing throngh ce, for want of material to resist the simple 

(longitudinal } Tensile Stress. 

2^, By ehearing along one or more lines as gh, for want of materia! in the head 
of the link to resist the shearing action of the Fin. 

3^* By tearing through the shoulder as at II in consequence of too rapid a change 
of figure. 

4^ By being vpeet^ at the crown gg for want of sufficient ** Bearing Surface” 

, atyy. 

The Bolt or Pin may fail ; — ^ 

By shearing across at one or more dosa^sections. 

€®. By bending, if not stiff enough. 

[This rarely occurs if the Links lap close together, and are prevented from lateral 
spreading by a head and nut on the Pin]. 

360. Bbearing Bealatanoe of BoltSi Pins, Rivets, Treenails.— 
The Shearing Besiatanoe of a single Bolt, Pin, Bivet, or Treenail appears 
from ecBpmment to be in each case simply proportioml to iU Area of 
Sections under Shear, -^-provided the Bolt, Pin, &c., completely Jills its 
Aob,-^and is therefore expressed thus, 

f m Modulus of Shearing Strength. 

ss Weight tVt lbs. that would just shear through an area of .1 
sq. in. Section. 

* ** Upist " mauui enubsd by bcVlHg or sprwding ai bappone In forming the head of a liyeti or 

in the destruction of a ballet striking a target, 
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$ 8=: factor of safety. 

Sg sr 2240a =: Safe shearing stress-intensity in tons* 
a = area of cross-section of Bolt, Pin, Eiret, Treenail, &c*in aq* in* 
V zz number of cross-sections under shear. 

P =: Shearing Resistance, and Shearing Force in Z6a., tons, &c. 
n = number of Rivets, &c,, in a cluster or group 

Then by the law of resistance above stated, tcAen the hole ie comjiUtely 
filled^ 

Ultimate Shearing Resistance ***** (14). 

Working Shearing Resistance, v 3*(in lbs.)0TS» p a (in tons), (15). 

In the case in which the Bolt- or Rivet-hole is not compUtehj filled by 
its Bolt or Riyet, the Total Shear is not uniformly distributed over the 
cross-section : its maximum intensity occurs at the middle of the section 
in shear as explained in Art. 244, and exceeds its mean intensity in the 
ratio there indicated ; which for a circular f cction (as is usual for Bolts, 
Rivets, &c.) is 4 : S. 

[The values of fi for various sorts of Timber in the Appendix, Table VIII., are 
those for Timber sheared along the grain, and are themfoto not applicable to Wooden 
Pins, (Treenails,) for which see Art. 362. 

For single wrought-iron Bolts or Bivets the safe stress-intensity in i^ear appears to 
be about the same as that in tension, or 

ss 7} tone per sq,, in, 

m various reasons, explained in Art. 874, this should be reduced in the case of a 
“ group ” of rivets ; authorities are not agreed on the safe limit, but it ranges from 
Sg s 4 to 6 tons per sq. in,"] 

361. Pressure on Bearing Surface.— The term Bearing Area ’’ or 

Bearing Surface ” is applied to the net cross-sectional area of material 
over which tbo Pressure of a Bolt or Rivet is distributed, that area being 
tstimated perpendicular to ihe Pressure, The liability of a Joint with 
Bolts, Rivets, &c., to fail by the material at the crown of the Bolt-hole or 
Rivet-hole being “ upset ^ by too great a pressure-intensity on the “ bear- 
ing surface ” was explained in Art. 859. 

The distribution of the pressure or the ** bearing surface ” is quite un- 
known. Experinieiits on this point are very difficult to execute: all that 
can be said to be as yet ascertained by Experiment is that 


II 


The mean pressure-intensity over the ^ Bearing Surface ” must not exceed 
a certain amount*’, 
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which may be tlins formnlated : — 

Let Sh «= Safe pressure-intensity on the bearing surface ” in tons per 
sq. tn. 

d = diameter of Bolt or Rivet (X' to the pressure) 
r ss thickness of Plate = depth of Bolt or Rivet -hole. 

Tlien Working Resistance on ‘‘bearing surface” Sbcfr tons, ...( 16 a) 

[The iinportanco of attention to Condition (16) was first prominently noticed by 
Mr. Latham,* For Wrought-iron the limits of safe pressure-intensity appear to 
lie between 

5 to 7| tom per sq, m.] 

362. Treenails,— This name is applied to large wooden Pins used 
as Bolts in Joints. Very few Experiments have been made on their 
strength. Prof, Rankine states that for 

Oak TBEENAiiiS. Modulus of shearing strength,/* =s 4000 Ih« per sq, in* 

Also that to provide suflScient ** Bearing Surface ”, — 

The thickness of planks (r) should be about 3 diam. of treenail 

363- Strength of Suspension-Link Joint.— Three Sets of Bars 
or Links — conveying Stress in three different directions usually meet at 
such a Joint, viz., one Set on either side of the Joint, and one Set vertical : 
the former constitute part of the Suspension-Chains, and usually consist 
each of a Set of parallel equal flat Bars or Links, the two Sets meeting 
at a slightly obtuse angle (being in fact one of the angles of the 
‘funicular polygon^ formed by the Chain)*, and the latter consist of 
one (or at most a few) vertical Rod (or Rods) whose function is simuly 
to attach the weight of the portion of platform near them to the Susp*- 
sion Chain. 

The Total Tensile Stresses in the sots of Links on either side of the 
Fig* 56. Joint, are usually much greater 

than the Total Stress of the ver- 
tidal Set; and it is worthy of 
remark that — in consequence of 
meeting at an obtuse angle— they 
are usually unequal. 

It is usual in this case to meet 
the fundamental Conditions, 1^, 
2’, 8® of Art. 855, by arranging 
the Links symmetrically on either side of the intended lines of Resultant 



* ITnwla'B Wrougbt-Iroii Bridge^ and Boofe, Art. 87. 
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Stress; they are also — for constructive convenience — usually made all 
alike, (or at any rate all in one Set alike), so that there vill be,-^ 

H Links on one side of the Joint. 

— 1) Links on the other side of the Joint. 

2 (n ^ 1) Sections of the Bolt or Pin under Shear in the mean direc- 
tion of the Chain. 

Let =s breadth of each flat Link on either side of Joint. • 

Tj, r, =? thickness of „ „ 

/3„ (3^ = breadth of Eye „ „ 

= width of head of Eye „ „ 

d = diameter of Bolt or Pin „ „ 

a 5 S! sectional area of ditto = ^ d* (usually). 

[All lengths in inches, areas tn square inches, weights in Tons}. 

Then the Conditions of Strength in the Links are:— 

Sufficient Tensile Strength in the Links, 


Si. nh rj *= Ti ; Jt. nh tj » (i7). 

And the Conditions of Strength at the Joint are— 

Sufficient Tensile Strength in the sides of the Eye, 

Si. 2fii n r, not < T,; st . 2fij (n —1) not < Tj, (18). 

2®. Sufficient Shearing Strength at the head of the J^e, 

St. 2nhri not < T| ; s. . 2 (n — 1) not < T.,, (19). 

J®. Sufficient Tensile Strength at the shoulder of the Eye. 


To meet this condition, it is found sufficient to make the breadth of shoulder 


not < ffii, Pof respectively. 

4®w Sufficient Bearing Surface at the crown of the Eye. 

s\, . ndr, not < Ti ; Sb (» *-- 1) J rj not Tj (20). 

5®. Sufficient Shearing Strength in the BoH, 

St. 2(» — 1) . a not < T|, and not < T^, (21). 


The Conditions of Strength of the Eyes of the vertical Bods are quite 
similar to those of th% Main Links. The Total Tension of the vertical 
Bods, is in most cases so much less than that of the Main Links, that if 
the Bolt have sufficient Shearing Strength to bear the Total Tension of 
the Main Links, it will certainly be able to bear that of the vertical Bods. 

364. Rlvatted Joints,— These are largely used in Wrougfat4ron 
Structures ; principally in two classes of work, via., Gmusns and Boilbrs. 
The details here given refer to Girders ; the principles Sre of course of , 
general application. 
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Rirets are always employed in “ groups : hardly anything is known of 
the distribution of the Total Stress on a “ group ” of Bivets among the 
individuals : for want of better information it is usual to assume that as a 
rough approximation the Total Stress is unifofmly distributed among the 
components of a “group”, so that each Rivet simultaneously yields an 
equal Shearing Resistance, and presses alike on each of the “ Bearing 
Surfaces 

[The Stress-distribution in a Rivetted joint is considered in Art 374]. 

Joints in TsN8i0N.~The “ effective area” of the joined plates avail* 
able for Resistance to Tension is only the Net Sectional Abba, after 
deduction of all Rivet holes, &c. 

Joints in Compression.*— The “effective Area” of the joined Plates 
available for Resistance to compression is nearly equal to the Gross Sec* 
TioNAL Area provided, — 

(a), the Rivet-holes he thorooghly filled np with material of same quality as that 
cut away. 

(d) i the abutting ends of the Plates be planed true (perpendicular to the Thrust) 

and truly butted on one another. 

(e) , the abutting ends be retained truly batting against one another during Strain. 

These conditions (a, b, c) are very difficult to fulfil properly, especially 

the last — in consequence probably of a state of compression being one of 
unstable equilibrium : so that the “ effective Area ” available for resist- 
ance to compression is always le$s than the Gross Area. To satisfy the 
last condition fairly th thin Flanges^ it seems wise that the Compressiiua- 
Joints should be made with as much care in the rivetting as the Tension- 
Joints. 

The investigations following refer specially to Tension- Joints, but mu- 
tatiB mutandiB (changing st to Sc, &c.) they may be considered applicable 
to Compression-Joints. 

[To secure the abutting of Butt-Joints in Compression, the plan of leaving a small 
space between the plane ends, and rmmiiig molten zinc the space has been tried** 
with success. Zinc has the propintij of expanding slightly on solidifying, and so 
filling Bmjpletelff the vacant space ; (which must of course, be made Urge enough 
to itoit the molten metal freely)]. 

JoilitE in Flanges.— The Stresses in the Flanges of a Girder, 
are so much greater than in its other parts, that the proper Design of their 
Joints is of great importance. The investigation is comparaliTely easy 

’ • Stoney’z Theory of Straine, Art. 464, New Ed, 
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for these Joints in consequence of the parts to bo united being usually in 
one straight line. 

These Joints are Lengtiibning Joints, and should always be what are 
termed Butt-Joints ; i. e., the two Plates to be united are hutted end to end^ 
and joined by riretting to either one or two Covbr^Plates lapped over 
the Joint on one side or on both sides of it. This Joint is quite similar 
to the ‘‘fished joint” in Carpentry. 

[The Joiot termed a Lap-Joint (in which theBars to be united are simply lapped 
over one another, and urdted by rivotting), is essentially a weak construction. Bending 
and Twisting arc inevitably introduced by this form of joining]. 

To satisfy the Conditions 1®, 2®, 8“ of Art, 355, as far as Bending 
transverse to the Girder is concerned, it is very desirable that,— 

The Cross-sections of both Flange and Cover-Plates should be symme- \ 
trical about the middle longitudinal vertical plane (traversing them length- > (22). 

ways)” * * / 

366. Cover Plates. — It is quite clear that a single Cover-Plate 
applied at one side only of a Butt-Joint must necessarily introduce a 
Bending action at the Joint: this may bo more or less completely pre- 
vented by invariably using a pair of Cover- Plates one on each side of the 
Joint, 

Their proper thicknesses may be found as follows : — 

Let E) r = sectional area, and thickness of Plates to be joined, 
aS a", r', r* similar quantities for the Cover- Plates, 

# y, the distances of the centres of the Cover- Plates from the 
centre of the Joint (in the joined Plates). 

The pair of Cover-Plates must be able to transmit collectively the 
whole Stress proper to the Plates united, but they receive it in a manner 
less direct than those Plates : hence 

The collective net sectional area of Ck>ver-Platc8 at any Joint, shonld 
somewhat eseceed that of the Flange-Plates to be joined”, or v (23). 

a' + a' somewhat > a, ) 

The Bending Action ft the Joint will be nearly destroyed by adjusting 
the ratio of the areas (nS a^) on either side of the Joint, so that the 
moments of the Stresses through them about the centre of the Joint (in the 
joined Plates) may be equal and opposite* This is nearly satisfied by 
arranging that 

‘‘The centre of graviiy of the C6Ver*Pkte sectiomil srsSB should be at % 
the centre of the Joint (of the joined Plates)”, or I (24), 

aV = »^y" > 
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It is usual (for constructive convenience) to make ell the Plates of same 
breadth, in which case the above conditions reduce to 
** The collective thickness of Cover-Plates at a Joint should somewhat^ 
exceed that of the Plates to be joined”, or / (2da). 

r' + r* somewhat > r J 

“ The thickness of the Cover-Plates should be inversely proportional to \ 
their distances from the centre of the joined Plates,” or > (24n). 

r' : r- = 2^' : y' j 

Hence in the case when the joined Plate is in the middle thickneeB of 
a Pile of Plates, or when the Flange is only one Plate in thickness, 

** Cover Plates equidistant from the centre of the Joint should each be 
of a thickness somewhat greater than one-half the joined Plates,” i. e., r (25). 

T* s r* somewhat > 4 r J 

[These principles are iUustrated in Fig, &7a, 5, c, Plate IX.] 

The material and labor used in Cover- Plates and Rivets, form a serious 
addition to both the weight and expense of large Spans. In cases of 
large Flanges consisting of a Pile of Plates, both (material and labor) 
ihay be economized by bringing as many Joints as possible close together, 
60 that one pair of somewhat long Cover- Plates serves all these Joints. 

[It is considered that twice the longitudinal "pitch ” of the Bivets is the minimum 
epactng of these Joints practically admissible]. 

The general conditions (23a, 24a) cannot of course be completely ful- 
filled at a complex Joint of this kind. Constructive convenience requires 
that each Cover-Plate should be of uniform thickness throughout its 
length. At such a Joint, therefore, the minimum thicknesses (r', r') of 
Cover-Plate admissible at each pytial joint (e. e., at each severance of a 
Plate in the complex Joint) may be calculated by the preceding Rules 
(23a, 24a, 25): the actual thickness of Cover-Plates must of course be not 
less than the greatest of these minimum thicknesses, {eee Fig, 67d, Plate 

IX.) 

Inasmuch as Plate-iron can only be obtained of certain defim’te thick- 
nesses, the above Bales, are only intended to ^pply the value of the 
minimam thickness admissible, in each case* 

867* Arrangement of Rivets. — The arrangement of the parts of a 
Joint has been explained (Arts. 854, 865) to be very important in deter- 
mining its Strength : the following terms are in common use 
Dbf. The distances from centre to centre of successive rows of rivets measured 
parallel and perpendicnlar to the direction of the Longitndinal Stress, are termed the 
Longitudinal Pitch and Transverse Pitch of the Bivetting. 
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Dep. The arraDgements of rivets into one transverse row, two transverse rows, 
or several transverse rows on cither side of a Joint, each row containing the same 
number of rivets, are termed Single Kivetting, Double Kivbtting, and Chain 
Rivethno. 

[These arc exhibited in Fig. BTa, h, c, Plate IX,] 

To satisfy Condition 3^ of Art. 355, it is highly desirable that 

" The Rivets should be ranged symmetrically about the Mean Lines of thel /ggv 
Flange and Cover-Plates”, | ^ 

In Joints in Flanges, it is almost always possible to make this 
arrangement. 

Next, as to the longitudinal arrangement of a group of Rivets 

Let 6 = breadth of Plate and Cover- Plate. 
r = thickness of Plate. 
d ss diameter of Rivet. 
m = number of Rivets in a transverse Row. 
n = whole number of Rivets on one side of the Joint. 

T = Total longitudinal Stress of one Plate. 

Then the Conditions of Strength are— 

Sufficient Tensile Strength in the Plate, 


St . (i — md) r, not < T, . (27), 

2®. Smfficieni Bearing Surface on the Plate, 

Sb . ndr not < T, (28). 

S®. Sufficient Shearing Strength in the Rivets, 

Observing that when two Cover-Plates are used, each Rivet must shear in tree 
places, 

s,. » X 2 -j- ss -g- not < T, (29). 


From these equations it will be seen that— 

The Bearing Surface and Shearing Strength are inci^ased either by (a) j 
an increase in the diameter (d) of rivet, or (d) by an increase of the number [ 
of rivets (m) in tne transverse rows,— bnt in both cases at the expense of [ 
the * efiPeotive area ^ of the Plate (and Cover Plate)”, J 

The Bearing Surface and Shearing Strength are increased by an increase i 
in the number of rivets, and if this is effected by increasing the number of v (80^). 
transverse rows, the * effective area' of the Plate is not thereby diminished,” ) 

It follows that Ghaik*Rivettino is far preferable to Singub or Double 
Kivetting, 

It would seem from (305) best to arrange the rivets in a single longi- 
tudinal TOW, but this would in many cases give rise to an inconveniently 
long Cover Plate. 
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Ii02EK0E-ARRAN0EMBKT. — Tiic arrangement of rivetting shown in Fig, 
57e, Plate IX., is believed— if the rivet-diameters be well proportioned— 
to secure the advantage of Ohaiu-rivetting (e.e. of great Bearing Surface, 
and Shearing Strength) together with the great additional advantage of 
diminishing the effective breadth of Plate hy the breadth of only one rivets 
hole* 

In thin arrangement the leading row (t. e., the row furthest from the 
Joint) consists of only one rivet, and the successive transverse rows (to- 
wards the Joint) of not more than 2, 4, 8, 16, &c., rivets, thus presenting 
the appearance of a Losenge. 

With previous notation, it is clear that— 

If T = Total Tensile Stress of the Plate. 

(6 (f) r =: effective section of Plate at loading rivet. 

At ^ sectional area of Plato removed by each rivet-hole. 

T-r(^ - rf) r=s Tensile stress-intensity at cross-section of leading rivet 
dr 

T .i j — =5 Tensile Stress across area of one rivet-hole. 

, (]b^d)r 

cs y*(suppo80). 

Hence if the rivet-diameter give sufficient Bearing Surface (dr) and Shearing 
Area (2 X J ir d*) to bear this Stress (T), and if the effective section (5 — d)r of 
plate at leading rivet be sufficient to bear the Stress {T) at that Section, then also 
will the effective sections (6 ~ 2d . r, A — 4d . r, &c.,) at the 2nd, drd, &c., row of 
rivets be just sufficient to bear the Actual Tensile Stresses (T — T, T — 8T, &c.) at 
those sections. 

This proves the important property, that this arrangement diminishes 
the ‘ effective area ’ of plate by the breadth of only one rivet-hole. 

The Conditions of Strength (2f to 29) for this arrangement become— 


1®. Sufficient TeneiU Strength in the Flatty 

«t (* — d)r not < T (27a). 

2®. Suffipient Fearing Surface on the PlatCy 

Vb • ndr not < T (28^). 

8®. Sufficient Shearing Strength in the MvetSf 

«,.i.!^not<T (290). 


The preceding shows that emtetis par&^us this is the best form of rivetting y 
and that small and numerous rivets best fulfil the conditions of great 
Bearing Surface and Shearing Area with least diminution of the Plate. 

Nevertheless, Chain-Rivetting is in many instances preferred, probably 
because of the greater case with which this form can be executed by 
machinery^ 
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368. Size of Siveta,-*-^The size of rirets is limited in practice by 
the practical difficulties of punching or boring the rivet boles : for fear 
of fracture of the punch, its diameter is usually made greater than the 
thickness of the plates. 

The diameters of rivets in common use are fairly represented by the 
following* formulae— 

For one Plate d > but < | r f'',... (31a). 

For a Pile of Plates d s= about ^ S r + f', but < 1^", (31^), 

where S r = Total thickness of Pile. 

369. Pitch of Rivets. — The longitudinal Pitch should clearly be such 
that the Shearing Resistance of the Plate between two Rivet-holes (of a 
longitudinal row) should be not less than the Tensile Stress due to the 
width of a Rivet-hole. Observing that the Plate would shear longitu- 
dinally from hole to hole in two places, this requires that 

If I =r longitudinal pitch, 
p s; longitudinal tensile stress-intensity 

2 a. Z r not < p . dr^ (32). 

The same principle determines the overlap of both Plate and Cover- 
Plate beyond the extreme Rivets. « 

The principles which should determine the Transverse Pitch are by no 
means clear. 

In Boiler-work, and in Iron Ships, the necessity of steamtight or 
watertight Joints fixes the maximum admissible Pitch (in any direction) 
at about 2| diameters on account of the difficulties of caulking. 

In Girder-work this maximum limit is of course unnecessary ; the 
cnstomt is to make the Overlap ” of the Plate not less than 1| diameters 
of the Rivets, and the Pitch from about 2' to V in either direction. 

370. Bracing Joints.— By this term is here meant the Joints of 
several systems of Bars meeting obliquely, such as the Joints of the Flanges 
with the Bracing in Girders, or of the Bracing with the Rafters and Ties 
in Roof* Trusses. 

Four or five Bars (or systems of parallel Bars) usually meet at such a 
Joint, viz., two segments of the Flange (of a Girder) or Rafter or Tie (of 
a Truss), two oblique braces, and sometimes a fifth Bar perp^dicular to 
the Flange, Rafter or Tie. 

* From Unwin's Wroogtii^ton Bridges uul ST. 

t etonsy's Theory of SiisiiM, Art. 471. 
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These Bars are intended to be all in simple Tension or Corapression— 
as follows:— 

Gibdjebb. The segments of the Flange, are either both in Tension or both in Com- 
pression : of the ob1i(|oo Braces, one is usually in Tension, one in Compression : the 
fifth (vertical) Bar is a Tie or Stmt according as the External Load rests on the 
Lower or Upper Flange. 

Truss, The segments of the Kafter, are both in Compression, those of the Tie* 
both in Tension ; the character of the Braces depends on the pattern of Truss. 

The meeting of all these Bars at the Joint, and the arrangenmnt of the 
parts of the Joint also, should of course, be as far as possible contrived, so 
as to satisfy the general conditions (1® to 8°, Art. 356) of Joints. 

Usage has, however, sanctioned the arrangement of the cross-section 
of Girder- Flanges, and of Rafters into the general form of a T or TT, the 
mass of the metal being collected into the ‘ head ’ of tlieT or TT , and the 
shanks (or legs) being intended to give the means of attachment of the 
Bracing, 

With this arrangement, it is clearly impossible to satisfy Condition 1® 
of Art. 855 : the utmost extent to which that Condition can be met is, by 
arranging tnat the Mean Lines ” of the several systems of Bracing Bars 
shall intersect at the centre ’’ of the Joint ; this point must (by the 
construction) lie within the “ shanks ” or “legs'' of the T or TT, and can- 
not, therefore, coincide with the centre of gravity of the T or TT (of the 
Flange or Rafter-section) as it should in a perfect Joint. 

37L H-FiiANOB.— Tlie arrangement of the Flange in the form of an 
H enables the important conditions (Art. 355) of a good joint to be pro- 
perly complied with. In this form the mass of the metal is arranged in 
two equal masses (the plates being placed on edge) — forming the sides of 
the H — joined merely by a thin Web, whose function is simply that of a 
stiffener retaining the two sides at a constant distance, and there is there- 
fore no objection to cutting this thin Plate at intervals to admit the Heads 
of the Bracing if desired. 

The Mb AN Line of the Flange obviously lies along the middle of the 

waist " of the H } the ends of the Braces may be attached either on 
the inside, or on the outside of the legs of the H ; probably the best ar- 
rangement is to make all the Braces to consist of a pair of Bars ; and to 
introduce the two Tension-Bars constituting the Tension-Brace inside the 
legs of the H, nnd the two Compression Bars constituting the Strut-Brace 
outside the legs of the Brace. 
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[This anangement has the advantage of securing the greatest possible transverse 
dimensions for the compound Strut-Brace, a matter of considerable importance]. 

With this arrangement it is comparatively easy to arrange so that the 
Resultant Stresses in all the systems of Bars shall intersect in the cen- 
tre ” of the Joint. This Joint must therefore be looked on as the most 
perfect description possible. 

In all cases Bracing- Joints may be classed as Bolt- Joints consisting of 
a single large Bolt or Pin, and Bivbttbd Joints consisting of a group 
of Rivets. 

372. Bhacing Bolt-Joints. — ^These consist of a single Bolt or Pin : 
they are used in Warien-Girders, and in small constructions. They have 
the advantage of enabling the important general Conditions of a good 
Joint to bo more readily satisfied, whatever be the obliquity of the systems 
of Bars meeting at the Joint, than is commonly possible with Ri vetted 
Joints. This is managed by arranging each system of parallel Bars (as 
directed in Art. 355) as far as posible symmetrically about their intended 
Mean Lines, and making those Mean Lines intersect in the centre (or on 
the axis) of the Bolt or Pin. 

[With H-Flanges Ibis can always be arranged ; with T- or TT -Flanges it can only 
be effected for the Braces themselves (not for the Flanges)]. 

So far these are nearly perfect Joints : they have, however, the dis- 
advantage of want of Stiffnbss ; the single Bolt or Pin must in fact be 
considered a nearly Free Joint (Art. 113), so that the Strut-Braces 
abutting thereon must be considered as ‘‘free at the ends,” (Art. 61). 

The conditions of their Strength are quite similar to those of Suspension 
Link-Joints, j. o. 

373. Rivettbd Bracing Joints. — These have the great advantage 
of making a tolerably Stiff Joint, so that Strut-Braces abutting op them 
may be considered as tolerably fixed at the ends,” which as regards the 
consequent possible diminution of their scantling (as compared with the 
state of “ free ends ”) is of course of great importance. 

The general principles 1^, 2% 3^, 4% Art. 355, of all Joints together 
with those peculiar to Rivetted Joints (Art. 364) of course apply here. 
To satisfy Condition 3®, Art. 356, it is highly desirable that— 


**The Rivets should be ranged symmetrically about the Mean Likes of I 

the Flimge and Braces * 1 

Adopting the ^Moaenge-pattern ” of rivotting, this leads to the arrange- 



PLATE IX. 
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ment shown in Fig, 58a, Plate IV., for two systems of Bars meeting at 
right angles ; and in Fig, 58i, c, for three or more Bars meeting at oblique 
angles ; in which all the conditions have been completely realized. But 
at Joints of systems of Bars not symmetrical about two axes at right 
angles, e. in a Joint where two Bars meet obliquely, this perfect sym- 
metry cannot always be realized, (except by use of a Bolt- Joint): in 
which case an endeavor should be made to comply with the following 
less perfect conditions : — 


1®, The leading row of Rivets on each Bar is to be ranged symmetri- 
cally about the Mean Line of that Bar, 

2®. The centre of gravity of the group of Rivets should fall at the inter- 
section of the Mean Lines of the Bars, 


} ( 34 > 
} (36). 


Of course if (as is usual) the leading row consists of only one Rivet, it 
should be placed on the Mean Line of the Bar in question : the second 
condition is realized by placing the Rivets as far as possible symmetrically 
about the Mean Lines of each system of Bars, and arranging the remain- 
der (unsymmetrically placed) Rivets, so that — 


** The sum of distances of (unsymmetrically placed) Rivets on one side \ 
of each Mean Link should be equal to the sum of distances of (unsymme - 1 (3$), 

trically placed) Rivets on the other side of that Linb ”, ) 

[This condition is illustrated in Fig, 58d, Plate IX.] 

The conditions of Strength of these Joints, arc quite similar to those 
fully explained in Arts. 363, 366, 367, q> v,, 

[The importance of attention to conditions 5, 6, 7, 38, 34,85 in Hi vetted Joints was 
first prominently noticed by Mr. Calcott Reilly, see Papers 1131, 1257 of Proc. of 
Inst of Civ. EngrsJ. 

374, Stress-distribution in Rivetted Joint , has been already re- 
marked that nothing is really known about this. The formulae of Arts. 
363, 866, 367, evidently rest on the following :~ 


Hypothesis.— a properly constructed Rivetted Joint in a Plate under a sim- 
ple uniform Tension, 

(a), Each Rivet in a transverse row presses equally on the Bearing Surface of 
the Plate, thereby sustaining an equal Shearing Force ; 

(5), and also presses equally on the Beating; Surface of the Cover-Plates, thcr ” 
transmitting severally equal Tensions to the Cover-Plates ; 

(c), and that the Stress in the Plates and Cover-Plates in the neighbourhood ci. tuc 
Rivets is a simple uniform Tensile Stress (uncomplicated by shearing, 
bending, and twisting ; 

Id) that the Total Tension at a Joint is distributed among the individuals of a 
group of Rivets either— * 

l®.,.^By each Rivet taking up an equal portion (as a Shear), op— 
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2®— Hy each Rivet taking up the partial Tension in the lamina of the Plate 
immediately lu front of it, (the lamina's breadth being equal to the Knot's 
diameter) 

[The former assumption was used in foiraing Results 27, 28, 29 ; the latter in 
forming Results 27a, 28a, 29a of Art 367]. 

The above are, howevei, really only Assumptions of doubtful certainty, 
of which one (c) at least is almost certainly false, 

[Experiment makes it even doubtful whether the Rivets really press sensibly on the 
so called “ Bearing Surfaces" at all within certain limits of Stress. Thus in hot 
rivetting, the Rnct-bolcs aic neccssanl} made a trifle larger than the intended Rivet, 
so as to admit it when hot, (and in its expanded state) it is, therefore doubtful, 
whether the Ri\ct can pos^bly be so driven that after cooling it shall thoioughly fill 
its Rivet bole But on tooling it contracts (in length ), so os to forcibly press the Rivet- 
heads on to the Pla^e , very large Frictional Resistance will thereby be dc\ eloped 
against motion tending to bung the Rivet to press on its “ Bearing Surface". 

Experiments on the safe limit of prcssuic on the Bearing Surface are, of course, 
confused by the presciicG of this Frictional Resistance, as until this is oveicome the 
full pressure cannot come on the Bearing Surface] 

Besides which the piocess of punching or dulling the Rivet-holes un- 
avoidably injures the matciial within neighbourhood, 

[It migbt be supposed that the compaiatively rude opciatim of punching would 
injure the material more than the secminglj more gradual operation of drilling , but 
tins Result docs not seem* to be borne out by experiment]. 

Taking this injury of the material into account, together with the ob- 
vious imperfection of the Theory of Rivotted Joints, it will be understood 
that— 

** The safe Tensile stress-intensity of the Plates m the neighbourhood of the i 
Rivets must be Cbtimated at less than that of ordinary Plate-iron”, > 

** The safe Shearing stress-intensity of a group of Riyets mast be estimated i 
as less than that of a single Rivet", ’ 

The lower values given in Arts. 360, 361 should be taken, viz, 

«• ==£ 4 to 6 tons per sq. in , ^ s; 5 to 6 tons per sq. in. 

375, Rhetted Joints^ Authontm —On the subject of Rivetted Joints, 
consult— 

1. Latham's Construction of Wrought-Iron Bridges, 1858, Chaps. I , IL 

2. Humber's Cost and Wrought-Iron Bridge Oonstruction, 1861, Chap, XIII. 

3. Fairbairo’s Useful Information for Engineers, 1864, Appx. II. 

4. Reilly’s ** Uniform Stress m Girder Work Paper No, 1131 of Vol, XXIV. 

of Proc. of Inst of Civil Engineers, 1865. 

5. Baldwin's “ Single and Double Rivetted Joints”, at p. 150 of Trans, of Socy, 

of Engre, for 1866, 


• Spon’fl Dictlonaiy^af BngUwering <I8?4), Art. ” Eivetted Joint”. 
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6. Unwin’s “ Wrought-Iron Bridges and Roofs”, 1869* Lecture V., and “Con- 

struction of Wrought-Iron Bridges”, 1871, Lecture I. 

7. Reilly’s “Studies ot Iron Bridges”, Paper No. 1267 of VoL XXIX, of Proc. 

of Inst, of Civil Engineers, 1870. 

8. Stoney’s “ Theory of Strains ”, 1873, Chap. XXVII. 

9. Spon’s “ Dictionary of Engineering ”, 1874, Art. Rivetted Joint. 

[The Student’s attention is especially directed to Mr. Reilly’s Papers, No. 1131 and 
1 257 in Vols. XXIV, and XXIX. Proegs. of Inst, of Civil Engrs., for a thorough 
exposition of the principles and details of good Rivetted Joints]. 



CHAPTER XX. 

GIRDER BRIDGE DETAILS. 

Preface, — In this Chapter, the general arrangement of the component parts of a 
Bridge, and the mode of their articulation into each other will be treated of. 

It is beyond the scope of this Manual to give full practical details and working 
drawings of all these arrangements which are very various. These will be found in 
special Works* on Bridges. The principles of good arrangement are here chiefly 
kept in view. 

376. Bridges, Component Girders. — Large Bridges are com- 
posed of three species of Girders. 

i. Main or Bridob Girders stretching across the whole span, 

and usually only two or three in number. 

ii. Cross-Girders resting transversely on the Main-Girders at short 

intervals. 

iii. Longitudinals (also called Rail-Girders in Railway Bridges^ 

resting on the Cross- Girders and carrying the Roadway. 

377. Bridges, Clfiissiiication. — Bridges may be classed according 
to the number of species of component Girders, 

i. Small Bridges. In these the Roadway rests directly on the 

Main Girders, and usually on their tops, 

ii. Large Bridges. In these the Roadway rests on Cross-Girders 

which in their turn rest on the Main- Girders. 

iii. Ybry Large Bridges. In these the Roadway rests on Longi- 

tudinals, these on Cross-Girders, and they on the Main-Girders. 

• c < 7 ., Report of Commi&'sionpTB on Application of Iron to Railway Structures, '49. 

Fairbalm’s Conatniction of Britannia and Conway Tubular Bridges, ^49* 

Clark's Britannia and Conway Tubular Bridges, ’.W. 

Humber's Cast and Wrouglit-Iron Bridges and Girders, 'J57. 

Humber's Records of Modern Engineering (for several years), 

Latham’s Construction of Wrought-lron Bridges, '08. 

Humber’s Iron Bridge Construction, '61. 

Maynard’s Hand-book of Viaduct Works, '68. 

Unwin’s Iron Bridges and Roofs, '71. 

Col. Merrill’s Iron Truss Bridges for Railroads, '70. 

Unwin’s Construction of Wrought-lron Bridges, '71. 

Maw and Dredge’s Modem Eammples of Road and Railway Bridges, '72. 

Bhippls Practical Engineering Oonstmotion, 74, 
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The adoption of one or other type is of course chiefly a question of 
economy. 

The lateral Stiffness and Stability of a Bridge obviously depends prin- 
cipally on the space between its Main-Girders : it will bo convenient to 
adopt the following abbreviation for this quantity : — 

Dbf. The space between the “ Mean Lines ” of the Lower Flanges of the Main- 
Girders of a Bndgo will bo termed the Bridgb-Basb, 

378, Position of Platform.— The Roadway of a large Bridge may 
most conveniently be placed either as 

i. High Lbvel Roadways^ — above the Main Girders. 

ii. Low Level Roadway, — between and at level of lower Flanges 

of Main Girders. 

iii. High and Low Level Roadways, — one above the Main Girders, 

and one between, and at level of their lower Flanges. 

The Roadway may also be placed at any chosen level between the Main- 
Girders, but the diflSculty and expense of its attachments to the Main- 
Girders, are thereby considerably increased, 

379. High Level Roadway. — The most favorable position of the 
Roadway — with regard to Strength and Stiffness of the Bridge — is 
in general on the top of the Main- Girders for following reasons : — 

1°. The Main-Girders may be brought closer together, than when the Roadway 
passes through them, which is advantageous, — 

{a), by admitting of a more direct application of the Load over the “ Mean 
Lines” of the Cross-Girders, and thereby reducing the twisting strain 
due to indirect application. 

(5) , by lessening the Span of the Cross-Girders. 

2®. The top (or compression) Flanges of the Main-Girders are much stiffened 
laterally by their connexion with the Cross- Girders, which thus form an important 
clement of lateral Stiffness. 

3^ The arrangement admits of a farther increase of the lateral Stiffness of the 
Bridge (as a whole) by the addition of 

(a),— H orizontal Bracing between the lower Flanges of Main-Girders. 

(6) ,— Weather Bracing, i, e., vertical (Transverse) Bracing between the 

Main- Girders. 

The arrangement has, however, the following disadvantages 

4 ®. The compliance with condition 1® is attended with the disadvantage of pro* 
viding a narrow “ Bridge-Base*' at the Main-Girders, which is unfavoiable to lateral 
Stiffness. 

3®, Itrequhos more headway than any other arrangement. 

It re(|uiics the special provision ot a parapet. 
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It is, therefore, nnsnitable either for Very Large Spans, or where 
headway is restricted. 

The advantages just detailed are, of special importance in Railway- 
Bridges, — provided always that the “ Bridge-Base ” be sufficient, and 
the headway unrestricted — for following reasons : — 

7®. The very heavy Live Load is localized on the Rails, so that the nearer the 
Rails can be brought to the Main-Girders, the more the advantages (1°), are secured ; 
(the most favorable condition being with the Rails vertically over the Mean Lines 
of the Main-Girders). 

8®. Railway-Bridges are subject to oscillations (both vertical and lateral) due to 
the irregular motion of a swift train over a slightly irregular elastic track. The im- 
portance of the increased stiffness (as in 2®, 3° above) is very great. 

These advantages have not nearly the same relative importance in 
Road-Bridges. 

380, Low Level Roadway. — This arrangement secures the ad- 
vantages 

1®, It provides the widest possible " Bridge-Base at the Main-Girders, an im- 
portant element of lateral Stiffness. 

2®, An increase of lateral Stiffness of the Bridge (as a whole) may be effected by 
connecting the top Flanges of Main-Girders by Cross-Bracing oveihead, (w'hcnever 
the headway admits of this). 

3®. It requires less headway than any other arrangement 

4®. The Main-Girders themselves serve efficiently, or with slight additions as 
side-walls and parapets. 

On the whole this arrangement is very favorable, and is well suited to 
Road-Bridges, for which side-walls or parapets are essential, and to Long 
Span Railway Bridges, requiring a large Bridge-Base ” at the Main- 
Girders. 

381, High and Low Level Roadways. — In very large and expen- 
sive Bridges, it is an object to make a single Bridge serve both Rail and 
Road. This is very conveniently done by placing the Railway as an 
OvBRWAY, above the Main-Girders, and the Roadway as a Subway be- 
tween the Main-Girders, and about the level of their lower Flanges. By 
this arrangement, the horses, bullocks, camels, &c., on the roadway are 
prevented from seeing either the passing trains or the smoke of the en- 
gines, and all the advantages of a Strong and Stiff Bridge above detailed 
are secured. 

382, Roadways, — The roadways* of iron public Bridges are gen- 
erally of one of four following types : — 


• This Article is taken (with eligbt alterations) from Stoney’e ** Theory of Stralufl/’ Art. 447. 
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1®, Shallow brick arches are thrown between the upper or lower flanges of 
the longitudinal or cross-girders, and their haunches filled up with concrete, over which 
the metalling is laid. A thin layer of asphalte may be spread over the concrete to 
prevent surface water percolating to the arch-rings. The distance between the gir- 
ders (which of course rules the Span of the arches) is usually made from 4' to 8' ; 
iron tie- rods arc required at regular intervals in the flank arches, (and occasionally in 
the intermediate arches) to prevent the girders spreading out under the thrust of the 
arches. 

[These ties are essential in the flank arches, but not in the intermediate ones, as the 
flank arches themselves resist the thrust of the remainder. To enable repairs to bo 
done in the flank arches, however, without stopping the traffic over the intermediato 
arches, it is advisable that all the arches should be completely “tied * 

The weight per sq. ft of this roadway (excluding girders and cross-tics) averages. 


Brickwork, (44" deep,) 

30 Itii, 

to (9* deep) 

72 

lbs. 

Concrete, (4* average depth,) 

47 „ 

toce' „ ) 

70*5 


Asphalte, deep,) 

7 „ 

• a • • 

7 


Pavement and sand, (9" deep) or 12" ) 
broken stone, 1 

110 „ 

• • • a 

110 


Total,.. 

200 Iba 


269*5 

lbs. 


2®. Arched wrought-ieon f " to “ flooring-plates ” are rivetted to either 
flange of the longitudinal, or cross-girders, and the haunches filled in with asphalte 
or concrete, over which the metalling is laid. These arched plates require iron tie- 
rods (as in last case) : but the plates themselves may be utilized (if on the top of 
the Girders) to form an important element of Strength and Stiffness of the top (or 
compression) flanges. 

The weight per sq. ft. of this roadway (excluding cross-tics) averages. 

Arched plates, .. .. •• L*0 lbs, to 26 lbs. 

Asphalte (3* average depth,) 42 „ (4" deep) 66 „ 

Pavement or broken stone (as before), 110 „ 110 „ 

172 lbs. 102 lbs. 

3®. Flat y to 1' cast- iron plates with stiffening ribs on the upper surface, 
are bolted to the upper flanges of longitudinal, or cross girders, and then levelled up 
with asphalte (to the top of the ribs) 3' or 4' deep, over which the metalling is 
laid. 

The weight per square foot of this roadway is 20 lbs. to 30 lbs. more than the last : 
but no cross-ties are required. 

4®. Wrought-ibon bucklbd-platks— (also called * Mallet’s Plates from the 
inventor’s name). These are thin sheets usually square or oblong) with a slight 
convexity (or “Buckle ”)in the middle, and a flat iron (called the “ fillet ”) all round* 
They are placed with the convexity up, so that the arch is compressed, and tends to 
fail "by crushing or crippling. 

Their size is limited only by the width of sheet-iron obtainable. Plates of 3' to 4' 
width are flsually employed, and square plates are to be preferred (for Strength and 
and Stiffness) to oblong plates. 
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Tho curvature should be such as will just prevent the ** Crippling Load from 
flattening the plate out 

[Less than 2* rise answers for Buckled Plates of 4' x 4' 
irrise „ „ i' „ „ 3'x3' 

rise ,y )) j-' ,, ,, 7' x 3' 

The fillet is usually from 1" to 2" wide]. 

Experiment shows that for Square Buckled Plates, — 

(a) . Under similar load and support, the Crippling Load varies as the thickness 
and inversely as tho clear span. 

(b) , Rivettiiig firmly down all round, doubles the Resistance of a plate simply 
supported all round. 

(c) . A ^lato supported all round is stronger than one simply supported by two 
parallel fillets in ratio 8 . 5. 

(d) . The Working Kcsistances to a Load cither on the crown, or uniformly diffused 
are nearly the some. 

(c). The Stiffness at any point is as the square of the thickness and inversely as 
the curvature* 

— and that for Rectangular Buckled Plates, — 

(/). The Resistance is nearly that of a Square Plate whose side is equal to tho 
length of the Rectangular Plate, (which is clearly I ma than that of a Square Plate of 
equal weight and thickness). 

(y). The length should not bo much > 2 x the breadth. 

Weight, Strength, and Cost of Buckled Plates. 


it 




BUCK1.ED PLATliS. 


bo *3 

Ct A 

E 

S'C 

Oft 

Size, 


SAFB UWIFOIIM LOAt 
per sq. yd. 
for 3' X '6' Plates. 

V 

V> 

'O.d 

bp 

e s 
.1-1 o 

Uses. 


Dead 

Load. 

Impulsive 

Luod. 

1- 

er 


Ibi. 

IBWG 

yo. tn. 

lbs. 

tons. 

tons. 

s. d 

sq. yds. 


30-7 

18 -048 

17*3 

•27 

•20 

2 2 

120 

1 

283 

16 -066 

230 

43 

•32 

2 10 

95 

» Roofing, house building, 
^ fire proofing, flooring. 

46*4 

12 -107 

38*7 

•64 

•48 

4 7 

67 

) 

C4-0 

i 

45*0 

1-00 

‘76 

1 

6 3 

49 

1 Light Bridge- and other 

8P0 

A 

67*5 

2*50 

1-70 

7 11 

33 

j Floors. 

lOS’O 

i 

90*0 

4-60 

3*00 

10 6 

24 

j Flooring of Railway 

1350 

A 

112*5 

6*20 

4*70 

13 2 

20 

V Bridges, large Bridges 
) and Viaducts. 

162*0 

1 

135 0 

900 

6*80 

16 8 

16 

Mot hitherto used. 
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[There is a Theory ♦ of the Transverse Strength of these Plates, but it is not well 
enough established to be worth reproducing here]. 

For use in Bridge- platforms, Buckled Plates of from -3*^" to arc rivetted to the 
upper Flange of longitudinal or cross -girders, and levelled up with concrete or as- 
phalte on which the metalling is laid. L-irons or T- irons are rivetted at tlic cross- 
joints of the Plates, and support these cross-joints like short cross-girders. 

The weight per sq. ft. of this roadway (including the L-irons or T -irons) is similar 
to that of Case 2®. It is considered to form one of the lightest, stiffeat, and cheapest 
roadways yet introduced. 

383, Railway-Bridge Platforms.— The following principles rule 
the constraction of Railway-Bridge Platforms 

(1) , The “ permanent way ” (rails, timbers, sheeting, platform) being perishable, 
and requiring frequent renewal, (by ordinary platelayers) is to be considered solely aa 
part of the Load on the Bridge, (not as part of the bridoe-structure). 

(2) . The rails and sleepers arc not to bo considered as materially distributing con- 
centrated Loads (such as on driving wheels of Engines) from one Cross-Girder to 
another, so that each Cross-Girder must — ^when special Rail-Girders arc not used— bo 
designed to bear the heaviest concentrated Load that can come on two half hays 
between itself and the Gross- Girders on either side of it. 

(3) . If the Cross-Girders are more than 3' G" apart, longitudinal rail-girders must 
be placed under the rail. 

These principles regulate the general arrangement of the parts of a 
Eailway- Bridge. The usual arrangements already briefly explained, Art. 
376, as of three types — 

i. Rails resting on the Main-Girders. 

ii. Rails resting on Cross-Girders at about 3' intervals, 

iii. Bails resting on longitudinal or Rail-Girders. 

The first is undoubtedly the most economical arrangement for Short 
Spans, as no Rail- or Cross-Girders are needed. But for long Spans it 
would provide a Bridge too narrow for lateral stiffness. 

The second arrangement has been provedf to be not nearly so economi- 
cal as the third, and need not therefore be further discussed, 

384. Rails resting on Main Girders. — This is the most favora- 
ble possible arrangement the Girders acting both as Rail- and Main-Gir- 
ders, provided always that the Bridge-Base ” consequent be suflScient, 
and the headway unrestricted — for the reasons explained in Art. 379, es- 
pecially as follows : — 

1® a. The heavy Live Load localised on the Rails may be brought vertically 
over the “ Mean Lines ** of the Main-Girders, so as to produce pure Transverse Strain 
uncomplicated by Twisting— (excepted far as produced by the lateral oscillations of 
a swift train). 

a 

• See Rftnkine’a Civil Engineering, Art. 37fi, Sections HI., V. 

t By Mr, W. Anderson in Trans, of Inst. o£C.E. of Ireland, Vol. VI IT., 186«. 



408 


GIRDER BRIDQB DETAILS. 


1® J, The CrosB-Beftms will be required only to support the Platform and may 
therefore be of a light construction $ or in very short Spans none will be required. 

But this arrangement is obviously unsuited to Long Spans on account 
of the narrow “ Bridge-Base provided especially with “ narrow-gauge ” 
Bailways, the “ Bridge-Base ” being in fact determined by the gauge. 

To secure the full advantages (of l®a), the Bails must be placed cen- 
trally over the Main-Girders ; but when there is restricted headway, the 
Girders may be made of trough-shape in the manner described for the 
Rail-Girders in Art. 387 — 3°, at the sacrifice of course of some of the 
advantages. 

386. Lonoitudinalb (or Eaid-Girdbrs). — T he special function of 
those is to carry the heavy Live Load which in Bailways is necessarily 
localized on the Bails : they therefore run the whole length of the Bridge, 
one under each Bail. 

The economical Span depends on the “ Load on a driving-wheel **, and 
on the Wheel-Base” of the heaviest Engines: its proper determination 
would be a matter of much complexity, but the present Eesult* of prac- 
tical experience is that 

“The minimum economical Span, is about 12' and the maximum about 20'. 
Being of small span, it is convenient to use either U-Iron or Twin JJL- 
Iron Girders or else Boiled Iron Beams, or small Plate-Girders of I- Section. 

386 . Cross-Girders. — The function of these is to transmit the Load 
of Platform, and everything on it (Live Load inclusive) to the Main- 
Girders. Their span is of course nearly the same as the Bridge- Base 
Their spacing depends on the use, or non-use of Bail-Girders, thus*' — 

(1) . Without Kail-Girders, the maximum safe spacing is about 3' 6', i, a., about 

the usual spacing of transversQ sleepers. 

(2) . With Kail-Girders, the minimum economical spacing is about 12' and the 

' maximum about 20' ; the spacing is of course the same as the span 
of the Kail-Girdett. 

Being of email span, it is convenient to use either Boiled Iron Girders 
or small Plate- or Lattice-Girders of the simplest type ; and when of Lat- 
tice-Girder type, it is essential that the Braces should meet the Manges 
at the sections where they are crossed by the Bail-Girders; thus the 

gauge ” between the rails, and the clear width between adjacent rails of 
different “tracks” (often called the “six-foot way”) really determine the 
width of bays of Latticed Cross-Girder. 

387. Arrangement of Bail* and Cross-Girders.--*Perhaps the 

* ThcM axe the Results for English “ ourrow (4' 6^i)’gaago ” Ballwajs. 
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most economical arrangement — to be used whenever there is sufficient 
headway, — is to place the Rail-Girders on the top of the Cross- Girders, 
(as in Fig. 59,) and to carry them continuously from end to end of the 
Bridge, with as large Cross-Girder spacing (not exceeding a limit of 20) 
as circumstances will permit. 

Wide spacing of the Cross-Girders involves of course stronger Rail- 
Girders and stronger Cross-Girders than would otherwise be necessary^ 
but if there be sufficient headway to allow of deep Rail -Girders, and deep 
Cross-Girders, this Strength may be gained by increased depth of either 
or both without increasing their weight in anything like the same pro- 
portion, (because the longitudinal Stresses developed diminish with the 
depth, Art. 186, 219). 

The whole depth required by this arrangement between the rails and 
Cross- Girders, is obviously the sum of the depths of the Rails, Sleepers, 
Rail- Girder and Cross-Girder. 

With this arrangement, the Cross- Girders, if of Plate or Lattice- type, 
should be furnished with vertical X-iron Stiffeners {see Fig. 59) on each 
aide of the Web or Bracing immediately below each Rail- Girder to trans- 
mit the Load to both flanges at once. 

Arrangement 2®, Another arrangement requiring less headway, and 
securing most of the advantages of the last is shown in Fig. 60a, h. 

The Rail-Girders are made of lengths slightly less than the Cross- 
Girder spacing, (measured from centre to centre,) and are introduced be- 
tween the Cross- Girders, as shown in the figure, their lower flanges resting 
on the Cross-Girder lower flanges, with packing introduced if necessary 
to raise their tops to any level required. 

Arrangement 3°. The arrangement shown in Fig. 61, requires probably 
less headway than any other. 

The Rail-Girder is of trough-shape, consisting either {a) of a sin- 
gle U-iron, or {h) of Twin I-Girders, and its soffit rests either directly 
or by means of packing on the lower flange of the Cross-Girder. The 
Bails are laid on longitudinal sleepers which lie inside the trough of the 
Bail-Girder resting, either (a) on the “ Table ” of the jj-iron, or (b) on 
cast-iron saddles at sleeper-distance, (about 3 ) which last rest on the lower 
flanges of the Twin I-Girders. The amount of packing and depth of 
saddles are arranged, so that the soffit of the Bails shall just dear the top 
of the Cross-Girders. 

8 o 
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By this arrangement the whole depth required between Rails and 
Cross-Girder is scarcely more than the sum of the depths of Rails and of 
Cross-Girder. 

[The y -iron Rail-Girder has tho practical disadvantage of allowing the collection 
of rain water : in both types, there is an unavoidable Twisting Strain introduced by 
the application of the Load on only one side of the vertical Web], 

388. Relation of Main-Girder Bays to Cross-Girder spacing.— 

In a Framed Girder, economy is secured by so arranging tho parts that 
though the Girder, as a ivhole, is subject to Transverse Strain, its several 
parts shall in no case be subject to Transverse Strain other than the 
unavoidable Transverse Strain of their own Weight. 

This requires that : — 

The External Loads should be applied to the Main-Girders solely at the joints 
of the Flanges and Bracing 
and therefore that — 

**The Cross-Girders should always cross the Main-Girders at the joints of the 
Flanges and Bracing”. 

[A Cross-Girder resting on a Main-Girder Flauge between two joints necessarily 
subjects that §cgment of the Flange to additional Beudiug Strain, due to the partial 
Transverse Load so applied]. 

Besides which the Flanges of every large Flanged- Girder should be 
connected by vertical Stiffeners at the ends of every Cross-Girder, so as 
to transfer the Load alike to both Flanges at once. 

Thus, it will be seen, that the Gross-Girder spacing really determines 
the size of Bays of a Braced Girder. 

389. Articulation of Cross- and Main-Girders,— The attach- 
ment of tho Cro86-to tho Main- Girders can bo effected at (>. e., just above 
or below) the Flanges of the latter, with less additional material than at 
any other part. It is preferable, cceteris paribus^ to rest the Cross-Girders 
on the top of a Main-Girder Flange, than to attach them below th0 
Flange, because in the latter case the attachment must either depend 
solely on the rivetting, or else special brackets must be provided to 
receive the ends of the Cross-Girders. 

To avoid introducing a cross twisting strain on the Main-Girder, it is 
very desirable that the centre of pressure of the Cross-Girder upon the 
Main-Girder should be vertically*^ over or under the “ Mean Line ” of 
the Main-Girder Flange to which it is attached. 

To effect this, it is of course necessary to carry the end of the Cross^ 


Very little attontion has hitherto been paid to this important itetail. 
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Girder well beyond the Mean Line of the Main-Girder Flange ” on which 
it is to rest. This is easily managed when the Gross- Girder rests on 
(above) the Upper Flange, but only with difficulty when the Cross-Girder 
rests on (above) the Lower Flange of the Main- Girder, in consequence 
of the interference of the Web in case of a Plate-Girder or Bracing in 
case of a Lattice-Girder. 

390- Case of Plate- GMer . — With Cross-Girders resting on the top 
of Lower Flange of a Main Plate-Girder, it is of course impossible to 
carry the end of the Cross-Girder past the Mean Line of the Lower 
Flange without cutting away the Web, Engineering practice is to make 
the Cross-Girder end flush with the Main-Girder Web, as shown in 
Fig. 62, but this mode of attachment of course introduces a severe 
cross-twist on the Main-Girder Lower Flange. 

Inasmuch as the Shearing stress-intensity in the Web is least close 
to the Flange, (Arts. 237, 244,) there seems no objection (expense except- 
ed) to cutting away the Web just above the lower Flange, to admit of 
the introduction of the end of the Cross-Girder. The Cross-Girder 
might be made of form of Uniform Strength, e., tapering towards the 
ends (Art. 221), which would decrease the amount of cutting necessary 
in the Web. 

391. Case of Lattice-Girder . — With large Lattice-Girders, it is 
however possible to secure the mode of attachment above indicated in a 
very perfect form, by resting the end of the Cross-Girder on a sort of 
^ saddle * prepared for it within the openings of the Main- Girder 
Bracing. One mode of doing this is shown* in Fig, 63, the Cross-Girder 
here resting by a single large Bolt on the saddle, (being as it were 

hinged ” on to the Main Girder,) whose centre is vertically over the 
Mean Line of the Main-Girder Lower Flange. 

If, however, rivetting be preferred, the rivets should bo arranged accord- 
ing to the principles of Art. 873, viz., so that the “ centre ” of the group 
of rivets whereby the Cross-Girder is attached to the Saddle, should fall 
vertically over the Lower Flange. 

392. Support of Girders.— The Weight of a large Girder with 
its Load is often so great as to require special arrangements for the 
distribution of the Pressure over the Supports. The Bearing Surface on 


* Taken from a design Calcott Reilly^ Esq., U l.C.E.| in tbeProc. of Inst, of Civil Engineers. 
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the Supports must of course be suflScient to reduce the pressure -in tensity 
within the safe crushing stress-intensity of the material of the Supports, 

Case of small Spans. — For small Spans not exceeding 150', creosoted 
Timber Wall-plates, are considered the most eflScient* Bearing Surface. 

393. Influence of temperature on mode of Support. — Timber is so 
little affected by change of temperature, that no special arrangements 
are necessary to meet its effects in case of Timber Beams, Trusses and 
Oirders. The expansion and contraction of iron with change of tempera* 
ture is on the contrary so great (about *000007 of its length for a change 
of temperature of 1“ Fahr.) as to necessitate special arrangements in Iron 
Structures to obviate the enormous strain and stress which might he deue^ 
loped by the mere ordinary change from summer to winter ; thus— 

“ A stress-intensity of 1 ton per sq. in, may bo developed by a change j 

of temperature of 27® F. in case of cast-iron, and of 13®-5 F. in case of > (1). 

wrought-iron,” ) 

It is sufficiently obvious that the expansion and contraction of ironwork 
due to the ordinary annualf range of temperataro (say 135®) will — ^if re- 
sisted— develop a stress which will certainly injure, and posbibly fracture 
the Structure. It is therefore an axiom in Engineering, that the expan- 
sion and contraction of ironwork due to change of temperature, is as far as 
possible to be allowed free play. It is clear, therefore, that both ends of an 
Iron Girder cannot be ** fixed, so that the advantages of a Fixed Beam ” 
cannot be secured in Ironwork, (see Art. 327,-6°), 

394. Case of Iron Girders. — In these one end may be bolted 
down to a cast-iron “ Bed-plate ”, or placed on a “ rocker ”, and the other 
simply laid either — 

1® on a smoothly planed steel Bed-plate cm which it is free to slide, or — 

2" on cast-iron, wrought-iron, or steel rollers, termed ** expansion-rollers '' which 
rest on a smoothly planed cast-iron or steel Bed-plate, over which it is there- 
fore free to slide by the motion of the rollers, or— 

3® on a comb ination of rocker ” and " expansion-rollers 
Rockers. — A Hooker is an arrangement which while preventing anj 
'longitudinal motion, (e. g., expansion or contraction,) does not interfere 
with change of direction, in fact yields— by turning— so as to admit of it : 
80 that the end of a Girder resting on a rocker ” is not ** fixed ” in the 
technical sense, Art. 307. 

• Stoneya ** Theory of Strains, New Ed., Art. 429. 
t About 8*)® m England, US® at Ruorkec In N, W.P , India. 
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It consists essentially of a mass of iron traversing the Girder 
ways underneath^ v^ith parts of its surface rounded so as to form the 
“ rocking ’* surface on which the Girder simply rests with freedom to 
‘‘ rock The Girder-end usually rests on a (cast-iron) ‘‘ saddle ” fixed 
under its sofl&t: the arrangements of the rocker are very various, thus— 

(a), the Girder-saddle may receive the upper rounded surface of the “ rocker 
in a segmental cavity running crossways under its soffit : the “ rocker ” in this case 
forms the upper part of a ** saddle ’’ either fixed on to the Bed-plate, or resting on 
“ expansion-rollers as in {^Fig. 64a), which run on a smooth Bed-plate. 

i]b)i the “ rocker ” may consist of a steel Bolt free to turn in bearings in two 
cast-iron ** saddles ” 64£), one fixed under the Girder, the other either fixed 

upon the Bed-plate, or resting on ** expansion rollers ”, which mn upon a smooth 
Bed-plate. 

(c), the “ rocker ” may consist of a mass of cast-iron fixed under the Girder sad- 
dle, and traversing the Girder crossways, with its under surface rounded and simply 
resting {Fig, 64e) on a smooth Bed-plate with freedom to “ rock ” thereon. 

[This last arrangement is an American invention]. 

The advantage of the rocker ” consists in its providing a more or 
less perfect ** hinged joint ”, so that the Besultants of the Pressure on 
and of the Beaction at the Support passes through a definite line, viz., 
the axis of the Bocker. 

Boilers , — The laws of crushing Besistance of Boilers are not certainly 
known, but it appears* that the Ultimate Besistance of a cylindrio Boiler 
to crushing between plane surfaces is— 

1^, proportional to its length ; 2®, proportional to its diameter, and 
is in fact one-third of that of the circumscribing square prism similarly 
crushed, i. e., 

if / = length of roller in inches. 

d rs diameter of roller in inches. 

P Ultimate Besistance in lbs. per sq. inch. 

thenP=:J/cZd (2). 

It appears from practical experience that with ordinary sixes of rolltTf 
the 

“ Working Pressure should } 3 tons per inch run of length for cast-iron, 
not exceedf ) 1 ton per inch run of length for wrought-iron.” 

The efficiency of action of such a system of Boilers depends on their re- 
taining their cylindric form, or at any rate all shrinking alike nudes the 

* Morin’s Resistance des materiauz ”, pages 76, 83. 

t Stonsy's ** Theory of Strains”, New Ed., Art. 429. 

Unwin's ” Conitrttction of Wiought-Iron Bridges”, Section IV, 
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pressure above them. Now unless the centre of pressure” of the total 
shearing force over the support or (which is the same thing) of the Be-ac- 
tion at the support be in same vertical line with the centre of the Eoller- 
bed, the Boilers will be unequallj loaded, and will contract unequally 
under the pressure. 

This may be obviated by the arrangement in Fig. G4a, of ‘ rocker ' 
and * expansion-roller ’ combined. 

These arrangements provide of course a perfect ** hinged joint ”, with 
freedom of sliding as long as the Boilers act. 

It is doubtful however,* at present, whether either of these expedients 
(whether “ sliding surfaces ”, or expansion-rollers) for allowing of free ex- 
pansion with change of temperature, act efficiently for any length of time. 

396. Case op Braced Girders. — With Braced Girders, it is im- 
portant that the ‘‘centre of pressure” ou the Support should be vertically 
below the last joint (or intersection of Flange with Brace ; when there is 
only one such joint over the Support; or else v^crtically below the “ centre 
of position ” of the system of joints (intersections of Braces with Flange) 
which may happen to be over the Support. This can in general only be 
arranged by the mode of Support described in last Article, and shown in 
Fig. 64 a, or by some similar arrangement. 

396. Comparison of different Types of Girder.— .The limits 
of applicability of different types of Girder do not admit of precise defini- 
tion, as they depend on many ill-determined data, but the following! is a 
fair representation of experience. 

Small Girdeeh (in one piece). The following are the typos in ordi- 
nary use : — 

Solid U-^^otion^ only applicable to short Stone Beams, and to 
Timber Beams not exceeding 18"' in depth, or about 20' span. 

2®. T-andH- or U-sechons, only applicable to Ironwork, and to 
Spans not exceeding about 12'; commonly used as Bafters for Trusses, as 
Joists for Floors and Flat Boofs, and as Longitudinal and Cross-Girders 
in Bridges. 

• Stonoy’s “ Theory of Starainf New Bd. Art. 414. 
t The data of this Article are chiefly exti^tcd from— 

Stonoy's ** Theory of Strains 1878. 

Unwinds Wrought-lron Budges and Roofs*', 1869, 

Unwin’s Lectures on ''Constraetlon of Wronght'iron Bridges", 1871. 

Vbi|>]>&*8 Lectures ou ** Practical Eugiueeriug Construction*', 1874, 
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3^. l-seclion as Rolled Iron Beams applicable to spans not exceed- 
ing 20'. 

4®. l-section in Cast-Iron, applicable to spans not exceeding 50'. 

Large Girders. The following are the types in ordinary use, all 
being “ Built up ” Wrought-iron Girders 

5®. Plate- Girde?' of l‘SeQtion (with single Web): maximum econo- 
mical span about 40' ; maximum possible span about 150' ; maximum 
economical ratio of depth to span about 1:15. 

6°. Box Girder of H-section (with double Web) : maximum span 
about 150'; maximum ratio of depth to span about 1:15. 

7®. Braced Girders : the most important forms are the “Warren” 
or “ Zigzag ”, “ Trellis ” or “ Lattice ”, and “ Whipplc-Murpby ” or 
“ N-Truss ” : minimum economical span about 50', maximum doubtful : 
ordinary ratio of depth to span from 1 : 10 (English practice) to 1 : 7 
(American practice). 

The relative advantages of these three types as regards weight and 
economy are a disputed point, but it seems most probable that the Lattice- 
Girder is applicable to longer spans than the other types. 

[The “ Warren ** and “ Whipplo-Murphy ” types arc from the fewness of their 
parts more readily taken to pieces and le-erected, which is an advantage where skilled 
labor is scarce and expensive. The “ Warren ” typo has the disadvantage that the 
Platform cannot conveniently be placed on its lower Flange], 

8®. Tubular Girders, — Minimum econondical span about 200' ; maxi- 
mum span about 700'; ordinary ratio of depth to span 1 : 10. 

[By the term Tubulab, it is not to be understood that the Sides of the Girder are 
necessarily of solid Plate, (as in the early instances of this Construction,) but simply 
that the whole width of roadway is utilized in giving increased breadth to the com- 
posite Flanges, the sides being continuous Plate or open Latticing as convenient.] 

Note — The limits of size above staled, agree with the practice on the Indian State 
Bail ways. 



CHAPTER XXI. 

SAFE STRESS, FORMS OF, AND TESTS OP IRON. 


t^rejace, — This Chapter treats of certain general points connected with Iron as a 
material of construction, vis. : — 

1^. Stress-estimation, and Safe stress. 

2°. Forms of Iron in the market. 

3®. Tests for Iron. 

397. Safe or Working Stress-intensity.-— With the notation — 
to', to” s= dead and live load-intensities per length-unit. 
w r: equivalent dead load-intensity per length -unit. 

^ =: ratio in which straining effect of liro load exceeds that of 

dead load. 

it is clear that we are authorized in using the values of the safe stress- 
intensities (st, Sc) applicable to Dead Load, viz., Arts. 31, 54. 


Cast-Iron, s tons per sq, in. of net area. 

8c s= 10 tons per sq. in. of gross area* 

Wronght-Iron, ... s= 7 tons per sq. in. of net area. 

Sc e= 5| tons per sq. in. of gross area. 

provided that we subetitute p w^ for the actual w", or write w w*+pw^ 
in all calculations of Shearing Force (F), Bending Moment (M), longi- 
tudinal stresses (C, T), &c. 

Method ii. Or again, many Engineers think it more convenient to 
use the actual quantity w” instead of its equivalent (pw'') in Dead Load, 
jand to write simply u; r= u;' -h in all calculations of such quantities 



as F, M, G, T, &o. 

It is clear that this will be also legitimate provided we reduce the values 
of safe stress-intensities (^, /«) admitted to be •applicable to Dead Load 


by 


the factor 


w' -f ns" 
tv' -t- pw" 


or 


1 q, eg* w* 

1 w' * 


It is usual to assume /a = 2, (see Art. 7, &c.) 

The following T&ble shows the values of what may be termed the re- 
duced safe stress-intensity for various ratios of live to dead load. 
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Ratio of intenRitien of Live load to Dead 
load, w" “ w'. 

RKDUrED SAVE STUESH-INTENSIIIKS 

IN TONS 1-EU bQ, IN. 

Cafet-Iron. 

Wrought-Iron. 

Tension. 

Compression 

Tension. 

Compression. 

All dead load 


• 


1-60 


700 

6’60 

i 


• e 


1*26 


5 83 

4-69 

i 




1-20 


6*60 

4-40 

k 




M3 

7-50 

5-25 

4*12 





1-07 

714 

600 

3-93 

1 


• 


10.5 

7-00 

4*90 

3-86 

1 


• 


1*00 

60G 

4*66 

3 66 



• • 


•94 

6-25 

4-38 

3-44 

* 2 




•90 

6 00 

4*20 

330 

All live load 




•75 

5*00 

3*60 

2*75 


Method iii (of ordinary practice). Tlie above seem to be the right 
procedure. Practice however has sanctioned the estimation of the whole 
load-intensity (w?) as the simple sum of its components, viz., 

w; = ly' + (2), 

and of assigning at same time a definite limit of safe stress-intensity in 
Bridge and Roof Girder Work, — 

English Rule. 5t =: 5 tons per sq, in. of net area. 

Sc = 4 tons per sq. in. of gross area. 

French Rule. St = Sc = 4 tons per sq, in, of gross area. 

The French Rule has a certain advantage* in convenience for calcula- 
tions ; but the procedure described is clearly equivalent to assigning equal 
straining actions to Live and Dead Load, an4 cannot, therefore, be said to 
have any scientific basis. 

398. Cast-iron, Forms of,— Cast-iron is suitable for use in small 
Beams under Dead Load : the facility of casting it in almost any shape de- 
sired, renders it comparatively easy to arrange the metal in the form 
which Theory and Practice show to be best. 

For large Beams or Girders, its use is attended with many disadvan- 
tages, thus— 

(a). Its expansion and contraction under stress not being conformable to Hookers 
Law, (Art. 98,) render it impossible at present to assign with any degree of confidence 
the dimensions suitable for Structures very dissimilar (whether in shape or size) to 
those for which empirical formulas were prepared by actual experiment. 

(d,) Its crystalline structure leads to its giving way suddenly without much wm- 
ing, and thus renders it unsafe for use in large, Beams. 

(c). The practical difficulties in the way of making sound castings on a large scale 
render it unsuitable for large Beams. 

3b 
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It has been explained that the best form of Beams is one of I-Scctlon 
mth ‘‘ Cross section of Equal Strength ” and “ Longitudinal Section of 
Uniform Strength The conditions necessary for making sound castings 
impose considerable limitations on the possibility of so arranging the 
metal : these are — 

(^d). That there should be no sudden variation in thickness of metal, such variations 
leading to earlier contraction (and consequent internal stress) in the thinner parts, 
(c). That the minimum thickness shall be everywhere such as to admit of the 
metal flowing freely, and filling all parts of the mould before it has sensibly cooled. 

All discontinuities in the material, such as openings in the Web or pro- 
jecting “ribs” or “feathers”, which are sometimes used for (laterally) 
stiffening the compression flange, are therefore disadvantageous in cast- 
ing, as introducing liability to unsound casting. 

The ordinary sections of Cast-iron Beams are — 

1®. X-section used in small spans (with the head of they downwards 
or rather so placed, as to be in tension) to support the flat brick or 
concrete arches of a flat roof or floor ; or in t^airs as for Rail Girders carry- 
ing between them the (longitudinal) sleepers of a railway track. 

2®, Trough-section ( [J ) used in small spans (with the head downwards) 
e. as Bail-Girders for carrying the (longitudinal) sleepers of a railway 
track. 

3° 1-section with the lower flange-area from 3 to 6 times the upper 
flange-area (Art. 191) ; the web and flanges may be all of same thickness, 
or the lower flange may be the thicker, and the web taper from bottom to 
top being of same thickness at each end as the flange on which it abuts. 

Fig. 64. 


(€u) (1) (c) (d; re) 



[In T |J-sectioD8 (without compression-flangea), the ahauk-width should not 
he < i flange-width. 

In flanges 1}" is considered the minimum thickness for flanges 24^ wide, and 1* for 
flanges 18^' wide ; flanges cannot be made very much thinner than this]. 

As remarked Art 853, continuity over several spans is commonly dis- 
advantageous in Oast-Iron Girders. 
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Wed-thioknbss — French Rule, — The minimum thickness* practicable 
for cast-iron Webs is as follows : — 

0'-8 for a Girder of 4 metres, (about 13') length. 

1"'0 „ „ 5 „ ( „ IG'3*) „ 

« „ 6 „ ( „ 19' 6") „ ' 

» r, 7 „ ( „ 22*9") „ 

or about of the length within the above limits. 

399. Wrought-iron, Forms of.— Inasmuch as Wrought-iron can 
only be had in the market of certain shapes^ and these not exceeding cer* 
tain limits of size and weight, and as the larger sizes and weights are 
relatively higher priced than ordinary sizes and weights, it is important to 
design Structures in wrought-iron, so that they may be built up of the 
forms ordinarily and cheaply obtainable. 

Wrought-iron is worked up in various forms bearing the names Sheet, 
Plate, Bar, Rod, Angle, Tee, Channel, Zigzag, Bulb, I-section, &c. The 
limits of size are stated below. The widths of the Scantlings usually 
increase by and the thicknesses by As the various forms are made 
by rolling ” they are of course of uniform section throughout. 

The minimum thickness admissible in any part of a wrought-iron 
Structure is about or ; any lesser thickness is too easily rusted through 
by exposure to weather. 

Bar-Iron. This term includes square, round, and flat iron, the or- 
dinary length being about 15'. 

Square Bars are of □ -section ranging from I'" to in the side by 
increments of 

Round Bars are of O -section ranging from f" to 3^" diameter by 
increments of iV. 

Rods are square or round Bars not exceeding x scantling. 

Flat Bars are of I I -section. ranging from 1" X to 6" X 1" by 
increments of in breadth and of in thickness. 

The above are the “ ordinary sizes ” of Bar-Iron, and are charged at a 
uniform rate : sizes either larger or smaller are charged at a higher rate : 
thus Plat Bars can be had up to 9'' X 2' at a higher rate. 

[Flat Bars exceeding 9" in breadth arc Styled Plates], 

Plate-Iron. Plates are of f ■ r-ia -section ranging from J** to 1" in 
thickness by increments of They may be had at a uniform rate 
of almost any size when not exceeding 4 cwt. in weight, or 24 sq* ft. in 

• Morin’s <*R68iatanoodo8m8t6riattx,” page 277. 
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area, or 15' in length, or 4' in breadth, or |* in thickness, nor less than 
32'" in breadth, or in thickness. Extra prices are charged for sizes 
either greater or less than the above. The limit of length (at a special 
rate) is about 35'. 

Sheet-iron. Thin Plates < Y thickness arc termed Sheets ; they 
are of better quality and more expensive than ordinary Plate. 

Angle-iron, Tee-iron, and Channel-iron are made in great variety 
of scantlings up to about 40' in length. 

Angle-iron is of L-section ranging from |" x Y ^2" x 8" in the 
sides (or logs) and from to V' in thickness. An uniform rate is charged 
for sizes not exceeding 25' in length or 8" in the sum of the (extreme 
breadths of the) sides, nor less than 1^" x 1^" X Sizes greater 

or less than the above, also acute and obtuse angles are charged extra. 

Tee-iron is of T-section ranging from lY to 10" in the head (or table) 
and from If' to 10' in the shank by Y to 1" in thickness. An uniform 
rate is charged for sizes not exceeding 21' m length, or 8' in the sura 
of head and shank (from out to out), nor less than ly X IJ' X {Y* 
Sizes greater or less than the above are charged extra. 

Channel-iron is of ■ * -section ranging from f " to 10* in the base (or 
table) and from /q" to 3^" in the legs by Y to 1' in thickness. Sizes 
not exceeding 8" in the sum of the (extreme breadths of all the) sides 
are considered ordinary 

l_Tbe sum of extreme breadths (/. ^.,from out to out) of the lep:s of L-iron, or of 
the head and shank of T -iron, or of the base and sides of u_i -iron are technically 
termed the “united inches 

Polled Iron Beams are of I-section ranging from to 6" in flange- 
width and from -Jg* to 20* in depth; the ratio of flange-width to depth 
varies from about 1 : 4 to 1 : 1. 

Other forms may also be had such as 
Plain Bulb Iron of ~i#-section from 4^* to 12^' deep. 

Bulb-angle Iron of L,- or -section from 2' x 1^'to 6'' X 6". 
Deck-Beam Iron of "y -section from 4" (depth) x 3^" (head) x 
(bulb), to 16^ (depth) x 6J"(head) x 3^ (bulb). 

Zigzag Iron of "TL^-section as follows: — 
from^" (top) X (depth) X Y* (foot) x Y' (thickness), 
to 3Y top X 6Y' (depth) x SJ" (foot) x (thickness). 

Bat these are not often used in Girders. 



SAFE STHESS, FOUMS OF, AND TESTS OF IRON. 


421 


[The above information is oxtraetCAl from the followint; works : — 

Pole’s “Iron as a Material of Construction ”, 1872. 

Stoncy’s “ Theory of Strains ”, New Ed., 1873. 

Graham Smith’s “Practical Ironwork ” in “Engineering”, No. 449 of 1874. 

Col. Wray’s Instruction on Construction, 1872], 

400, Prices in Upttrr India — The si/ses quoted above arc of course those of the 
English maiket. Sizes other than “ordinary” could seldom be obtained in the 
Indian market, esjieciallv away from the seaports. 

At the Government Workshops at Koorkce, N. W. P., India, most of the “ ordi- 
narv” sizes are obtainable. 

The mode of pricing the iron in Roorkce (as prime cost in England logetlior with 
importation eharges and a fixed percentage for profit) is, however such, tliat the rate 
for any particular kind at any gi\en time depends not on the English market price of 
the day, but on the English ])rice at the time it was originally imported. 

Thus the rates in Koorkcclor different sizes by no moans follow the rates prevalent 
in England at any one time : it may happen that a comparatively exi)cnsi\o form 
impfwted when iron was cheap in England, may at a later period be as cheap or 
cheaper in Koorkec than an intiinsically less valuable form imported wlien iron wag 
dear in England • the fluctuations in price of iron have been so great of late years in 
England as to make the rates in Koorkec apparently very various, even for the same 
kind of iron. The iinpoitation chaige is of course uniform — aiiiounting to Ks. 2-8 
per maund. 

401. Testing Ironwork. — The actual testing of iron as met with 
in the market cannot be done without special and expensive apparatus of 
groat strength on account of the enormous Loads necessary. This does 
not form part of the duty of the ordinary Engineer. The work of test- 
ing is usually performed at the manufactory or wherever the testing ma- 
chine can be found according to the specification laid down by the Engineer 
requiring the iron, 

[The Testing of Iron Girders after erection forms on the other hand part of the 
ordinary duty of an Executive Eugineor ; the only effectual Test for large Girders is 
that of measuring their “ Deflexion ” andj“ Set ” under various Loads not exceeding 
the Proof Load : (the Loading must of course not be pushed so far as to injure the 
Girder) ; the mode of doing this has been explained already (Art. 295)]. 

The following description and specification of Tests for Iron is taken 
with slight alteration from Col. Wray’s ** Instruction in Construction” 
(London, 1872), pages 76 and 813 to 319, 

Casting op Iron Girders, etc.— As to the quality of cast-iron suitable for En- 
gineering works, the points to be attended to in designing and testing castings, &c,, 
see Bankine*s Civil Engineering ^ p. 498 to 503, and p. 624, 626. 

Where castings are large, and consequently too expensive to test by actual break- 
ing, it is usual to specify that bars shall be cast at the same time as the castings, and 
tested. The usual size of such bars is either 1" square or 1' wide x 2* deep, the 
latter being less affected by small flaws than the former, and giving more trustworthy 
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results. They arc place<l on a clear bearing of from 3' to 4' and broken by a 
central weight. 

The test weight varies according to the opinion of the Engineer ; Mr. Dempsey 
specified 20 cwt , which seems to be too high, and Mr. Barlow 1,800 lbs. for a bear- 
ing of 4' G", as the weight ^^hi(•h bars 1' x 2", should bear without breaking, (iaiee 
The Engineer, 11th October, 18G7.) According to IIand> side and Oo.*s W or ha in 
Iron, p. 3, a test bar (of 1" x 2" and 3' between bearings) should take, as a breaking 
weight from 25 cwt. to 30 cwt , the touglicr irons standing the greater test. 

It is well to insert in the specification the provision that the bearing of the central 
load shall not exceed 1 inch in length of the bar. 

Test for Wrotjoht-Iron.— For detailed information on the subject of wrought- 
iron, aee Kirkaldy’s Experiments on W ronght-lroii and bteel (especially p. l)l et aeq.') 
Polc^s Iron as a Material of Construction, p. 110 ; Kankinc’s Ciml Engineering, 
p. 503; Anderson’s Strength of Mater i ah, p. 46 ; Unwin’s WroaghUlron Bridges 
and Roofs, p. 06, 

The last writer says, “ The one irremediable quality in iron intended for a ri vetted 
structure is brittleness or want of ductility. The best iron is that which is tough 
as well as strong. Brittleness is accompanied by a small elongation under strain, 
and generally by a bright silvery crystalline or granular fracture”. 

Ordinary Specification. — The ordinary spc' liication in this country for wrought- 
iron for use in bridges is that the iron shall he equal in quality to best Staffordshire, 
the plate iron being specified to resist 20 or 21 tons, lengthways of the grain, and the 
bars to resist 22 or 23 tons, whicli is c(iual, as regartbs t^.iucity, to G and F classes 
in Mr. Kirkaldy’s scale (below) ; and very lately, a certain minimum contraction of 
area at the section of fracture has been introduced by some Engineers into their 
specifications. 

The test of tenacity, without any condition as to the elongation of the iron under 
tension, or as to its reduction of area at the section of fracture is insufficient, as hard, 
brittle irons often have both a very high tenacity and elastic limit, but break under 
comparatively small blows, and arc therefore unsuitable for such structures as railway 
bridges, the iron in wblcli is daily working under small shocks, and may be called 
upon, in case of accident, to resist very heavy blows. 

As there is a difference of opinion as to whether the reduction of area under a 
gradually increasing stress, free from shock, is a certain guide to the behaviour of the 
ii"on under a blow, it might bo well, in testing iron for railway purposes, to apply both 
tests, where it can conveniently be done. 

No class of Iron is so frequently defective as that of ready-made rivets, and yet 
there is scarcely any one on which so much depends. It is bettor, therefore, to have 
the rivets made at the works, and to test each bar intended for rivets by breaking it 
across at the ends, any bars showing very largo facets of crystals being rejected. 

The following tests applied by three Government Departments to iron required 
for their respective works are all directed to ensuring that the iron shall be both 
strong and ductile. 

Indian Store Department. — The following is the ** Scale of tensile tests for 
the supply of iron of various qualities prepared by Mr. Kirkaldy, and adopted by 
the Secretary of State lor India. 
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Scale oj temile tests for iron ofvariovs qualities. 



1 CLASS c, j 

Clash T). j 

Clash E. 

Cl ASH P. 

Class O. 

DoBCTlption. 

pi 

tu 

Its 

Ml 

r 

Contraction 
of arna at 
fracture 

1 

1 “ 

1 

1 u * 

1 ^4 

Contraction 
of area at 
fracture. 

M 

1 '^”1' 

Contraction 
of are? at 
fractare. 


Tons. 

IK r cetit. 

Tou«. 

IKrrtnt 

Tons 

per cent. 1 

Tons. 

por c^nt 

Tons. 

per cont. 

Bars, round or sq., 

27 

4.5 

26 

35 

25 

30 

24 

25 

23 

20 

Bars, flat, 

26 

40 

25 

.30 

24 

25 

23 

20 

22 

16 

Angle and Too or T 

25 

30 

24 

22 

23 

18 

22 

15 

21 

12 

Plates, lengthways, 

Plates, ciosbways. 

24 1 

[ 2 n 
22 J 

20 1 
ho 
I 2 J 

231 

[ 21 ^ 

20 ) 

15) 

J" 

22 i 
[ 20 ^ 
1»3 

12 ) 

21 ) 

104 

18) 

10 ) ' 

20 ) 

:!■* 


N /f.— Clav&ps A and B are reserved for any special qualities of Iron which might bo required at 
any future time. 


SWEDISH BARS. 


Ultimate Stress ) 
per bciuaro inch ) 


22 tons. 


Contraction of 
area at fracture. 


J CO per cent. 


The conditions of Contract specify that “materials representing 4 per cent, of 
the value shall bo selected, from which will be cut pieces 20 inches in length, and of 
jilatcs and sheets 20 inches by 18 inches to be tested. “ The iron will bo accepted, 
although under the specified strain, provided the contraction of area at fracture is 
the same percentage higher, or in other words, softer iron than that specified will 
be accepted 

The tension in these tests is applied gradually and without shock. 

War Department, — For shield frames, for the girder works of iron forts, and 
for armour bolts, all of which are intended to resist heavy blows, it is necessary to 
have a specially ductile iron, and the present (October, 1872) specification is as 
follows : — 

The method of conducting the test by blows for the War Department is described 
below. 


Tcnsilo StrcHB 
pel' inch of original 
section to be 

borne without breaking. 


Reduction of 
Area at the point 
of fracture. 


Plate iron, lengthways, 20 tons 12 per cent. 

„ crossways, 16 i» 5 „ 

Angle iron 6" x 6" x i" and upwards, 

lengthways, . • 22 „ 16 

Angle iron, less sections, lengthways, .. 22 „ 20 

Rivet iron, lengthways, 23 „ 40 


Rqr and T-iton to be equal to angle iron of equivalent section. 

For arm9ur bolts, the specified reduction of area is 40 per cent., (whether broken 
in a tesUng machine or by a falling weight,) with an uniformly fibrous fracture. 
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The iron is tested both m the testing mac hint b> iricicascd tension and 

by the blow of a iulhng <i inoit laUly b} bl Iroiri a steam hamiiici, tho 

api aiotns being aiiaugtd to pioduic ttiisu u on the bolt, (/f L Pfo/i \ swnal Papers, 
vol xvui,lS70 p being loun I that when the ir m is of good ([iiiilit\, a ton 

weight 1 dling oO fet fc, oi an equn dent blow fi aii tlu liammei, will pull a bolt 2 feet 
long and neaih d iiiehes diaiiu ler in two in si'i or seven blows llie li letuie should 
be silky hbrems, not ci}stilhne in my dt^iee 

This apjmatus atloids u eonipaiative ni« tsme both of the tenaeity and the dueti- 
lity ol the lion but the aetu d tensile stiess is not given by it 

It has, howeMr, betiiloiiiil by mim expeiimeiit'', that with the qndity of non 
netessai^ t ) give a hbioiis liaeture and j^o>d leduetion of area uiidii the blow e)i a 
tailing wiiglit, thcK is alwujs uS'ioei ited a\ei} lair lesistanee to tensde stiess 

In api)l>ing this test, and iiidee 1 unj othei test, e lie must be taken that the blow 
or stiesto acts along the axis oi mean time of the test bai 

Admirai ty Ilsts — I he loUowiug aiethe tests applied to iron m Her Majesty's 
Doelvjaid 1^72 

iJtst Best, or 1st Class Plate Iron, i inch thick and above 


Tensile Stress per sq in 


1 engthwajs 22 tons , tens for Boiler Plates 
Crossways lb „ 


Forgo Cost {Tht) Plates of 1 iruh in thickness aid imdei, si luld be of such 
duetditv IS to admit of bending hot, without fj utuu, t( *he following angles — 
Lengthways of the gi am, 125 tlcgicis 

Across „ 00 degrees for Ship Plates, 100 degrees for Boilci Plates 

Foiqe Test old) All such plates should admit of bending cold, without frae- 
tuic, as follows — 


2hicln(ss 1\ ith the Grain, Across the Gram 

it t 


1 and 

1 fi 

1 0 

o 

] 

r 

IS" 

i » 

1 i 

1 » 

CJ 



20® 

1 » 

If 

§ 



25“ 


i 

§ 



r.® 

A >* 

i 




60® 

l\ » 

i 

2 

a 



70* 


so 

§ 

s 

'S) 

§ 


L 


5° 

5® 

10 ® 

15 ® 

20 ® 

30® 


Best, or 2nd Class Plate hon, \-ineh thick and above. 


Tensile stress per square inch, Lengthways, 20 tons Crossways, 17 tons 
horge Test (^Hot) Plates of 1 inch in thickness and under, should be of such 
ductility as t > admit of bending hot, without fracture, to the following angles — 
Lengthways of the gram, 90 degrees Across the giain, 60 degrees. 

Foige Test {Cold), All such plates should admit of bending cold, without frac- 
ture, as follows 
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'Thickness, With the Grain, Across the Grain, 

u a 


1 

and 

16 

Te 

o 

r 

10® 


f 


1 

»> 

1 a 

T<T 

o 

'tij 


15® 

'5b 
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f 

it 

u 

fl 

efi 


20® 

§ 

1 

6® 


9 

» ^ 

§ " 


30® 

g 

< 

1 

10® 

7 

] G 

it 

f 

'to 


45® 

g 


16® 

iV 

it 

i 

1 ' 

[ 

55® 

.a 

1 

i 

20® 


Tlie following conditions apply to both Classes : — 

Vlates both hot and coU should be tested on a cast-iron slab, having a fair surface 
with an edge at right angles, the corner being loundcd off with a radius of half an 
inch. 

The portion of plate tested, for both hot and cold tests, is to be 4 feet in length* 
across the grain, and the lull width of the plate, with the grain. 

The plate should be bent at a distance of from 3 to G inches from the edge. 

All plates to be free from lamination and injurious surface defects. 

The Inspecting OtBccr may select for testing one plate in fifty of each thickness 
or of each parcel of plates rolled. Should the parcel be accepted the plate will bo 
paid for, but not otherwise. 

Best Best or Class Ihin Plate or Sheet Iron, 

Tensile stress per square inch Lengthways, 22 tons. Crossways, 1 8 tons. 

Forge Test {Hot). All plates of the 1st class should be of such ductility as to 
admit of bending hot without fracture, to the following angles 

Lengthways of the grain, 125 degrees. Across the gudn, 90 degrees. 

Forge Test {Cold), All such plates should admit of bending cold, without frac- 
ture, as follows 

With the grain, to an Angle of 90 degrees. Across the grain, to an Angle of 40 
degrees. 

Best or 2nd Class Thin Plate or Sheet Iron, 

Tensile stress per square inch Lengthways, 20 tons. Crossways, 17 tons. 

Forge Test {Hot). All plates should be of such ductility as to admit of bending 
hot without fracture, to the following angles 
Lengthways of the grain 90 degrees. Across the grain, 60 degrees 
Forge Test {Cold). All such plates should admit of bending cold, without frac- 
ture, as follows : — 

With the grain, to an Angle of 75 degrees. Across the grain, to an Angle of 30 

The following conditions apply to both classes of sheet iron : — 

Plates both hot and cold should he tested on a cast-iron slab, having a fair surface 
with an edge at right angles, the corner being rounded off with a radius of half 
an inch. 

The p<Srtion of plate tested, for both hot and cold tests, is to be 4 feet in length 
across the grain, and the full width of the plate, with the grain. 

3 1 
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The plate should be bent at a distance of from 3 to 6 inches fiom the edge. 

All plates to be free trom lamination and injuiioiis suifiicc detects 

One plate to bo taken indiscriminately for testing iiom every thiekness of plate 
sent in ])or invoice, proiidcd they do not c^eecd hfty in number. It above that 
number, one ior c\try additional fiU>, or portion ol hfty 

The thickness foi testing phtes is to bo ascertained m all cases by iveighing the 
plate, or the piece to be tested , assuming that a stjuare foot of ^ ineh jilate weighs 
fi\c pounds, and that other thicknesses have the same proportionate weight 

Angk, Ball, Tte, Angle Bulh^ Tee Bull, Channd, or other Bon of oiUinaig 

foim 

1. Samples will be taken indisciimmately for testing from every dcsenption of 
angle, bulb and other non inelnded in any one imoiee, punided the nuiiil er ot irons 
BO included does not e-'cecd hftj, and, if above that number, one for every hfty or 
portion of hfty ol each description The samples ina} be tc sted to show the strength, 
ductility, and other qualities of the non, and if not found satisfactory, the lot from 
which they are taken Tnn> be rejected. 

2. The whole of the samples of every desciiption of iron may be tested with the 
grain to a tensile stress of 22 tons to the square inch 

3. Angle iron may be tested hot 
by being bent thus, 

and also by being flattened, thus 


(^3 (O) 


and the end bent over 


thus 


P 


One sample may be notched and broken across cold, to 


show the 


quality of the iron, and one flange of the angle iron may be cut off and bent cold 


thus 

4. Tee iron may be tested hot by being bent thus 

The cold test will be the same as for angle irons 

5. Tec bulb may bo tested hot by cutting oft the bulb and testing the remainder 
in the same waj as tec iron, the bulb being notched on one side and broken cold 
to show the quality of the iron 

6. Angle bulb may be tested in the same way as angle iron after the bulb has 
been cut off ; and the bulb itself tested as in the case of tee bulb. 

7. Bulb iron may be tested hot by cutting off the bulb and bending the web 



across the grain, thus 



^d the bulb may be notched on one side and broken 


cold to show the quality oi the iron. 


8, Channel iron may be tested hot, thus 




and one of the flanges 


may be cut off and bent cold as for angle imn, and one sample may be notched 
and broken cold to show the quality of the iron* 
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9. All other descriptions of iron may be tested in a similar manner according to 
their forms. 


Best Merchant or Mnllcahleonce-worked Iron, First Brand Best Best Bar Iron ; 
Moulding, Sash Bar, Half-round and Segmental Iron ; Fire Bar Iron ; Best Best 
Nail Jtod ; Best Be si Hoop Iron, 


The iron marked “ Best Best ” in this list to stand a tensile stress of 22 tons per 
square inch, and the whole of the iron, to stand s^uch forge tests, both hot and cold, 
as the receiving Officers may deem expedient to satisfy themselves that it is fit for 
her Majesty’s Service. 

402. Estimation of Ironwork. — The variety of form in Ironwork, 
and the expensive nature of the material necessitate much care in taking 
out the cliuieiifaions. Owing to the thinness of the parts, it is inconvenient 
to calculate the quantities in cubic feet or inches : it is found in practice 
convenient to reduce the “ quantities ” as follows : — 


( 1). Sheet- and Plate-iron to superficial feet, which are converted into weight 
by use of simple multipliers, thus, — 


Thickness, 1^6 

iAghi per sq, ft, bills,, 2*5 6 


3 n l» n 3« T n Iff 3// T'' 

7-5 10 12*6 15 17 5 20 25 30 35 40. 


(2) . Square Bars are com cnicntly taken out in lineal feet, and converted 
into weight by multiplying the length by the sectional area and by the multiplier 3 33 
(which gives the weight in pound,s) or by 1’63 (which gives the weight in sects). 

(3) Hound Bars arc conveniently taken out In lineal feet, and converted into 
weight by multii)lying the length by the square of the diameter, and by the multi- 
plier 2*02 (which gives the weight in pounds) or by 1'27 (which gives the weight 
in seers), 

(4) . All other Iron (Cast or Wrought) is most conveniently calculated out by re- 
duction to its equivalent length of Square 1* x 1" Bar — the length being taken in 
feet, which is at once converted into weight by use of the simple multipliers, 

Cast-Iron, 3*13 for weight in tbs,, or 1*52 for weight in seers, 

Wrought-Iron, 3*33 for weight in lbs., or 1*62 for weight in seers, 

[These arc the weights of Bars 1' long by 1" x 1" section]. 

The figures in the scantlings of iron are usually multiples of sixteenths 
or eighths of inches, and tlie length and breadth are usually specified in 
feet and inches. The use of fractions and duodecimals is often therefore 
more convenient in calculation of the “ quantities, than of decimals. 

The calculation of the weight of ironwork, however, is extremely faci- 
litated by the use of Tables (such as are given in any Engineering Pocket 
Book) containing Areas of Circles and weights of square, flat, and round 
iron : no heavy calculation of ironwork should be undertaken without 
iheir aid. 



CHAPTER XXII. 

TORSION. 

403, Twisting Strain. — This strain is seldom developed to any 
great extent in ordinaiy Engineering Structures : the most familiar ins- 
tances in which severe Twisting strain occurs are in machinery, e. g., in all 
axles and shafting especially at the times of starting and stopping. The 
distribution of the Strain and Stress except in case of a cylindric shaft 
appears to bo extremely complex, and except in a few simple instances 
beyond the 2)resont powers of calculation. Tho accurate investigation 
forms one of the most diilicult 2)arts of modern Applied Mechanics. 

404. Twisting Couple, Twisting Moment, Moment of Tor- 
sion; Re-action-Couple, Re-action-Moraent.— Tho simplest concep- 
tion of this strain may be formed from tho simple case of a circular cy- 
lindric shaft to which a force P is applied at a leverage a tending to 
cause it to rotate about its axis, this rotation being either prevented by the 
Re-actions at the Support, or else (as in machinery) merely resisted by 
the (external) Resistances which have to be overcome. 

The moment of the applied force P is obviously Pa, and by elementary 
Statics, the same effect would be produced hj any Statical Couple of same 
moment (Pa) in a plane perpendicular to the axis of the Shaft, so that in 
fact the moment only of this Couple (and not tho magnitude of the ac- 
tual Force, P), affects the question. 

This Couple is called the Twisting Couple, and its moment is called 
the Twisting Moment, or Moment of Torsion. 

The Re-actions supplied at the Supports, or by the External Resistances 
(in machinery) must obviously be of the same nature, i* e., must be a 
simple Couple ; this is conveniently styled the Re-aotion-Couple, and 
its Moment the Rb-aotion-Mombnt. 

It is obvious that,-— except in cases of motion, e. g., in machinery— when 
the strain is complete, and equilibrium established, 
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The “Twisting Moment”! ,, .. x- n/r ,, , 

or-‘Moment of Torsion ” / = Re-act.on-Moment ”, ....(] ). 

405. Torsion, Twist. — The conception of this strain is illustrated 

by the following fundament- 
al Experiment. 

Expeuiment. A' A" is a 



M^hose arm is AA n: a, and 
Moment Pa, the rotation 
which it would cause in the 
shaft as a whole being re- 


sisted by the Re-action-Couple (Q, — Q) supplied by the Support, viz., at 
A" whose arm EB = b is of course such that its 

“ Be-action-Momcnt ”, or Qb = Pa, or “Twisting Moment,” (1). 

Let any generator as E^' E' be traced on the surface of the shaft before 
strain : it will be found after the strain that this line (originally of course 
straight) has become a slightly twisted or helical curved line, E''c, and that 
moreover the rate of twist (or of departure from its original position) is uni- 
form per unit of length of the cylinder. Thus it is clear that each normal 
plane section has slightly shifted round the axis with a rotatory sliding mo- 
tion upon the preceding one, so that the strain is in fact a rotatory Shear. 

If the periphery of a normal plane section be traced anywhere on the 
surface of the shaft before the strain, this outline will be found to bo still 
a circle (and therefore a plane curve) after the strain. 

406. Resisting Couple, Moment of (torsional) Resistance. — If 
a plane normal section be made anywhere through the Shaft, then by the 
principle of the Method of Sections (Art. 1G8), the internal Stress on 
one side of the section must balance the external Stress on the other side 
of that section. Now the external Stresses on one side are simply the 
Twisting Couple, and the internal Stresses on the other side must there- 
fore be of the same nature, u e., reducible to a Couple. It is convenient 
to term this Couple (to which the partial Resistances of the material are 
equivalent) the Resisting Couple, and its moment the Moment of (tor- 
sional) Resistance. 
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The principle of the Method of Sections then gives the Equation of 
Moments”, viz., 


of I s= j “Twisting Moment,” M, (2). 

(torsional) Kcsistancc ”, i(£l t \ ® 

407. Analogy with Transverse Strain.~Thc student should notice- 
thc close aimlogy of the tcnnimilogy with that of Transverse Strain. 


Twisting, Wrenching. 

T'wist, Wrench, Torsion. 

Twisting Couidc. 

Twisting Moment, or Moment of Tor- 
sion, (M). 

Re-act ion-Couplc. 

Re - ac t i ( )n -Moin cut. 

Resistance-Couple. 

Moment of Resistance, 

Equation of Moments. 

Twist, (r). 

Torsion, or Twist. 


Bending. 

Bending, Flexure. 

Bending CJouple. 

Bending Moment, or Moment of Flex- 
ure, (M). 

Re-action. 

Rcsistancc-Couple. 
fN(» analogous quantity]. 

Moment of Resistance, (i«)- 
Equation of Moments. 

Curvature. 

port* 

Deflexion. 


408. Moment of Resistance of cylindric shaft . — It has been explained 
that this is the only case admitting of tolerably simi)le calculation. This 
is based on the Experiment described in Art. 405. It is assumed in ad- 
dition — which the Experiment of course docs not show — that 


“ The normal jilanc sections suffer solely a rotatory sliding relative to one another, 
but arc otherwise unstvidned, i. c., that they continue to be simply normal plane 
sections, and that ant/ two radii of the same .section originally containing an angle w 
continue to bo rectilinear radii alter the strain and still include the same angle w 


The state of strain here described is termed a “ simple twist ”, 

Under this assumption known as ‘‘Coulomb’s Hypothesis”, and sup- 
posing further that the material be one subject to Hooke’s Law, and that 
the limit of elasticity be not exceeded, the Moment of Resistance may 
now be calculated by a process quite similar to that of Art. 207, 


Let R = radius of shaft, 
d = diameter of shaft, 
r = radius of any concentric circle (r < R). 

V = shearing strain -intensity at distance r from centre. 

K =55 shearing stress-intensity at unit distance from centre. 
* q == shearing stress-intensity at distance r from centre, 
maximum shearing stress -intensity. 
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Then by Coulomb’s hypothesis the actual length of are of displacement 
at any point is simply proportional to the dihtance of the point from the 
centre, i, e., 

Shearing strain-intensity v or r 
But by Hooke’s Law this 

Slioaring stress-intensity oc shearing strain-intensity or q jr v 

whence 9 cc r, (3). 

or in words 

“ The shearing stress intensity round any ring is 
uniformly varying with the radius of the ring ”, 

Hence also 



<1 = {ob). 

whence ^ icU, (4\ 

and q = r, (5)- 


Hence the stress being constant round a ring ‘litr of infinitesimal 
width di'j 

Total Shearing Stress round such ring = q . 27rr dr 
Also its leverage being r, 

Moment of Stress round such ring =. q . 2iTr dr x r, 

Moment of (torsional) Resistance Sum of partial Moments, 
or J« ^ ^ 2:r qr"^ dr = 2 7ry^"“ icr . dr = 27r^ . | R* 


( 6 ). 


id = i TTK R* = 3’a TTK* d* I 

— 2 ’T R^ = 1 V m ^ 

409. Moment of Resistance of hollow cylindric Shaft. — Let 

R, r ; Dj d he the external and internal radii and diameters respectively, 
and t the thickness ( = R — r). Then it is easily seen that the 

Difference of Moments of lic^istancc of solid 
shafts of radii' R, r, respectively, 

or «l = - r*) = 

— 5 — 1 C “ X)~ 


Moment of Resistance 
of the hollow shaft 


1 = 1 




(7> 


and if the thickness t be very small compared with the diameter D, then 
« = |,r.c { R‘ - (R - 1 = i’f'f - 6 ^ + 4 

= 2 TTfc R®^ = 2 Trg'm nearly^ (7a). 

410. Moment of Resistance in general.— Under Coulomb’s 
Hypothesis 1’ (Art. 408) it appears that 

ia = ./p dr dd 
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and were this Hypothesis generally true, (t e.y for all forms of cross- 
section,) there would be no diihculty in calculating sfil beyond that of 
evaluating the above integral. Unfortunately it appears that this Hy- 
pothesis is 7iot snfficienify approximately true except for a circular cross- 
section. 

The accurate investigation is far too difficult for insertion here: suffice 
it to say that the value of has been calculated for only a very few 
simple cases : the investigations show broadly that — 

1^, tlic origiiiJilly normal pliine bcctions do not continue plane after the strain (rx- 
cei)t in case of a cylindric shaft j, but become warped and twisted to a fnim of double 
cunatuK* rosombliiifiif that of a saddle. 

2°, the ratio y : ?* is jiot ajiproxniiately constant at all parts of a cross-section 
(except in case of a cjlimhic shaft). 

,‘1°, file shoaling stress intensity is most intense at those parts of the boundary of 
a cross-section which arc nearest to the centre of figure of the cross-section, and de- 
creases tlieuee outwards ; 1 . c., is most intense at ro-entenng angles in the periphery, 
and least intense at salient angles in the same. 

4*’, the real lalue of is generally gi eater than on Conbrnih’s Hypothesis. 

These Eosults show that in shafts exposed to torsion, sharp 7'e- entering 
angles should be avoided, and that sharp salieu 7 'ibs are therefore also 
disadvantageous. 

The values of for a few cross-sections for which the problem has 
been solved, are given in the Table below — 


Section. 


Point.*; of mnx. stress, 

((/oi)- 


Moment op Resistance, JgJ. 


In terms of k . 


In teims of ym- 


Ratio of 
Moment of 
Resibtanco 
to that of 
Glide of 
[equal aica. 


Circle ; radius K, 

Square ; side <ar, 

Ellipse; axes 2a, 2d, ... 

Hollow circle ; radii R, r, 

Thin hollow | outer rad. li 
circle I thickness /, 

Hollow square, sides a, a', 

Thin hollow 1 outer side a, 
square J thickness t, 


Circumfcrcnco 
Middles of sides 
Middles of sides 
End§ of minor axis 

Outer circumference 
ditto 

Middles of sides 
ditto 


•141 Ka^ 


•022 Ktt< 

a* + 

27ric m 
•141 Kia* - a'*) 
1T25 KaH 


•281 ym 

•075 ym 

o-* + 5' 
R' 

R 

27ryni R*f 
'281 ym 


gym 


2'249 gnx 


10 

•88326 

•72553 
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[For a masterly exposition of Ihis difficult subject, see Thomson and Tait’s “ Na- 
tural Philosophy Vol. I., Art. 699—710, from which the above values ol fCl arc 
taken], 

411. Modulus of torsion, (/^). — From what precedes it would 
appear that the Modulus ot torsion, or wrenching (/,;) should be identi- 
cal with the Modulus of shearing /,, the values of which are given in 
Table VIII. for the few materials for which it has as yet been determined 
by experiment. 

Its use is of course analagous to that of the modulus of Transverse 
Strength (/I,), i, e., after division by a factor of safety ( 5 ) there is obtained a 

“ Safe or Working twisting stress-intensity ” = ^ 

And in Problems of determining scantling of shafts to bear a given 
Twisting Moment, (M), this should be of course the maximum stress- 
intensity at any point, and should therefore be substituted for qm in 
formulm (6), (7), (7a), &c., in shafts which are to be^ worked up to the 
Working Strength, 

Limits of applicability » — From the mode of their derivation, the Re- 
sults of this Chapter are of course subject to limits similar to those 
detailed in Arts. 215, 305, q. v. 

A physical interpretation similar to that applied (Arts. 217, 306,) to the 
moduli of Transverse Strength (/,,) and of Transverse Resilience -f. 
EJ is of course of similarly derivable in the present case : thus it may bo 
said that, — 

2 

The * Modulus of Torsion ’ is — the Pressure which applied at an arm of 1" 

would just wrench asunder a solid cylinder shaft of 2'' diameter— under the absurd 
Hypothesis that all the * limitations ’ above are satisfied at the time of fracture 
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Tiir following T ihkg lefcircil to in Lins Muni'll, aro cxtiartod (with n Isiitations) 
fn 111 * 

JI ) 1^1 inson’s 1 \| viiim H \1 Tii > u ( hes on Shen (h ol C* ist Ii ni, 181C, 

Ilinl lilt’s Mnnuil ( I ( ivil I n mtcuug, lb70, nid Lhciiil Rules ami rubles, 18GG, 
St 111 \ 1 lie !> ol Strains ISiG, 

M ilcsivoitli s Pod ( t lit ( k ol I n^mocrin 'Ftimulj?, 

Kcay’s St intlings oi I iml us foi Pools, 1S72, 

Ml) i \ JNI T in^, s Piiiui “ ()n Tndi in limber Ticts” No. XL of S( ton 1 Soiioa 
ot Pu)l('>si mill J’l] CIS on Imli in 1 ivimeiing, 1S72, 
and caitlully iciilitd with them All the (juaiititus ait horn the n itiuc c f the caso 
only ui pioxituatc this is cs^ cti ilh the cist with the Const nits of btKnf,th, 

JC cplanatiOib o/ Taf/h 

Tihlts I and II of 3 Otli and 1 7tli powers aic intended foi use with Tlodgkinson’a 
loiniultt r‘‘VciyLong Pillais’%1 | 10, 11, 12, Ait bO, Oluijtii III 

lahU III contains the spteilie graiitus* and weights pn cubic loot of manj Mato- 
mils nselal to the Lu^uitti, not in&titcd m lablcs IV to VII because their coustaiita 
of strength arc not known 

Tables IV to VII contain the specific graiitics,* and weights in pounds to a cubic 
foot (w), also (for Metals) in p mnds to a cubic inili, and the I nun cvpansion 
(ot Metals) bctwccai iJ® and 212'® I (then mteof line ir expansion j ei ile^,! c 1 alii, 
IS of couise T lo of tabulated), and tlie Moduli ol lensile, Crushing, uul lians- 
lerse btieiit^th ( /t, Jcy Jb or ^^i,), ami ol 1 ensile 1 laatieity (I i oi 1 j) lu i>ounds per 
squiie inch, also (lor Metals) ot Tensile btrength lu ious per square lueh, z. 6 , -r 
2210. 

Por the definition of those quantities, see as follows — 

ft m Alt 31, Chap 11. in Ait 64, Chap III. 

in Alt 11, Chap I. Lt m Art 9 1, Chop IV 

P\y in Art 158, Chap VI. Ed m Art 100 — (4), Chap. IV. 

Tables VIU and IX — Explanation is with the T ibles 
Table X is a Table of InJian Money and Ba/ar Weights. 

* N B — “ Specific Giavity ” as used in tbeso (anl othci Fngincciing) Tables is the ratio 
Wi ight of a cubic foot of actual matciml ^ 

Weight of a cubic loot o£ puio water 
The same teim is used in Chcnucal Physics ns 

Weight of a cubic foct of ‘ Sol^ mstcii^^ 

Weight of a cubic loct 1 pui( watei 

In the former usage the natuial inteisticcs oi va uiticb of the matciial are con^^ilered part of iho 
natural material, in the latter usage the effect of nil sw h 'vacmtic'' la asfai as possible elimiuatcd 
(by txiKJiimeut) so that the Ult<i latio is uBualJy the la) get of the two. 

Ihc formoi ratio w the value of most impoitance iu Lu^iocoriug. 

B 
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Table I. of 3-Cth Puwlrs of Numbers, 

• 

Number. 

3 OtJi Powci, 

Numbci. 

8*6th Power. 

Number. 

3 6tli Power. 

1-0 

1 0 

4 25 

182 89 

6 8 

903 19 

1 25 

2 2i29 

4-3 


6 9 

1010 8 

15 

4 3045 

44 


7 0 

1102 4 

1*76 

7 4978 

45 


7 1 

1100*2 


12 125 

4 6 

243 18 

72 

1220 1 

2 1 

11 154 

47 

262 76 

7 25 

1250 9 

2 2 

17 OSO 

4 75 

272 90 

7 3 

1 >^2 2 

2 25 

18 529 

48 

2S3 44 

74 

1340 6 

23 

20 055 

49 

305 28 

76 

14133 

24 

23 3755 

6 0 

328 32 

7 6 

14S2 3 

25 

27 076 

6 1 

3.53 68 

77 

1553 7 

26 

31 182 

6 2 

378 10 

7 75 

ir>!)(> 3 

27 


6 25 

391 30 

78 

1027 0 

2 75 

38 159 

6-3 

404 94 

79 

1704 0 

23 

40 716 

54 

43113 

80 

17S2 9 

2 9 

4G-199 

6 5 

402 71 

8 25 

1991 7 

3*0 

52 196 

66 

493 72 

86 

2217 7 

3 1 

68 736 

57 

620 20 

8 to 

21017 

32 

bo 848 

6 75 

64 1 01 

9 0 

2724 4 

it 25 

69 (,28 

6 8 

660 20 

0 25 

3000 85 

33 

73 501 

60 

595 76 

9«5 

3309 8 

34 


60 

632 91 

0 75 

3034 .3 

35 

90 917 

6*1 

671 72 

10 0 

3981 07 

36 

100 02 

62 

712 22 

10 25 

4351 2 

37 

111 05 

6 25 

733 11 

105 

474 5 5 

3 75 

116 55 

63 

764 44 

10 75 

61(»5 0 

38 

122 24 

64 

798 45 

11 0 

6010 7 

3 9 

134 23 

65 

814 28 

11 25 

0083 4 

40 

147 03 

6 6 

891 99 

11 5 

0584 3 

41 

160 70 

67 

941 61 

11 75 

7114 4 

42 

175 26 

6 75 

907 15 

12 0 

7074 5 


Table IL of l*7th Powers of 

Numbers. 


>1 umber. 

1 7tb Power 

Number. 

1 7tli Power. 

Number. 

1 7ih Power. 

1 

1 0 

9 

41 900 

17 

123*63 

2 

3 2490 

10 

60-119 

18 

130 13 

3 

6 4730 

11 

58 934 

19 

149 24 

4 

10 556 

12 

68 329 

20 

102 84 

5 

15 426 

13 

78 289 

21 

176 92 

6 

21*031 

14 

88 801 

22 

191 48 

7 

?7-332 

15 

99 861 

23 

206 51 

8 

31297 

16 

111*48 

24 

222*00 
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Tabi/B til — Heaviness Materials not included in following Tables. 


Mateiial. 

Specific Gravity. 

Weight of a cubic 

Eemarks. 



foot in pounds. 



Air, dry at S2° F, 
Charcoal, 

Clay 

Coal, aiithracM’to, 

„ bitiiiainoas, 
Colso, . . 

OuiicTctc, common, 

„ cement, 
Earth, common, 

„ loamy, 

„ rammed, 

„ loohc, . . 

F( Is par, . . 

Flint 

Glass, crown, average, 
„ flint 
„ green 
„ plate 
G vpsiim, 

Gravel, 

Jjime, quick,* 

Marl, . , 

Mud, ,, 

Peat, • « 

Quartz, 

Sand (damp), 

Sand (dry), 

Shale, .. 

Shingle, 

Tile, .. 

Trap, . . 

Water, at 39*1 E, 

,, sea, • • 


•001225 
•280 to '542 
P92 
1*002 

1*24 to 1*44 
1*0 to 1 GO 
1 0 
2 2 

l*52"to 2*0 
201G 

1 584 
1*52 

2G 

2-G3 

2*5 

3*0 

2*7 

27 

2-3 

1*7 to 1*9 
3*18 

1*6 to 1*9 
1*63 
P33 
2G5 
1*9 
1-42 
26 
1*4 

1*81 to 1*85 

2 72 
10 

1 026 


•080728 
17*5 to 33*9 
120 
100 

77*4 to 80*0 
C2 13 to 103*6 
119 
133 

95 to 125 
12G 
99 
95 

102*3 
104*2 
156 
187 
1G9 
1G9 
143 6 

109 t^ 120 
200 

100 to 119 
102 
83 
1G5 
118 
88 6 
1G2 
90 

113 to 116 
170 
02 125 
64 05 


|i . 
I'sja" 

’’ot 2 
® W ^ 

?iw 

a;a 

«D Cnis 

•a ^ 3 
*8 S'g 

1^1 
^ 9 

Ui 

(Si3 


Table IV. — Strength of Portland CV.ment Moutau. 




s 

[ Modulus of Crusliing. 1 


Modulus of Tenacity. 


t 


i 

firr? 


fc- 




/.• 



Matei'iel. 

1 

^ 3 

Set 

Set 

Sot 

Sf't 

Set 

Set : 

Set 

Set 



2 

3 

6 

9 

7 

1 

3 I 

6 

13 



i 

Months. 

Months. 

Months 

Days. 

Month. 

Months, j 

M )nthB. 

t 

^Months. 

Portland 

1 

neat 

3,795 

5,388 

5,984 

198 

302 

390 

435 

478 

Cement 

B 

1 tol 

2,491 

3,478 

4,561 

68 

145 

214 

284 

854 

and 

§3 

1 to 2 

2,004 

2,752 

3,647 

28 

74 

201 

221 

270 

Clean 

P. 

1 to3 

1,436 

2,156 

2,393 

20 

41 

136 

135 

189 

Pit Sand 

i 

1 to4 

1,331 

1,797 

2,208 

10 

1 32 

68 

122 

341 


tB 

W 

lto5 

959 

1,540 

1,678 

• • 

1 22 

55 

97 

95 
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i This xuutakQ WM jwinUid oul by Dr. liurray TUuiovqd, F,ll.S.E., Fbybloal S«ieuco l*iQ£ewor, Tboauisoa CoUogo. 
















T^ble VI. — Weight and Strekgth of TniBEB. 
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TIvule VIa. WeiiUit and Sthenotu or Tnoivn Timhkrs. 

Extracted from a Paper on ‘‘Indian Timber Trees,” by Major A. M. Lang, R.E., in “Profe 
siuiial Papers on Indian Llnginoeriijg,” Second Series, No. XL. 


j-yV.T?.-- The “Ikcforcrn'c Nniuhor'i” (L>iuc Type) arc the same ns in ]\Iajnr Lnnjjf’s Paper. 

A wood who^e hatJ ttanh onh/ is Knawa can be idciitilieJ in lliis Table from the Table oi “Local Synonym' 
(Icillowin^) h.\ lid]) ol these luimliei^]. 


— 



c a 


10 40 

\ r * 



BolANKAe NA'in. 

u'*"' ' 

'■ D 




u u 




/ 

1 '■ 


Local Sjnonym. 

|a 



i 

C « y 

V “ " 



Genas aidfiocies 

OuUr 

t^3 



w J 





w 

fi 

Pb 

Ed 


2 

Acacia Amhica, . . . . 

{/j‘guf>nnoi>(i)y .. 

54 

1GM5 

881 

4180 

1.5, 103, 115. 




876 

4111 

129, 100. 

3 

A(‘ncia t^atcchu, .. 


.intooo 




38,110,217, 272. 

4 

Acacia Idala, 



95 IH 

095 

2920 

.59, 21.5. 

6 

Acuna Lcii(Oj)hla-a, 


5.) 

102^S 

801 

4080 

1 1 5, 2.55. 

7 

Acacia .Slid uisa, ,, •• 

» 

.^5 


79.5 

5;52 

3702 

3.“).)2 

21, 111, 222, 2C8, 
201. 

8 

Acacia Stipnlala, .. .. 


50 

2)110 

823 

4171 

211 

9 

Adniiiithora Pavonina, #. 


50 

17MG 

803 

3103 

190, 280. 



5.) 


lOGO 


201. 

11 

Albi//ia Plata, •• .. 


•Ilitoao 




2U. 

12 

AII)i//ia Stipulata, .. 
Albu/ia .. .. 

» 

CT) 



4123 

31. 

13 

» » 

(/4? tvearparco’), , . 

40 

19203 

855 

121. 

14 

Artncaipus Ilirsnta, 

40 

15070 

711 

3905 

9, 90, 247. 

15 

Arlocarpns Intc^iilolia, 

}} 

41 

10120 

788 

4030 

89, J07, 13.3, 109. 

16 

Artofiviims Lacoocha, 


40 




35, 13G, 137, 182. 

17 

AvtocarpU'i ]\I(tllis, . . 


30 




25.5. 

18 

A/adaraclitii ludica, 

(il/dmtfctt'), •. 

50 

17450 

720 

3183 

15.S, 20,3. 



752 

2G72 

242, 209. 

19 

Bamhnsa,* 

{(h'amhiact'(e)y 

Plains 


086 

2S01 

21, 23, 152. 


UiJls 


970 

5735 


20 

Rnrrinj[»itmia Acntanj^nla, .. 

(iVy/ftfCftr),.. 

50 

19500 

803 

4006 

1, 02, 134. 

21 

Ihiij'iiipftoiiia Haceinosa, .. 
lljMsia Latifolia, .. 


50 

17705 

819 

3815 

53, 139. 

22 

{Sapot(:ca')y . . 

( Tth<icett\ . • 

CO 

20070 

700 

3420 

87. 

23 

Hassia Lon^ifulia, .. •. 

GO 

15070 

730 

3174 

HO. 

26 

Bciryu Aminoiiilla, •• 

50 

20704 

784 

3830 

210, 249, 25C. 

28 

Biffiionia C'l'clonoides, 

(Jiignofmvcc), . . 

48 

16057 

042 

2804 

103. 

29 

Ilifriiouia Stijmlatn, 


C4 

28998 

1386 

5033 

143, 180. 

30 

Bonimix Tleiitaphyllum, ,. 

(Tiomhaeeer% 


6951 

678 

2225 

52, 210. 

31 

Borassns Fliibellifonuis, . . 

{Palnia<e((^)y .« 

05 

11898 

914 

4904 

78, 168. 

32 

Bnedolia Spinosa, . . 

{EHp1torbiava)y . , 

CO 

H801 

892 

4132 

123, 161. 

35 

Byttnoria Sp., 

(JJgttniriacece)^ .. 

ca 

26571 

1012 

4284 

174. 

36 

Cmsalpinia Sappan, . . 

{Lcguminoscp), 

60 

22578 

1640 

4790 

32, 192, 209. 

233. 

136b84,187,I8i>)i 

38 

[Calophyllum Angubtifolium, 

( Guiti/(>rie)f *. 

45 

15864 

612 

2944 


* See Table VI. (procedlug) for volaoe of other constants f^r this wood. 
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IX 



Botanical Name 

-S 

o.g 

^ ^ C 

I fe to 

83c23 


II 






^ Local Synonym: 

\yi 

Genus end Species 

Older 


a 

fi5 o^-a " 





w 

Jl- 

n 

F.1 


39 

Calophyllum Longifolium, 

(Gnftifera)t,. 

45 

16388 

646 

3401 

184,188,189, 243. 

10 

Careya Arhorca, . . 

(Barringtoniaeea‘% 

50 

14803 

870 

3256 

20, 104,119,120,166. 



56 


676 


41 

CaHuarina Aruricnta, . . 

{Casvnrinaceo'), 

55 

20887 

920 

4474 

37. 

12 

Caihartocar])us Fistula, . . 

{L{‘yti7}ihtof(a)f .. 

41 

17705 

846 

3153 

8, 72, 101, 230. 

13 

Cedrcla Toona, 

(CedrelaceoB)^ ». 

,‘U 

9000 

560 

2GH4 

246, 251, 252. 






3668 


14 

Cedrus Deodara, 

(^Coniferoe)^ .. 



466 

3605 

39,56,112, 113. 





686 

3206 







617 

3925 







665 



45 

Chickrassia Tahularis, , . 

{Cedrelacece\ 

42 

9043 

614 

2876 

3, 44, 46, 278. 

46 

Chloro\ylon Swictenia, . . 

tf •• 

60 

11369 

870 

4163 

26, 60, 211,270, 271. 

47 

Cocos Nucifcrn, . . 


70 

9150 

008 

3606 

.60, 164, 166, 237. 

49 

ConocarpuB Acumiuatus, . . 

{Gomhniacew)y 

69 

20023 

880 

4352 

173, 279. 

50 

Conocarpus Latifohus, 

it 

65 

21155 

1220 

5033 

17, 18, 68,218, 267. 

52 

Dalhergia Latifolia, 

{Leg\mhm<s)y ». 

60 

20283 

912 

4063 

27, 20, 66, 220, 276. 

54 

Dalbcrgia Sis&oo, . . 

it 

60 

21267 

807 

4022 

212, 218, 223. 

1 



12072 

706 

3616 

55 

Dilicnia Pcntagyna, 

{J)illeniace(F)f 

70 

17063 

907 

3660 

28, 106,184,187, 275. 

56 

Dillcnia Spcciosa, .. .. 

it 

45 

12091 

721 

3366 

46, 175,238, 260, 281. 

58 

Dioepyros ITirsuta, . . 

{Ehfiacea^j,, 

CO 

19830 

757 

4296 

1 30, 61. 

59 

Diospyros Melanoxylon, . . 

a 

81 

16873 

1180 

5068 

61, 236, 267, 258. 

61 

Dipterocarims Alatna, 

(BlpUrocarpaceee ), . . 

46. 

18781 

750 

3247 

4, 108, 274. 

108, 250, 27 

62 

Diptcrocarpus Turbinatus,. . 

>» 

45 

16070 

762 

3356 



49 


807 



63 

Emblica Officinalis, 

(Eiiphoriiace<f)y . , 

4G 

3 6061 

662 

2270 

7, 10, 150. 

66 

Feronia Elephantum, . . 

(^Aurafitmrea), 

50 

13909 

645 

3248 

100,132,205,266,273. 

66 

Ficus Glomerata, . . 

{Moracoa)^ .. 

40 

12691 

688 

2113 

13,71. 






2090 

146. 

69 

Ficus Indica, . . . . 

Ficus Ucligiosa, . . 

it 

36 

9167 

600 

2876 

33, 34. 

70 

a 

34 

7635 

684 

458 

2464 

2371 

177. 

71 

Gmelina Arborea, 

( Verhenaoece), 

36 



2182 

69, 74, 127, 21.5, 

72® 

724 

Grewia Elastica, . . 1 

Grewia Tilioefolia, ) 

{Tiliacm)f .. 

34 

17450 

665 

2876 

57, 202. 

56, 239. 

73 

Guatteria Longifolia, 

(AwoMceoe),. . 

37 

14720 

647 

2860 

12. 

14 

Hardwickia Binata, 

(Leguminosop)^ 

(Sttroiiliaceop), 

86 

12016 

942 

4579 

14. 

75 

76 

Horitiera Minor, , . 

64 

29112 

816 

1312 

925 

3775 

4677 

106, 226. 


Hopea Odorata, 

(Dipteracea), 

58 

22209 

800 

3660 

244. 


45 

706 

IS 







[194. 

Inga Xylocarpa, . . 

{Legummos(p\ 

58 

16667 

836 

428$ 

65,67,88,90,122,179, 
93, 95, 114, 176, 195. 

BO 

liiagentrsBmia Boginas, «. 

lLythraceff)t 

40 

15368 

637 

8666 

1 

41 


642 




C 
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os“ 1 


Local Synonjm, 


OontiK and Specie? 

Older 

a 2 o 
a 

a ” 

G 5 (i) *7 




W 

fx 

Pit 

Kii 


81 ] 

MangiTom ludicn, 

{Td'ihniliaceif)^ .» 

43 

9.") IS 

632 

3710 

0, 138, 141 


7702 

560 

3120 

111, 210. 

82 : 

MUnnorhoc-ii lTsiiatiHS>ima, .. 

{Anaatrehaceu^y .. 

61 


511 

3010 

110,216, 264. 

83 

Mclia A/ uliiradi, *. 

{^hli(fra)y .. 

30 

14277 

590 

2616 

:t(), 269. 

84 

MkIrIui Cliainjmca, 

(Maf/ftofiarffc), .. 

42 


632 

30^.3 

47, 48, 200. 

86 

Miinuv)])S Lionel, «• 

(^8iii>otucea)y 

Cl 

11300 

19, 149, 150, 185. 

87 

Miiiiu^ops 11(, vaiulia, .. 

70 

19030 

914j 

3018 

11b, 120, 106. 

88 

Miinusoi)S Iiidita, 

it 

4b 

23b2i 

bl6 

42 9(. 

107. 

92 

Naudea Cortliiolia,. . 

{Vinchonnce<t)y 

42 

10431 

604 

3052 

81, 81, 142. 



500 

3167 


93 

Nauclca Parvi flora, . . , • 

n 

43 


400 


79, 99, 181,277. 

94 

Pliopnix Sjl^cstiis, ,* •• 

{P(\lmaeea)y .. 

30 

8366 

612 

0313 

54,04, 117. 

95 

Picoa Wcblnana 

{ConiJir(f)y .. 

b8 



4048 

40()8 

118, 183, 253. 

97 

pimis Loiigilolia 

it 

1 


009 

736 

42, 228. 

1 43. 




1 


591 

3M)G 







1 582 

3072 


98 

Ponganfli Glnbra, .. 
PsnUiim Poniitduni, 

(Lr/jvmimm), 

40 

11101 ' 

' ObO 

3181 

110,1.31, 170. 

100 

(MejifdK i)y. . 

47 

i3ur 

018 

2670 

73, 104, 227. 

101 

Ptciooaj pus l)ull)( i gioido<-i, 

{L((jum(fios/)y .. 

60 

J9C3‘) 

804 

4180 

70, 102. 


40 


934 



102 

Ptcrocarjius I^far'-npium, , . 

it 

56 

19013 

808 

4132 

26, 77, 202. 

103 

Ptciocaipub Santa) mu'), 

it 

70 

19036 

975 

46b2 

197, 201. 

106 

Qncirns, , . , . \ 

{Corylaeeo'), 



004,01 
00 070 


22,101. 


(a) „ Incana, .. > 

(() „ Scmicaipifolia, J 




130. 

40, 41, 08, 207, 22 
124, 193, 198, 224 
241. 


108 

109 

Santnlum Album, .. ,, 

Siijjiiuliis Kmaiginatus, 

{Sd7tiahtc('a)y 

ISaiHnddcCd^y 

58 

64 

19461 

15495 

874 

082 

8481 

3906 

111 

Sliorca 01)tnsa, .. ,, 

(DiiAeniCia)y 

68 

20264 

730 

3500 

112 

Shorca ilobufeta,* . . 

ti 

56 

18243 

8b0 

769 

4209 

4903 

63, 70. 

205, 208. 

114 

Soymidi Felnifuga, , . 

{€edu}ac{d)y 

60 

11521 

16070 

1024 

3986 

199, 200, 219, 226, 
75,94, 178,187. 

115 

Stwulia Ptctida, .. 

uliftcia), 

28 

10736 

4G4 

3349 

116 

S^'^jgiuiu Jumbolanuin, .. 

(Mj/riacea‘)y., 

48 

8840 

COO 

2740 

92, 102, 167. 

117 

Tamaiindas liulica, 

(Le'gvtninosce), ,, 

79 

20023 

864 

3146 

86, 186, 231. 



816 

2803 

136, 208, 204. 

232, 234. 

118 

Tectona Graiidis,* . . 

(Verleiiac€(e)f 

46 

42 

15467 

814 

747 

3978 





14498 

683 


1^.254. 

80, 82, 83, 98, lOfl 

119 

Terminalia Arjunn 

i^Comlretacece), 

54 

10288 

820 

4004 

121 

Ttrininalia Chelmla, . . 


32 

7663 

470 

8108 

122 

Tcrmiimlia Conacca, 

If 

60 

22351 

800 

4043 

2, 163. 

123 

Terminalia Glul)ra, . . 


55 

20085 

840 

8905 

128. 

171* 172, 190, 191 

125 

Tbespesia Populnea, 

(^Malvacea),* • 

49 

18143 

716 

3294 

128 

Zizyphus Jujuba, . . 

{Jllmnnaceoi)y . • 

58 

18421 

672 

3584 

1C, 86. 


Me Tnble VI (preceding) tor value? of other conetanto for these woods (8A1, and Teak), 



M'rrNDix. 


VERNACULAE INDEX TO INDIAN TREES, 


List of Local Synonyms of tlie Trees enumerated in the rreceding liiht. 


bo. Betigalhj bu. Burmese, c. Canarese. e. English, g. Gurliml. U. Hindustani, k. Kunamres. 
te. leloogoo. to. Tamil, 

N. Z?.— The Ionic Figuics (as 29) rofor to Table VIA. (j>rcce(ling). 


1 Abju, hy , . 20 

2A(ci>, .. 122 

3Agla>,#ff., .. 45 

4Aing, .. 61 

5 Akiot, It, k , ,, 79 

6Aii>, /#, .. 81 

7Anilaki,/«, .. 63 

8 Aiuultas, /( , 42 

9Aniili,ffi, .. 14 

m Aoiilu, /i y , . 63 

llAiimi, /<, 119 

l2Asokaj^r, 73 

l3Atti,ra, .. 68 

llAucha, Za., 74 

B. 

16 Babool, h f .. 2 

lOBacr, 128 

17 Ball)} a, iu., .. 50 

ISBakkc, A, .. 50 

19 Bakiila. 86 

20Banibo], ia., .. 40 

21 Bamboo, c , ,, 19 

22 Ban, k , 106((( 

23 Bans, 7), , .. 19| 

24 Baiighi, c.y 7 

25Bc)asal, A, .. 102 
2CBilIu kuira, , 46 

27 Bitti, c.y . . 52 

28 Bjoobeen, bn , 55 

29 Blackwood, e., 52 

BO Bokain, h, . . 83 

31 Boomaiza, bu.f 12 

32 Bakkum, h., he.y 36 

33 Bur, h.y * * 69 

34 Burgut, ky . . 69 

[35Burhal, A, .. 16 


Catodm, c., .. 3 

3'K’<(kii,c, .. 44 

40 ('ll ni(kma, ie , .. 108 

41 ( liandmiam, frt, 108 

12tli(tl, A, .. 97 

UClud.A, .. 971 

4 1 ( bu kibM, . 45 

T) ( Inthgoing, f 
Hi ('’bulla, 7/( , .. S6 

(7 (’limniia, 7/,, .. 84 

4S Cliiimjaika, ^)^ , 84| 

40 (’liuiii]) ikaimi, t'e , 84 
'lO (''(Ko.iiml ])«lni,< , 47 
"1 C()raniun(ialnm,7(/. 58 
')2 ('ottou tree, r , 30 

53 Cmblai)ah,fa , . . 2lj 


0 . 


Calamander, 58| 
w CasoariDa, « • 


D. 

4 Dale palm,e , 
55 Dood.ii , <7 , 

5(» Dll inun, h , 

57 DImmuoo, A, 

58 Dliiio, h , 

50 Dbooii bin IS, e 
|b0 Dhoiua, h.y 

£. 

loi Ebony, c.. 

|02 Eedjul, A, 
Eeu}:\ ( eu, bu , 
(!4 Ecta, t( y 
05 Erool, 

(10 El uputtn, ta , 
07 Eiuvalu, ta.y 

G. 


94 

441 

72 

72| 

50 

4| 

46 


59 

20 

112 

94 

78 

52 

78 


OR Gnndaga, c.y 
09 Gomar, he., 

70 Googilam, te., 

71 Gooler, h , 

72 Gnooshwoay, 
4l'78Gua\a, e.. 


74 Guinbci, 7)/’ , .. 

75 Guiia]mb.uluin,7£ 


71 

,US| 


70 TTame, c , 

77 llmm} , r , 

7^ lllau, hu y 
711 Iltdii, 6/f,, 
80lIuld.i,/£, , 

‘'I llllldoo, h.y . 

82 lima, 7/ , , 

Mllinda, , 

84 lluido ), 7/ , 

85 11} C(. ban, hu,. 


80 Iniloo, h.y * , 

87 l|i}ii(, //., ,, 

68 lioii wood, e ,. 


101 

102 

31 

93 

121 

9/ 

121 

121 

92 

128 


117 

22 

78, 


107 Knntiil, be , . 

108 kanjodi, hu , 
lOD Kauikai i, t(., 

Ill) K iiaiij, 7/ , . 

1 1 1 IsalinajTi, fa., 

' 12 KilnmUt,, L , 

11.5 lulu, A, 

11 1 Kdw.il, 7/ , , 

) 1.5 J\( tkin, 7/ , I 
I Hi Kliaii, /i y , 

117 Kli i)()or, h , . 

1 IS Kind lie, h , , 

1 10 Ivlioonil), h y , 
l20Kini),/i, . 

121 Kokol), /;?£ , . 

122 IvomliiliiiigcdUyZc ,78 
12.1 Koi inuiiiu, fi y 32 
121 Kuoiikoodoo, ff 109 


15 

61,62 
121 
98 
7 
44 
44 
80 
2,S 
3 
94 
87 
40 
87 
13 


12 ) lun)un, c , 


38 


J. 

SOJiuk, f, 

00 J inibai, e y ,, 

01 Jtmil)oo, by 

02 Jumoon, h., . . 
03Ja]ul,/i, 

04 Juiigli budani, be, 

R. 

95 Kad i lipua, fa , 
90l\.ulhtilsiia,r,. . 

07 h.uloii kiuld, bu.y 

05 Ivfldii kin, ta , „ 

00 K.um, 7< , . . 

100Kaith,/i, 

](MKaki,f, 

102 Kalajain, be . 
103 Kali kidiir, A, 
104Kambii, 7t, .• 
l05Knuagalu c,, .. 


.. 108 
.. 71 

112 

.. 68 

hu.y 42 

lOOlOGKanazo, 


121) iuunbln, . 

40 

127 Kumliai, /i , . . 
128Kiiu()0 iiiui- 

71 

doo, Af , .1 
120Kutii)o, \ul- 

123 

liini, , .. 

2 

|b10 Ruisoo / , 106 O') 

1«51 Jv^miini, 7/ , .. 

98 

|ld2Knllib;)/i„ .. 

66 

1 kl Kutlml, /) , .. 

15 

1 d lv\aillia 6a., . • 

20 

l•’l5K}^^ull, 6 m , .. 

118 

L. 

130Lakooclin,7t,.. 

16 

1J7 L.iku (h.uiiua, fe.y 

16 

M. 

1,38 Maab, 7a , »• 

l.;M M.iliwab, 6,1. 

81 

22 

140 M.uijaii, l( , .. 

82 

141 Mango, c, .. 
l42MaT)ja kadfimba, 

81 

\ ta y t t 

92 
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143Mashoay, Bm., 29178r<eMrce, fa, US 216 Seevnm,^, .. 71 254 Toukyan, ftw., 119 

144Ma^ena, c, .. 81 179 Vcenf^adoo, 6«., 78 216Scmul, A, .. 30 255 Tounbein, frw., 17 

145 Maj di, te, .. 68 180 Vi than, hu, . . 29 217 Sha, bu , . . 3 250 Trincornallet, he , 26 

140 MoUc ka jhar, A , 231 81 Tlmldoo, A , . . 93 218 Shctslmm, h„ . . 54 257 Tuiiibali, ta , 59 

147 Mohui, fr., 106 (fe) 182 Villa, /a , .. 15 219 Sliemraaiam, ta , 114 ‘2r)8Tumida, 59 

148 Morinda, jF , 95 lb 1 Vimhow, k., •• 95 220 bhwtt bal, Bf , 52 259 Turka ve pa, 83 

149 Moohiiree , .. 86 1S4 Viiiiia), fa ,38,39,55 222 Smi'i, c , A , .« 7 

150 Mulsari, A , .. 86 1S5 ro;;ndu, fe, .. 86 222 bissoo, c, A , fe , 54 ' XJ, 

161 Muluvingay, fa., 32 18(> Vooli, <a , .. 117 224 Soap nut tree, e , 109 

162 Mnngal, fa , 19 1 87 Voun, ^ , 38, 55, 115 225 boiniida, <6 , . . 114 200 Uva, fa., , . 56 

153 Muttoo, c , .. 1221‘<8 „ (icd),c., 3922(){3oomhcc, Be, .. 75 

1 *^0 Polina, te , 38, 39 227 Suffa am, A , . . 100 V. 

N. 190 Polish, hi, . . 125 228 Sulla, g, . . 97 

lOlPoitia, f, .. 125 229 bundul, A., 108 261 VaghijC. .. 7 

164Narel,A, *. 47 192 PuttUiJ;ia,fa , 36 230 buna kounay, fa., 42 262 Vainira, fa 102 

lB5Nankel,fce, 47 191 Pinandi, fa , ..109 203 Vapum, fa ,.. 18 

156Narycppa, fa, 74 194 Pjcn kado, Bu , 78 T. 204 Varnish tree, e , 82 

167Ka\vU, fa, .. 116 196 Pycn uiah, Bu , 80 205 Vcllaga, fe , 66 

168 Kcom, A , . . 18 -p 2'U Tnmannd, e, . . 117 200 Vtllam, ta , 66 

159 Nillikai, ta , 63 232 Ttak, ( , . . 118 267 Vcllay naga, fa., SO 

160 Nulla tooma, fe., 2 196Tlanjana, A , •. 92 HTiingjet, B« , .. 36 208 Vtluclani, fa , 5 

^ 197 Ucd sandal, c 103 234 Ilka, fa , .. ll8209Vepa, fc, •• 18 

19S Hi eta ka |har, h , 109 235 1 clln tuma, te,,, 5 270 Vuimridi, ta., 46 

161 Oak, a, .. 106 199 Uuhun, Bt , ..114 230 Ten )o, A , .. 59 271 Vuiumaram, fa , 46 

P 200 Roohoona, A., . . 114 237 Ti ukaia, tc , ., 47 

*• 201Iiukto chandan, 2181hab>oo, Bm, 56* Wi 

102Padouk, B«, ,, 101 A, Be., 9, 103 2.491 harra, fc, 7Z(bj 

163 Padnc, fa., .,28 « 240Tha}at, B>. , .. 81 272 Wodalc, fa.,,. 3i 

164Puira, Be, .. 100 241 Thco-ja, Bw , Ill 273 Wood apple, e, 66 

165 Paiiic, fa , . . 40 202 Sndachoo, fa., . . 72 242 Ihcmba kamaka, 274 Wood oil tree, 

166Pala, fa, .. 87 203 btgoou, .. ..118 Aa, ..18 e,,, ..61,62 

107 P.iln\ a, fa, .. 88204 S.ij, .. .. Il8 313lheiapee, Bw, 38, 39 

108 PalmyiQ, a, ,. 31 205 bil, A , *. 112 2441 hingan, Bw , ,.76 y 

169 Panasa, fe , ,. IS 206 bompangi, r., ,, 84 2451hiikado, Bm, ,.43 

nOPaphiijA, .. 98 207baudal, e, . , 108 240 Thitsi, Bu , ..82 

171 Pams, A , . . 125 208 bankhoo, A., , . 112 247 1 houiihin, Bu , . . 14 275 Yeenga, Btt., . , 55 

172Parns picpul, A , 125 209 Sjippan, a, .. 36 2t81houra, A , .. SO 270Yendike, Bu 52 

173Pashi, ft, .. 49 210SaiHla(lcvadara,fe,26 249Thniuniaram, fa., 26 277 Y(taga,r, .. 93 

174 Pawoon, bn , ,, 35 21 1 Satin wood, e , . , 46 250 Tiltaguijun, be,,, 62 278 Yinima, Bu , , , 45 

175 Pedda kalinga, 56 212 Siesoo, A., .. 54 251 Toon, e, A, fa , 43 279 Yoong, Bu., .. 49 

770 Pecina bu, . . 80 211 bett, be , . . 4 252 Toona, A, k., . . 43 280 Ywaigj ee, bu , 9 

177Peepul„A., .. 70 214 „ bu., . . 11, 8 253 Tos, A , .. 95 281 Ziubu^in, Bu , 56 
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Table VIII. — Resistance to Siikarino. 


«s 

O 

Material. 

Modulus of Sheai 
mg Struigth. 

/.. 

Modulus of Trails 
veiBC (Slicaimg) 
El isticity. 

E. 

Eemaiks 

Metals. 

Bi ass wire drawn, 

Copper, 

Iron, cast, .... 

Iron, Avroufjht, ; 

27,700 

50,000 

5.330.000 

6.200.000 

2,8“0,000 

f 8,500,000 
\ 9,500,000 

For definition of 
E«, Alt. 546 of 

this Ticatise 

The eonstaiits for 
shcaiin^» hsne been 
determined for \ciy 
few mnteiiais. 


-A.sli, t«i ■«, ... 

1,400 

7G,000 



Elm, 

1,400 

7C,000 


Fir, laich, ... 

970 to 1,700 



H 

„ red pine, 

500 to 800 

1 62,000 
\ 116,000 



„ 

COO 




Oak ( Normandy ), ... 

2,300 

82,000 



Table IX. — Resilience of Iuon. 


Matenal. 

Modulns of Tensile 

Rtsihcnco, 

A’ ~Et. 

Ewipi oc'il of 
Modulus. 

E. 

Rcmai Ilb. 

Cast-iron, weak, 

12 825 

•0780 


„ average, 

16 02 

-0624 


„ strong, 

36*72 

*0272 


Bar-iron, good average, 

124-11 1 

•0081 

' 477,552, 

Plate-iron, „ *** ... 

104 13 ? 

•0096 ? 

553 of this Treatise. 

Iron-wire, „ 

320 13 

•0031 


Steel, soft, ... ... 

279*27 

•0036 


„ bard, ... *■* 

414-9 

•0024 
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Table X.— Op Indian Cureency and Weight. 

£ s, d. 

1 Pic 0 0 0^ The valacof aR^peeisgeneral- 

3 Pie = 1 Paisli or I anna 0 0 0^ ly asqumed a«i equal to 2«. fit ci ling. 

12 Pic = 1 Anna 0 0 1^ At the Calcutta Mint price sil- 

16 Annas = 1 Knpeo 0 2 0 ver is worth 2s. 0 Olioc/ ; at the 

15 Rupees = 1 Gold Rupee 1 10 0 coniraercial par of exchange Is. 

16 Rupees = 1 Gold Mohur 1 12 0 11*61 c?. ; and at the London Mint 

100,000 Rupees = 1 Lakh 10,000 0 0 price silver is worth Is. 11 

100 I^khs =J. Kro^^ 1,000,00 0 0 0 

The Rupee weighs 180 grains Troy, or one tola, and consists of 11 parts of silver 
and one of alloy. The Gold Rupee is of the same weight and standard. The co))pcr 
coins arc the ^ annn, weighing 200 grains ; I anna or paisii, 100 grains ; the half paisd 
50 grains ; and the pie 38i grains. 

BAZAR WEIGHT. 

4 Siki or quarters = 1 Tola 6 drs. Av. 180 grs. Troy. 

5 Tolas = 1 Chitak oz. „ 1 J oz. „ 

4 Chitdks = 1 Pauw4 8/5 oz. „ 7^ oz. „ 

4 PauwAs = 1 Sir or “Seer*” lb. „ 2J «>• o 

5 Seers = 1 Passeri Ri. „ 12J lb. „ 

8 Passcrior40secra = 1 Man or ‘*Maund ” S2^ lb. ,, 100 lb. „ 

The standard seer weighs 80 tolas or Rupees, or 36 annas in copper coins : aho 35 
seers are equal to 72 lbs avoirdupois ; and 49 maunds are equal to 36 cwt. The pound 
avoirdupois weighs 38f tolas, and the pound troy 32 tolas. 

TO CONVERT INDIAN INTO AVOIRDUPOIS WEIGHT. 

Seers x 72 -7- 35 = Pounds. Maunds x 36 49 = Cwts. 

Pounds X 36 -f- 72 = Seers. Cwts. x 49 -r- 36 = Maunds. 

iV.i?.— For Table for the mutual conversion of English and Indian money and 
weighty see Boileau’s Tables of Wages and Rent. 
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[The Seferences refer to the Articles.1 


A. 

Andpr<;on’s Rule for Weight of Iron Girders, 278. 
Angle-Iion, .lOlh 

E\amplos, 83-(G), 147 (Ek. 8). 

Rurlins and Rafters, 254-, 208 (Ex. 2\ 

Struts, 70 ~(1),(0). 

Tics :i2-(2). 

Applied Meclmiiics, si'r Introduction. 

Authorities consulted, e end of Table of Contents. 

B. 

Bar defined, 110. 

Bar-iron, 300. 

Barlow’s Cocflts. of ElnsHeity, 99, 100. 

Expts. oil Iron Beams, 215, 221. 

— Forrnulm for Cast Iron Beams, 224. 

—— Deflexion Formula'. 289. 

Bay (in Girders), 182 (Ex. 14), 3S8. 

Beams, 141), 152, 2 j 7, and Avr Girder* 

— Breaking Weiglit Fonnula3, 157 to 162. 

— — Continuous, sfc Continuous. 

— Examples, see Examples. 

— Fixed, see Fixed Beam. 

— — • Load on, see Load. 

' — — . scantling. Design of, 212, 222. 

Solid, 219-4°, 227, 252, 396. 

Weight of, 275 to 278. 

Bearing Area, Surface, 361. 

Be4^plate, 892 to 395. 

Bending, 9, 153, and see Deflexion. 

Couple and Moment, 172. 


Bendg. Momt. in Cantilevers and Supported Beams,— 
Gcnl. Formula, 176. 

Exami)lcs, 1 82. 

Maximum, 178. 

Mnxm. maximorum, 165, (Note at end o^* 
Minimum, 179. 

Bending Moment in Contin. Beams, see Contiuuontj|f 

in Fixed Beams, .\ee Fixed, 

Bending, Slight, Limitation ol, 199. 

Bowstring Girder, Chap. XI. 

Advantages, 251, 

General Theory, 218. 

Unftorm Dead Load, 210. 

— Live Load, 217. 

Weight nearly unilorin, 250. 

Box Girder, IGl, 192, .‘190—6°. 

Braced Girders, 227, 252-ii, 255. 

Examples by Clerk Maxwell’s Method, 2555. 

— see Flanged Girder. 

Shearing in, 227, 228, et seq. 

Spans tor, 396, 

Braced Tiivscs, see Trusses. 

Braces (Girder), Scantlings of, 232. 

— Strcbbcs in, 229. 

Character of, 230. 

Examples, 233. 

Bracing, Counter, 230. 

Bracing Joints, 370. 

Bolt, 372. 

Rivetted, 373. 

Breaking Load, Strain, Weight, 6. 

Breaking Weight Formula for Beams, 157 to 162. 

— Examples, 162. 
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'isc’a Theorem of Three Moments, 333. 

^ ck’ Arches i or Roadways, 382. 

. kl.work, scr Masonry, and Table V, 
i Ijrc-Basc, 377. 

Girder-, see Girder. 

Bj’ Igcs, Component Girders, 376. 

Bridge-Trnss, 108, 257. 

Bucklc-plute, 382—4°. 

Buckling, 61) (rf), 76— (3). 

|Bnjb-,nii(l Rnlb-anglc iron, 399. 

'Bulging, 60 (c). 

Bursting Pressure, 43 to 47. 

c. 

Cables, 40, 41. 

Camber, 292. 

Cantilever, 140, 162, see Beam, Girder, &c., &c. 
Cast-Iron Beams, Barlow’s Formulaj, 224. 

— Hodgkinsou’s Formula, Cl. 

— - see Beam, Girder, &c., 

J ^t Iron, Contraction and Extension of, 98. 
j - Forms of, 308. 

— in compression, 54, CC, 67, 72 to 75, 08, 307. 

— in tension, 31, 34— (2), 36, 08, 307. ' 

— not subject to Hooke’s Law, 98. 

— see Iron. 

Set of, 98, 

k— Tests for, 101, 
fCastijftl'^Jf Iron Girders, 400. 

' Cellular Compicssion Flange, 76— (4). 

— Pillar or Strut, 76— (4). 

Cement, sea Masonry and T jles IV., V. 

Ceiirio of gravity, 203. 

of (parnliol) stie ?, 10, 20, 204. 

‘Oentriiugal Force, Effect on Beams, 293. 

I Chain of Uniform Strength, 48. 

I Ciiain-ri^ etting, 367. 

, Chains, Iron, 41 . 

I Channel Iron, 306, 398—2°, 390. 
jU'SCction, Centre of gravity, 203. 

I — Moment of inertia, 208 (Table). 

I «— of Equal Strength, (in Beams,) 220 (Ex. 1). 
' Struts, 75-(9), 7(;-(C). ' 

Checks in finding Stresses in Frames 
j on Step I., 122. 

on Method of Resoln., 132-(7), 137-(9). 
on I’olygonal Method, 144. 


Clerk Maxwell’s Method, ]°3,121, 140 to 146, F 
end of Chap. V., 256. 

Examples on Girders, 2555. 

Exanqrles on Roof-Trusses, 147. 
Chipcyroii’s Theorem (of Tliiee Moments), 336. 
Co-clhcicnts of IClasticity, 00. 

— ^ of deflex. Elasticity, 00, 100. 

of transverse strength, 158. 

Gollajrsing of Tubes, 70. 

Compression, 0, 40, 03, Chap. HI. 
and Tension, 81, 85. 

Examples on, 82, 147 (Ex. 8 j. 

Formula?, 57, 60 to 71. 

-Flange 70— (4), 100 efseq. 

Uniform, .50, 57^/, CO to 71, 83. 

Varying, 575, 76-(6)» b3. 

SiC Crushing, Pillar. 

Concrete see Masonry, and Table V, 
Conservation ot Knergy, 25. 

Continnitv i • Girders, Advantages of, 353. 
Continuous Uniiorm ams, Chap. XVllI, 
Bending ^loineiit, 331. 

Curvatuic, 311, 

Deflexi )n, 313. 

Economic Siians, 351, 352, 

Elastic Curve, 342. 

Examples of F, M, R, '1, &c., 346, 347. 
Fixed, 348, 340. 

Fico Ends, 340. 

Integrals used, 335, 313. 

Max. Bending Moment, 332. 

Moving Load, 347. 

Reaction-Couples, and -Moments, 320. 
Rigid Supjjorts, 334. 

Shearing Force, 330. 

Shcnr-Rcactions, 338. 

Stress-Couple, 320. 

Symmetric Load, 344. 

Theorem of Three Moments, 333. 

Limits of, 337, 350. 

Total Reactions, 320, 330. 

Transverse Strength, 345, 

Uniform Load, 336. 

Contraction, 49 to 51, 93, 08. 

Cordage, 40. 

Corrugated Iron, Weight of, 116— (1), 382. 
Coulomb’s Hypothesis (of Torsion), 408. 
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Course for Students, see end of Table of Contents. 
Cover-Plates, liOG. 

Crippliiif^, 51) {d). 

Crohs-Bcam, i>(e Cross Girder. 

Cross-Girder, 270-4®, 5® ; 370, 383, 380, 387. 
Artieulation with Mam Girder, 389. 

Load on, 272, 273. 

Si)acing, 388. 

Crosb-Iion Pillar, 75— (9), 70— (4) and (0). 
Cross-sei tion of eipinl {8tren{;lli, 191, 220, 327. 

— Stronf^esf (in Beams), 219. 

Crubliiii^^, Compression, Pillar. 

by Klexure, 53, GO to 71, 296. 

Direct, 53, 57 to 59. 

~ Modulus of, 54, and Tables IV. to VII. 

I Ciirvatuic ol Canliic\ors, 283, 2h4. 

— Omtliiuoub Beams, 341. 

— Pj.xcd Beams, 315. 

— Sujiported Beams, 283, 284. 

D. 

Deck Beam Iron, 399. 

Dellexion, 9, 153, 279, and Chapter XV. 

— — Bai low’s Ponuulm, 280, 

— Continuous Beams, 313. 

—— combined ivith Set, 292. 

— Examples, (Sui)portcd Beams,) 297. 

— Eomiuljc, General, 284. 

■' M . praetieal, 285. 

— lor '1 imber, 289. 

Fixed Beams, 318, 322, 325. 

— Kea}\s ^lethod, 291. 

— Liuiity of iormuhe, 290. 

, — — Maximum, 279, 284 to 287. 

— Measurement, 295. 

Proof, 281. 

— Sudden, 298, 

— Trcdjg^old’s Rule, (for Joists,) 281. 

— Working, 281. 

Depth, effective (of Girders,) 185, 187, 196, 205. 
Design, General Principles, 12. 

Direct Crushing, 53, 57 to 59. 

— Elasticity, 93 to 95, 97, et seq, 

— Load, Resistance, Strain, Stress, 9. 

— — Resilience, 102/' 

Direct Stresses in Braced Girders, 186, 2556. 


Direct Stresses in^Boams, 154, 201. 

inFlangesof Girders,,! 80, &Chap. VIII. 

in Trusses, 110, 112, and Chap. V. 

Distortion, 9, 18, 92, 96. 

Discrepancy of Deflexion Formulto, 324. 

— of Transverse Strength Forniuloj, 218. 

E. 

Effective Depth, (of Girders,) 185, 187, 196,205. 
Elastic Curve, 279, 284. 

in Cantilevers, 288. * 

in Continuous Beams, 342. 
in Fixed Beams, 315. 
in Supported Beams, 288. 

Elasticity, 87, and Chap. IV. 

Co-efficients of, 00. 

Co-effieient of dcflcxional, 09, 100, Table VIa., 
Barlow’s Co-cfficient, 100, Table VU. 

Direct, 0' to 95, 07, 

Hodgkinson^s Formula), 98. 

Hooke’s Law, 91. 

Limit of, 88. 

Moduli of, 91, and Tables V. to VIII. 

Direct, 93, 94, 97. 

Transverse, 96 and Table VIII. 

Use of Moduli, 101. 

Rooikee Oo-cflicicut, 100, Table VIA. 
Elongation, 28 to 30, 08, and Table V. to VII, 

End Pillars (in Girders), 243, 395. 

Energy, 22 to 25. 

Equal Strength, Cross-section of, 191, 220, 027. 
Equilibrium, General Equations of, 3, 4, 13, 14, 16. 
EquivtLoad at Joints, 110, 119, 120, 128, and Note 
at end of Chapter V., 346 (Ex. 6). 

Errata, see end of Tal)lo of Contents. 

Estimation of Ironwork, 402. 

Examples on Beams, General, 220. 

Bending Moment, 182. 

Breaking Weight Fonnulm, 102. 

— Clerk Maxwell’s Method, 147, 2565, 

— Compression, 82, 83, 147 (Ex. 8). 

— Continuous Beams, 346, 347. 

— Deflexion, 297. 

— Fixed Beams, 323, 326. 

— Flanged Girders, 198. 

|_ Max. lougl. Stresses in Flanges, 188. 



IV 


XNDBX. 


Ilxamples on Shearing; Force, 182. 

— Stresses in Trasses, 129 to 139, U7. 

Tension, 147, (Ex. 8.) 

— Weight of Eciims, 277, 278, 

Expansion of Metals, 'I’tible VH. 

Expansion Eollcrs, 304. 

Extension 28 to 30, 08, and Tables V. to VII. 

F. 

Factor of Safety, 7, 20, 104, 299. 
in compression, 'A, 
in tension, 31. 

Failure of Joints, 359. 

— Short rilhars, 59. 

Fixed Beams, 152, 307. 

■ Advantages of, 327. 

Fixed Beams, Symmetric Load, Chapter XVII. 
Bending Moment, 311, 313. 

Brcnknig Weight Formula, 168, 169. 
(Continuous), 348, 349. 

Curvature, 316. 

Deflexion, 318. 

Elastic Carv(', 315. 

Example®, 321 to 325. 

Imperfectly fixed, 326. 

Limits of Formula, 319. 

Longitudinal Stri-sses, 316. 

Maximum Bending Moment, 312. 
like Su])ported Beam on Cantilevers, 317, 
Keaction-Couple and -Moment, 309. 

Shearing Force, 310. 

Transverse Strength, 314. 

Uniform, 321 to 324, 349. 
of Uniform Strength v^ltli uniform depth, 325. 
Fixed ends, Pillar with, Cl, c/ 

Flanged Girder, 187, 252-(2). 

Breaking weight Formulie, 161. 

Breadth of, 196. 

Depth of, 187, 196. 

Examples, 198. 

Flanges, 187, and Chapter VIII. 
Flangc-scctions, 190 to 193. 

General Design of, 195. 

Joints in, 365. 

Stresses in, 186 to 188, 

Web, see Web. 


Flat Bars, (Iron), 399. 

Flexure, 9, and .fee Deflexion. 

— of Beams, 153, 279, and Chapter XV. 

of Pillars, 51, 53, 64 to 71, 296. 

Flooring-Plate, 382. 

Floors, Load on, 270—1®. 

Fluid Pressure, 20— Illrt, 201, 204, 206. 

Foot'pound, 21. 

Fracture, 9, aud .«ec Failure. 

Modulus of, 8. 

Frame-Diagram, 141. 

Framed Joints, 355, 370 S( q. 

Framed Structures, 108, 257. 

Stresses in, 115, 168, 252, 255, 258. 

Free EiuLs, Pillar with, 61 H seq. 

Free Joints, Hypothesis, 113. 

G. 

Girder. 149, 152, 257. 

Brai ed, ur Braced. 

Box, 161.392, 306- C°. 

Bow.strirg Cha])lrr XL, see Bowstring. 

Bridge Details, Cha])ter XX. 

— Continuous, Chapter XVIIL, and see Continue 
Flanged, 187. see Flanged. 

Lattice, 161, 187, 233, 396-7®. 

N-Truss, 187, 233, 396-7° 

Plate, 161, 187, 233, 396-7°. 

Trellis, 161, 187, 233. 396-7°. 

Trough, see Channel-iron. 

Tubular, 161, 396-7°. 

Warren, 187, 233, 396-7°. 

Whiple-Muiphy, 187, 233, 306-7° 

— Zigzag, 187, 233, 306-7° 

Girders for different Spans, 306. 

Gordon’s Formula (for Pillars,) 70, 71, 82, 29G. 

— Examples, 83 (Ex. 3 to 6), 147 (Ex. 8). 
Graphic Method for Stresses, see Clerk-Maxwell. 
Graphic Representation of Bending Moment, 181. 
Parallel Stress, 19. 

Shearing Forec, 181. 

Greatest Bending Moment, 165, 182 (Ex. 10 to 13). 

— Shearing Force, 165, 182 (Ex. 10 to 13). 

H. 

H-Flange, 371. 
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3gkinson’ei Formulco 
for Elasticity and Sol of Iron, 98. 
for Iron Beams, ICl, KJli (E\. 3). 
for Long Pillars, Cl to C3 
for Very Loiig Pillars, 01, 04 to C8, 83 (Ex. 4, 5). 
)okc\s Law (of Elasficil}), 91. 

►o|)-Tciisi()n, 43 to 47. 

ttoii’s Experiments on Wind, 110— (2). 

} rostatics, Appln. of Jiules of, 20 IlLj, 201, 204, 200. 

I. 

ipact, Direct, 102 to 107. 

— m Energy , 22, 25. 

ijiact Tiansvei>c, 298, and Chap. XVI. 

Deflexion under, 302. 

Design for, 303. 

Limits of (ormul.T, 305. 

Strtss under, 301. 

determinate Problem in Beams, 328. 

— Erames, 120. 

icrtia, Moment of, 207 to 209. 
pitegviiiioTi, lllustiation of, lOL 
tegrometcr, 203 (Note). 
msity-Classifiralion ol Load, &e., 0. 
of Load, SOaiii, Stress, iHte., Measure of, 18. 
j 1 Beams, Ilodglonson’s Eormulce, 101. 

- — (hist, vt‘ Cast Iron. 

— Cast and Wrought combined, 85. 

— Chains, 41. 

Elastiiity and Set, 98. 

— Estimation of, 402. 

— Forms of, 398, 399. 

— Price of, in ITjipcr India, 400. 

— Safe Stre-^s in, 397. 

— Tc^ts ol, 401. 

— Wrought, Wrought Iron. 

-section, 187, 219-(3), 398-(3), 399. 
j— — Centre of Gravity, 203 (Ex. 2). 

— Examples, 188, 198, 22G. 

— Moment of Inertia, 208 (Table), 209 (Ex. 2). 

[ — of Equal Sficngth, 191 to 193, 220 (Ex. 2.) 
Isotropic, 90. 

J. 

, oints, 110, 356, and Chapter XIX., XX. 

I — at Abutments, 394, 396. 


Joints, Bearing surface, 361. 

Bolt, 359 to 363, 372. 

Bracing, 370 to 373 
Butt, 365. 

Failure of Bolt, 359. 
hi Fl.ingis, 365 to 369. 

Footing of Halter, 358. 

Flamed, 355, 370, 372. 

General Piiueiples, 3t54, 355. 
in Ironwork, 356. 

Lap, 365. 

Lengthening, 355, 365. 

Ri\elted, 364 to 370, 373, 374. 

Shear at, 357, 300. 

Suspension Link, 363. 

K. 

Kilogrammetrc, 21. 

Ifinetic Energy, 22. 

King-Post, King-Rod, 133. 

Truss, 130 to 134, 147 (Ex. 4,5,6.) 

Kirkaldy’s Experiments on Iron, 38. 

L. 

Latham’s Method (for Braced Girders), 255a. 
Lattiee-Girder, 161, 1^7, 233. 

see Braced Girder, Flanged Girder. 

Spans for, 3lt6— 7®. 

Length of Pillar, Elfcei on Strength, 53, 60. 
Lengthening Joints, 355, 365, 
length of Beam'', Limiting, 275, 396. 

Limit of Elasticity, 88. 

Limits of forniulo? for 

Continuous Beams, 337, 350. 

Deflexion, 290. 

Fixed Beams, 319. 

Transverse Impact, 305. 

Transverse Strain, 215. 

Load, 1, 6, 6. 

application, 9. 

Dead and Live, 1. 

intensity, 6, 18. 

Normal, 116-(2), 117. 

Sudden, 26, 102, 298. 

Total, 18, 166. 

— at Joints (in Trusses), 116, 119, 120, 128. 
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Load on Beams, Chapter XIV. 

Cross girders, 270*4°, 5®, 272, 273. 
Driving WhreD, 271. 

Flat Koofs, llG-(l), 270-2°. 

Floors, 270—1°. 

Longitudinals, 271. 

Main girders, 270—4°, 5°, 274. 

Itaihvay bridges, 270—5°, 

Road Bridges, 270—4°, 274. 

Ruufs, lie to 1 18, 270-3°. 

Short Spans, 271. 

Total, 100. 

Locomoti\es, Weight of, 271. 

Logaiithiuie Curu', 48. 

Longitudinals, 170-5®, 271, 274, 385, 387, 396. 

Load oil, 271, 271, 278. 

Longitudinal Strain, Stress, &c., see Diicct. 

straiii-vaiiation through cross-sect i(ni, 199. 

Longl. Strcf s (in Beam, &c.), see Direct. 
Equation of, 171. 
intensit), mux. 211. 

•variation (lengtliways), 189, 221. 

— (through croisS- section), 200, 


Moment of Inertia, 207 to 209. 

Flexure, 172, see Bending. 

Resistance (hending), 172, 185, 187, 206, 207 

(torsion), 400, 408 to 410. 

Theorem of, Three, 333 ct scq. 

Torsion, 404, 

Moments, equation of, 172. 

Mortar, see Masonry. 

N. 

Neutral Axis, 199—1°, 202, 203. 

Notation for Compression, 54. 

Continuous Beams, 329, 333, 338, 346. 

Elnsliiity, 92. 

Fixed Beams, 311, 312. 

Genera], 11. 

Stresses in Trusses, 127, 128. 

Tension, 31. 

— TransMU’se Strain, 164, 165. 

D. bexion, 2H5. 

N-Truss, 185, 233, 396-7°. 

O . 


M. 


Open Polygons in Frames, 114, 147, (Ex. 10). 


Mallet’s Flooring Plates, 382—1®. 

Masonr) in comj)rcssioii,51, 57/;, 74, Table V. 

— ill tension, 34 -(3), 12, Table V. 

Materials iii compression, 73 to 77. 

in tension, 35 to 42. 

Maximum maxirnorum, Note at end of, 165. 

Methods for Du eel Stresses 123, 124, 155, 108,255,258. 
in Girders, 155, 108, 180, 201, 252, 255. 
m Trusses, 123, 124, 129 ct seq.j 140 etseq. 
Method of sections, 108. 

Moduli of elasticity, 91. 

— fracture or rujjturc, 8. 

— pliability and stiffness, 86. 

— Tables of, see Appendix. 

Modulus of erusliiiig, 54, Tables IV, to VII. j 

— elasticity (direct), 93 et seq.^ Ta))les V. to VII. ' 

— — (transverse), 96, Table VIIL 

— resilience, 103, 300, Table IX. 

— — shearing, 402, Table VIIL 

— tenacity, 31, Tables IV, to VII, 

— torsion, 411, Table VIIL 

— transverse strength, 214, Tables V., VL 


P. 


Parabola, (drawing of, ) 181, 

Pilc-drhing, 105, 100. 

Piles, Tim])cr, Strength of, 78. 

Pile of I’Jntes (at a Joint), .300. 

Pillar, 53, and see Compiessioii, Crushing, 

Best Form of, 72. 

End (in Girders), 213. 

Long &Vcry Long, 53, 00 to 71, 83 (Ex 3 loC),l 

Short, 53, 57 to 59, 83, (Ex. 1, 2). 

— Stiffening, 239. 

— Tubular, 72, 75, 70-(3). 

of Uniform Strength, 81, 

Pipes, Strength of, 44 to 47, 49. 

Pitch of Rivetting, 367, 309. 

Plane of Solicitation, 329 (Note). 

Plate, Buckled (Mallet’s), 382—4°. 

Flooring, 382. 

Plate-Girder, ICl, 187, 227-ii, 233. 

— see Flanged Girder, and I-section. 

^Spans^for, 396—5®, 

— Web,234to.242. 



IXDEX. 


VIJ 


Plate-Iron, 399. 

I Platform, Position of (in Bridges), 378. 

I . — of Iron Bridges, 382. 

— of liuihvay Bridges, 383. 

Weight of, 270-4°, 271. 

Pliability, 9, 80 
Polygon of Foreca, 140, 143. 

Loads, 1 12. 

Polygon id Method for Stresses, srr Clerk-Maxwell, 
polygons, Open (in Frameworks), 114. 

Potential Energy, 23. 

Pressures on Supports, 119, 120, 128, Note at end of 
Clm]dcr V., 340, Ex G to 11. 

Proof Load, Strain, Stress, &c., 6. 

Purlins, 2G7 to 209. 

Q- 

Qneen.Post, Queen-Rod, 138. 
iuccu-Pobt Truss, Stresses in, 135 to 139, 147 Ex. 10. 

R. 


lafters, Chapter XIII 
Bracing needed, 111. 

General Formula}, 203. 

Load on, 251). 

Prineiple of Design, 201. 

Scantlings, 147 (Ex. 8), 209. 

Special Formula', 2G4, 200, 

Strain and Stress in, 203. 

Til in, 205. 

Rail-Girders, 370, 383, 385, 387. 

Railway Bridges, 370-7°, 8°, 383 to 387. 

Load on, 270-5°, 274. 

Rain-uhsorptlon (in Jtoofs), 11 0— (2). 
Itoaction-Conide and -Moment, 300, 329. 

Reactions in Beams, 1G7, 309, 329, 338, 339. 

— in Roofs, 121, 128. 

Resilience, 27. 

— in Beams, 300. 

Direct, 102, 103. 

' Moduli of, 103, 30C, Table IX. 

— Transverse, 300, 300. 

Resistance, 3, 5, C. 

Total, 18 to 20. 

• — Moment of, see Moment. 

Resisting Couple, 172 , 40G. 

Resolution of Load at Joints, 123, 132, 137, 143, 147. 


Resolution, Method of, 123, 121, 129 to 139. 

Rigid Bars, Hypothesis of, 113, 

Rigidity, SO. 

Rivets, an'angcmcnt of, 3G7. 

Pitch and Size of, 3C9. 

Rivet led Joints, 304 !(► 374. 

Stress tlihtrihntion in, .374. 

Rivcticd Bracing Joint, 373. 

Kmidclet’s Foinmln, 00, 83 (Ex. 3). 

Roadways, High ami liow LcmI, 370 to .381, 

of Iron Bridges, 382. 

Weight of, 270-4°, 27 1, 382. 

Rocker, 301. 

Rolled Iron Beams, 220 (Ex. 3, 4, 5), .300, 309. 

Moment of Inertia of, 2{)0, (E.\. 2). 

Itollers, Exp.-msion, .301. 

Hoofs, Load on, 110 to 118, 270—2°, 3°. 
lioof-Trusscs, Stresses in, Clin]). V. 

Examples by Method of Jtesoln., 120 to 139, 

— by Clerk Maxwell’s Method, 147. 

Rope, 40, 

Rupture, Moduli of, 8. 

s. 

Safe Load, Strain, Stress, &c., G. 

Safe stress-intensity, 31, 54, 307. 

Safely, Factor of, 7, 20, 31, 54, 104, 209. 

Sections, Method of, 108. 

Set, 87, 08, 202. 

Shear, 00. 

Eipiation of, 109. 

Shearing Force and Resistance (in Beams), 169. 

Direction of, 170. 

Shearing Force in Cantilevers and Sujiported Beams,— 
General Formula}, 173. 

Exatii])les, 1 82. 

Maximum, 174. 

Maxm, Maximorum 105 (Note at end), 182 (Ex. 

10 to 12, 15). 

Minimum, 175. 

Shearing Force in Continuous Beams, 330. 

in Fixed Beams, 310. 

Shear in Beams, longl. and vertical, 234, 235. 
Shearing, Modulus of, 300, Table Vlll. 
Shear-Reactions, 320, 338. 

Shearing Resistance in Beams, Chap. X. 

Braced Girders, 228 to 233. 
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Shearing Resistance, Platc-Wcb, 234 to 238. 

— Solid Beams, 227. 

— Rivets, Bolts, Pins, &c., 3fi0, 362. 

Shearing Stress-distribution,— 

at livetted Joint, 371. 
through a cross-section, 244. 

Shearing Sudden, 208. 

Shock, see Kucrgy, Impact. 

Short Spans, 271. 

Slojje of neutral surface, 284. 

Snow on Pioofs, IIG— (2). 

Solid Beams, 138, K12, 210, 226, 227, 306. 

Pillars, 72. 

Spans for Girders, 306. 

Spring, see Resilience, 
tetability, 12, 13. 

Btccl, 3*1, 37, 38. 

Stillest Beam from 0-Log, 294. 

Stiffening JblJars, 230. 

Stiffness, 15, 86. 

— — Traincrsc, 106, 280. 

Stone, see Alasonry, and Table V. 

Stone Beams, 210-4®, 396-1®. 

Strain. 2, 5, 0. 

intensity and Total, 6, 18. 

Straining Bar or Beam, 137— (4), 2G0. 

Strain- prism, 100. 

Strain-variation tlirongli section of Beam, 199. 
Pyrliii, 208, (Ex. 1), 

— Rafter, 263. 

Strength, 3, 5, C, 0. 

— Cunditious of, 14, 16. 

— Transverse, see Transverse. 

Stress, 4, 5, 6, 0. 

character, in Bars of Truss, 143, 147, (Ex. 1). 

— m Braces of Girder, 230. 

Couple, 320 (Note). 

diagrams, 111, 145. 

— Ex. ou Girders, 2555. 

— Ex. on Trusses, 147. 

— intensity and Total, 6, 18 to 20. 

— ' parallel, Centre of, 19, 20, 204. 

— Resultant of, 10, 20. 

— prism, 200. 

— - in Purlin, 268 (Ex. 1). 

— — in Rafter, 263, 

— - uniform, 20— L 


Stress, parallel, uniformly varying, 20— ITI. 

variation through Rcction of Beam, 200. 

Strongest Beam from 0-Log, 225. 

Strongest Cr^ss-section of Beam, 219# 

Struts, L-iron 147, (Ex. 8). 

,frec or fixed ends, 61, rt seg, 

Use of. 111. 

Sudden Load, 26, and see Impact, 

Support of Beams, 1.52. 

Support of Girders, 302 to 359. 

T. 

Tables of ex})ansibility of metals, VII. 

heaviness, III to VII. 

Indian (hirrciicy and Weight, X. 

— moduli <d’ elasticity V. to VII. 

htrengtli IV. to IX. ” 

3-6tl) and I’Ttli ]Mnvcrs, I. TI. 

Tange utial Strain, Stress, &c,, 0. 

7-Iron, 300. 

Centre of gravity ol section, 203. 

of Equal (transverse) Strength, 220, (Ex. 1). 

Moment of inertia of do., 208. 

Rafter, 147, (Ex. 8), 261, (Ex. 2), 265, (Ex. 2A 
Strut, 70— (4) and (6), 

Tie, 32-(2). 

Tenacity, Modulus of, 31, Tables IV. to VIJ. 
Tensile .strain, 28 to 30, 

Tension, Chap. II. 

Contrast with Compression, 84. 

Examples on, 147— (8), 

Uniform, 20, 31,32 
Testing of Iron, 401. 

(iirders, 205. 

Tie-Bar, -Beam, -Rod, 133, 138, 260. 

Timber Beams, 1 58, 1 60, 1 62, 2 1 0-4®, 226 (Ex. 1 ), 28l 
— . in compression, 54, 60, 77, 78, 83 (Ex. 1 to 3). 
in tension, 31, 34— (1 ), 30. 

— Piles, 78, 105, 106. 

Rafters, 147, (Ex, 8), 264, (Ex. 1), 269. 

Wet, 39, 77, 78 (5). 

Torsion, 9, 403, 405, Chapter XXIL 

Modulus of, 411, Table VIII. 

— — Moment of, 404. 

Torsional Resistance, Moment of, 406 to 410. 

Total Reactions (Contin. BeamaX 339. 
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Tranaverse Elasticity, 90, 90, Table VIII. 

Load, Strain, &c., 9, U8, 

Stiffness, ] 90, 280, 303. 

" naverHC Strain and Strenj^th, Methods for, — 
Breakinjj Weight, Chapter VI. 

. Working Stress, Chapter VII., et ieq, 

erse Strength, Continuous Beams, 345. 
/ixcd Beams, 308, 314. 

Flanged Girders, Chapter VIII. 

- General Theory, Chapter IX. 

* - Purlins, 207, et heq. 

t - Kafters, 261 to 206. 

— Summary of Theory, 252. 

— under Impact, 301 , 303. 

’^redgold’s Buie for Wind on Roofs, 116— (2). 

' Deflexion of Timber Joists, 281. 

’is Girder, sec Lattice Girder. 
i-Girder, see Channel-Iron. 

, 108, 257. 

- N-, or Whipple Murphy, 187, 233, 390—6®. 
— Roof, see Roof. 

— Stresbos in Bars of, 115, 108, 252, 255, 258. 
Tubes, 'Strength of, 44 to 47, 79. 

Tubular Girder, 76— (4), 396—8“. 

Pillar, 72, 75, 70-(3). 

’^'Avist, see Torsion, 

’wisting Couple and Moment, 404. 

Visting of Beams, 151, 254. 

— L-and |-irou8, 76 — (6), 254. 

— in Trubbcs, 109. 

u. 

Jltimatc Load, Strain, Stress, &c., 6. 

Uniform Load, Rcsistaufc, Stress, 20—1. 
Uniform strength, Beam of, 221. 

— Chain or Tic of, 48. 

— Pillars of, 81. 

Web of, 240 to 242. 

«i . — Wrought Iron Beam of, 194. 
jniformly- varying Load, Strain, Stress, &c , 20- 

— Strain and Stress, 199, 200, 253, 263, 268— 
awin’s Rule for Weight of Iron Beams, 278. 

Justrained Bars, Recognition of, 125. 

Upset, 359—4®. 


V. 

Varying Load, Strain, Stress, &c., 19, 20—11. 
intensity, Measure of, 18. 

w. 

Warren Girder, 187, 233. 

sie Braced Girder, Flanged Girder. 

Spans for, 390 — 7®. 

Web, design of, 238. 

suffers shear, 227, 214. 

Shear in, 231 to 237. 

Thickness in east-iron, 398. 
of Uniform Strength, 210 to 242. 

Weight of Beams, 275 to 278. 

Materials, Tables 111. to VII. 

Pillars, 80. 

Ties, 33. 

Wnmght'Tron Flanged Girder, 278. 

Weights and Measures, Indian, Table X. 

Wet Timber, v'^trength of, 39, 77— (2), 786. 
Whipple Murphy Girder, 187, 233. 

sec Braced Girder, Flanged Girder. 

Spans for, 396-7®. 

Wind'pbessure on Roois, IIC— (2). 

Work, 21. 

Working Load, Strain, Stress, &c , 6. 

Working stress-intensity, 31, 54, 89, 397. 

Working Stresses, Total in Hoof Tiusscs, 140. 

Exanjjdes, 147, (Ex. 1, 8), 

Workmen on Roof, 110— (2). 

Wrenching, see Torsion, Twisting. 

Wrought-Iron Beams llodgkinson’s Formula)., 161 

see Beam, Girder, &c., 

Wrought-lron, Contraction and Extension of, 98. 

Forms of, 399. j 

in compression, 54, 65, 66, 72, 73, 76, 98, 397| 

in tension, 31, 34— (1), 37, 38, 98, 397. , 

— see Iron, 

Set of, 98. 

Tests for, 401. 











